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3to i^HiJjpoBaji KOHHJi KHHrn, ^paHHmeHca ^h hotomkob na CH6jiHOTeMHbix HOJiKax, Hpe»me Mem ee OTCKaHHpoBajiH coTpy/iHHKn 

KOMHaHHH Google B paMKax HpoeKia, D,ejib Koroporo - cflejiaTb KHHrn co Bcero MHpa AOCTyHHbiMH nepes IlHTepHeT. 

riponijio flOCTaTOHiio MHOro BpeMeHii ^jih TOro, ito5m CpOK AeiiCTBiia aBT0pCKHX HpaB na 9Ty KHnry HCTeK, h ona Hepenijia b cboSo^iilih 

^ocTyn. KHHra HepexoflHT b CBo6oflHbiK ^ocTyH, ecjiH na nee ne 6biJiH HOaaHbi aBTOpCKHC npasa hjih cpOK flefiCTBHa aBTOpCKHx npaB 

HCTeK. nepexofl KHHrn b CBoSoanbiH aocTyn b pa3Hbix CTpaHax ocymecTBJiaeTCa HO-pasHOMy. Khhth, Hepeme^mHe b CBo5oaHbift ^ocTyn, 

3TO Ham KJiioM K HpomjioMy, K 6oraTCTBaM HCTopHH H KyjibTypbi, a TaKace k 3HaHHaM, KOTopbie lacTO TpyflHO HaĔTH. 

B 3T0M 4)aHJie coxpaHaTCfl Bce HOMeTKH, HpHMenaHHa h spyrne sanHCH, cymecTByiomHe b opnrHHajibHOM H3AanHiT, KaK iiaHOMHnaiiHC 

TOM aojirOM HyTH, KOTOpbiH KHHiB Hpomjia OT H3flaTejifl flO 6H6jiHOTeKH H B KOneHHOM HTOre flO Bac. 

npaBHJia ncnojiBSOBaniia 

KoMHaiiHsi Googlo rop^HTCH tom, hto coTpyfliinHaoT c 6ii6jiHOTOKaiiH, hto6li iiopOBOCTH KiiiirH, HCpciiio^mHC b CBo6ofliii.iH flOCiyH, b 
i^HiJjpoBOA (J)OpMaT H gjejiaTb hx mHpoKo^locTyHHbiMH. KHHrn, nepeme^mHe b CBoGoAHbiii ^ocTyn, HpHHa^Jie^taT oGmecTBy, a Mbi Jinmb 
xpaHHTejiH 3TOro aocTOHHHa. TeM ne Menee, 3th khhth aocTaTOHHO aoporo ctost, HOSTOMy, HToSbi h b ^ajibHeiimeM HpeaocTaBJiJiTb 
3TOT pecypc, Mbi HpeflHpHHflJiH HeKOTopbie fleficTBHa, HpeflOTBpaiiiaioiiipe KOMMepMecKoe HCHOJibsoBaHHe KHHr, b tom hhcjib ycTanoBHB 
Te^HHiecKHe orpaHHieHHa na aBTOMaTHiecKHe saHpocbi. 
Mm TaK^e HpocHM Bae o cjie^iyioineM. 

• He HCHOJibsyHTe 4)aiiJibi b KOMMepHecKHX iiejisix. 

Mbi paapaĔorajiH HporpaMMy ITohck KHHr Google /i^in iscex Ha^ibBOBarejieH, nosTOMy HcnojibsyiiTe sth (J>aiijibi TOJibKO b jiH4Hbix, 
iieKOMMepHecKHx u,ejiiix. 

• Ho OTHpaBjiHiiTe aBTOMaTHHecKHe saiipocM. 

He OTHpaBJiflftTe b CHCreMy Google aBTOMaTH^iecKne 3aHpoci.i jnoGoro BH;ia. Ecjih Bm aaHHMaeTeci. HayneHHeM chctbm ManiHHHoro 
HepeBO^a, OHTH'ieCK0ro paCHOSHaBaHHsi chmbojiob hjih /ipyrHx oCjiacTeii, r;ie ^ocTyn k GojibiiiOMy KOJiHHecTBy TeKCTa mo^kct 
OKa3aTbCfl Haie^HbiM, CBfl»CHTecb c naMH, /I,ifl 3thx iiejieH mm peKOMeH^yeM HCH0Jib30BaTb MaTepnajibi, Hepeme^mHe b CBo6o;iHbiil 
aocTyn. 

• He yaajifll5Te aTpH6yTbi Google. 

B KajK^noM 4>aiiJie ecTb "Bo;yiHofl snaK" Google. Oh HOSBOJiJieT HOJibsoBaTejiJiM ysnaib 06 stom HpoeKTO h HOMOiacT hm HaiiTH 
AOHOjiHHTejibHbie MaTepHajiM HpH HOMO11131 HporpaMMM HoHCK Kimr Googlo. Hc y.ii,ajiiiiiTO oro. 

• ^ejiaiiTe 3to saKoinio. 

HesaBHCHMO Ot toto, hto Bm HCHaiLSyiiTO, 110 3a6y^i.TC HpOBOpHiL :iaKOiiiiocTL cbohx ^iciiCTBHH, 3a KOTOpLic Bm iioccic HOJiiiyio 
OTBeTCTBeHHOCTb. Hc ayMai^TC, HTO ecjiH KHHia nepemjia b cBo6oABbiii /jpcTyn p, CUIA, to ee na 9tom ocHOBanHH Moryi 
HCHOJibaoBaTb HHTaTejiH H3 flpyrHX CTpan. Ycjiobh^ ;yifl Hepexofla khhth b CBo6oflHbifl ^ocTyH b pa3Hbix CTpaHax pasjiHiHbi, 
H03T0My HCT eflHHbix HpaBHJi, H03BOJiflioi^HX OHpe/iejiHTb, M03(H0 JiH B OHpe^ejieHHOM cjiyHao Hcii0Jib3OBaTb OHpejiejieHHyio 
KHHry. He ^^'MaATe, hto ecnH KHHra HosiBHjiacb b IIoHCKe KHHr Google, to ee mojkho HCHaibsOBaTb KaK yio^HO h 140 yroAno. 
HaKasaHHe sa napymeHHe aBTOpcKHx Hpan MOJKeT 6biTb OMenb cepbesHMM. 
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MiiccMA Google cocTOHT B TOM, HToebi opraHHSOBaTb MHpoByio HH4>opMaiyiio H cflejiaTb ee BcecropoHHe ,iiocTyHHofi h HOJiesHoA. 
npoi-paMMa HoMCK KHnr Google MOMOiaei HaibSOBaiejisiM naiiTH khhih co Bcero MHpa, a asTopaM h H3,iiaTejiHM - HOBbix HHiaTejieA. 
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He^aiaHo no onpeA^JtcHJK) SnsHEO-llaTejaaTnneciiaro ^aicyjrbTeTa npH 
[epATOpcEou^ EasaHCKOMi YHHBepcHTeT^. 
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BBe;tenHHg il,eKapTon^ b^e Hayity MeTojtii HsyieHia reoMe- 
Tpii?ecKHX3. KOHc|)BrypaH,ifi noMombBO HpejtcTaBJieHia hxt, ypaBEe- 
HiEMH ycTanaBJinBaeTi CBS.sb MeiKAy aHajiHTBiecGHMH cBoHcTBaMH 
9THxi. H0cj4;iHnxT. H reoMeTpHiecKHMB cBoSCTBaMii HSoCpamae- 
MHXT. HMH 4»Hr¥p'E. BcjiKiH ycnixT. BT, anaJiaTH^ecKoa Teopin — 
BT Teopin $yeKi;i0 ^iBy^'! h TpexTi nepeMtnHHSi, h bx ^acTHocTH 
B^ odJiacTH a.irefipaHieeKHxi iJiyHKrti0, ^tojiaieHi BecTH sa co6oiO co- 
OTBtTCTBeHHoe pacmBpeHie HainHSL SHaniA oTeocHTejtbEO cEoBcTst. 
reoMeTpHiecKH^i KOH(ftHrypai;ifl, KOTOpaa noJiyiaeMi EpHpaBiiH- 
saji Hyjiio HOjioOHUiJ ijyHK^iH. Ha caiuoMT, ^^tji^S, ojinaKo, TaKoro 
nojiHaro cooTsiTCTBia bt> ycEisa^ij a^HajiHTH^ecKH^T. Teopiil h 
HXT. reOMeTpH^ecKHST, npHJiOHteHiS jiajieKO ne sasrtiaeTca. Tlpe- 
KpacBHa paSoTH KpoeeKepa h BeSepuiTpacca no Teopin 6HJiHHei5- 
BHx^ *J)opMt noHTH HC no.dyHHJiH no CHXt nopi reoMeTpHieciiaro 
HCTOJiKOBaHia '). Teopia HHBapiaeTOBi , hjih BOBaa BHCinaa 
ajireCpa, noJiyHHBiuaa CBoe eaiaJio bt, reoMeTpHieCKH^i h3cji'£jo- 
BaHiax^ CBO0CTBT. iJiHrypx, se HBMinaioninsca npH jiHeeiiHi.ixi> 
upeoSpasoBaH 1^X11, CTa.!ia bi eacToautee BpeMa aScTpaKTeoio 
;[Hci(Hnj0Ho2 , Hsy^aeMOio an und f11r sich, b cpaBBHTejitHO 
MaJio cj[4jiaHo a-TH reoMeTpH^ecKaro HCTOJiKOBaEia pe8y.aLTaT0B't 
eio ;tocTnrHyTHXi, na ^naieHie KOTopHxt ,iJia reOMBTpiH yKaa&r- 
BaJit Rse6un, b^ cbohxi Tioci-hjiimxi. pa6oTaxi. 

Bi CBoeMi HaBtcTBOM'!. weMyapi nlleber eiiil^rundameiital- 
aufgabe der Invariantentheorie (G-otting. Ges. Wiss. Abhandl. 
B. XVII) EjieSnit nOKasajiT., ito na pii;iy cx kphbhmh, noiicps- 
BocTaMH H KOMHjreKcaMH — reoMeTpHiecKHMH KOH^HrypaitiaMH, co- 

') Euan Hc ci!HTaT& HsejrSaoiiaHiA JIunniHna, KpHcro$$ejiH, ^poOeHiytia 
H Hp., npEsrJiHimHCHsi k'£ itoHpocy o aa^^epeidUiajitHHKt sjieMeHTasi pcayjiE- 
TttTH TBOpiH HpKBe;teHia KEaflparH9HHXi ^opn^. 

1* 
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CTaBjeHHHMB TSdTi TO^eKx, njiocKOCTeS njin npaMHxt, Heo6xo;i;aMO 
MsyiaTi, H TaEia, bt. KOTopuxx 8.ieMenT0M'& aBJiaeTCJi ne TOiKa, 
npaMaa hjhi nJiocKOCTt bi oTjii.iLnocTH, ho coieTaHie (TOHKa, 
npsMaa), (TOiKa, MOCKOcib), (npaMaa, nJiocKOCT&), HaKoneiti 
(TOHBa, npaMas, njiocKocTt). IIoHHMaTB oto naao TaKi, ito Hcxo;!a, 
Hanp., H3Ti KaKoS-HHCyAb B0M6HBaiiiH (TOiKa {a,h,c). hjiockoctb 

(o:./?,y)), M'iHfleMT, BCeBOaMOJKHHMH CnOCoSaMH KOOpjIHHaTH a,f),c 

a,^,Y 3TOro sjieMeHTa, ho npHTOMi TaKi., hto nocToaiiHO bijhoji- 
HaeTca n'iKOTopoe reoMeTpayecKoe ycJiOBie, BupaHtaeMoe onmwh 
HiH HT^CKOJiiiKHMH ypaBHCHiiiMH Meaijiy BejtHHHHaaa a,b,c, (X,fi,y, 
H TaKHMt oSpasoMi noJiyiaewB KOBi|)Hrypai;iro cb 9JieMeHT0MX 
(roiica, HJiocKoCTt.), — Tojibko npH H^yieHiH Bci^t TaKH^t th- 
HOBt reoMeTpHgecKHST. KOH([)Hrypanifl reoMCTpia flByxt h Tpe^t 

HSMilpeHill MOaJCTt JlOCTHrHyTb TOfi CTeneHM saKOHienROCTH, Ka- 

KOH) oSjiaaaeTi yate reoMCTpia cncTeMH ojtHoro HSMipeHia, t. e. 
aHaJiHTHiecKH Tcopia 6HHapHHXT. iJiopMT.. ya:e e'i. TeopiR kohh- 
TiecKHS^ cSieHiH, pascMaTpHBaeMH^t KaK-B reoMCTpHiecKoe m'6cto 

TOieKt, MH BCTptiaOM^B, KpOM'£ HHBapiaHTOBt, KOuapiaHTOBl H 

KOHTpaBapiaHTOBi, TaKia KOBapiaHTH&ia i|)opMBi, KOTopua co^ep- 

M&Tb H TOieHHBia KOOpaHHaTU (OSHOpOJ^HHa) X^X^X^ H KOOpjlHHaTH 

npaMoit u^ti^u^. TaKia tfiopMH— TaK^B nas. Zwischentornieii h.th 
jiHBapiaHTH, 6yji:yiH npupaBHeHH iiyjiio, npeacTaBJiaiOT^B H^ĔKOTopna 
reoMeTpH?ecKia KOn^iHrypaiiiH, h jiJia hojihoth HsyHenia KOHH^e- 
CKHSi c'6'ieeiB Heo5xo)i;HMo H3CJi4;ioBaTB h 9th oSpaaOBama. 

KasT. noKaaajn. KjeCjiis b^ ynOManyTOM-B MeMyap'ii, bc4 ro- 
BapiaHTHEia oSpasoBania aaHHoS iJopMH hjih cncTeMH (JiopMT., — Cb 
HHCJiOM^B iiepeM^tHHH^t (loji^ie jiBy^^B, — BBipaaiaioTca noMoniBio Ta- 
KH^^B ^opM^B, KOTOpBia cojtepJKaTi HO osHOMy pa^iy nepeM'fiHHHxi 
KajKjiaro po;ia, cooTB4TCTByiou];HX'& KastjiOMy pOAy ochobhhx:b ajie- 
MGBTOBt paacMaTpEBaeMaro npocTpaHCi^Ba. Ecjih HM'teM'B ji^im 
CB reoMeTpieH aByxTi nsM^SpeniS, to ochobhhmh ajieMCHTawH 6y- 
ayT-B To^ua H npawaa, h cooTBliTCTBeHHo iBa po;ia nepeMiHHHX'B — 
KOopjiHHaTH ToieiHHa H TaHreHH^iaJiBHHa, KOiiTparpe;tieHTHtia 

nepBHM^B. B^B npOCTpaHCTB^Ĕ TpeS^B H3M'£peHia HM^ieM^E ipH OCHOB- 

Hue ajieweHTa— TOHKy, npaMyio h njocKOCTB, h coOTB'iTCTBeHBO 

TpH pOJta KOOpAHHarB: KOOpSHHaTH T01KH XjX^X^X^, KOOpJlHHaTM 

npaMoiS e KoopjiHHaTH hjiockocth, — sa KOTOpua Moatno npHBH- 
MaTB MHHOpB 2-ro (resp. 3-ro nopaARa) cocTaBJieHHHe m% Koop- 
jtaHai-B jtBysi (resp. Tpe^^B) TOieK^B, onpe/tijiaEomHsi co6oio 
npaMyio (hjockoctb). Bt o^mcM^B cJiy^ai npocTpaHCTBa n mwh- 
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peHiS BM'6eii'& n TaKHxt ochobhhsi. sieMeeTOBi. iipoCTpaHCTBa, 

H COOTBiTCTBeHHO « p03,OBl KOOp^HHart. ^M H3CJliA0Banifl laCTO 

ajrreSpaHTCCRHSt bi H3B4cTHHxt oTeoiueHiasi Mo^eTr. npejiCTaB- 
jiaTb npeHMymecTRO Apyroe uanpaBJieBie, — ciiowmee lich itoRa- 
piaHTHHJi o5pa30Baeia jiaeeoS CHCTenH (l^opM^i na TaKia, koto- 
pHfl coAGpataTt nepeMtHHHH osHoro tojuiko po,na— ToseiHHji, ho 
no HtcKoitay ps^ioBi., Ho 3to ibcto aBa.iiRTHiecKoe HanpaBJie- 
Bie, Beaymee CBoe HaiaJio oti KanejiJiH, '), aieete jno6m b^b 
reoMeTpaiecKH^-L HscJi^tAOBaHia^Tj, i^mi MeTO.ua Ejie^uia, eoea- 
]u;ai[ Sojiie reoMeTpHiecKtS sapasTep^ h npnBOAaHi;aa k^b hc- 
o5xoji;hmocth H3yqaTi> KamjtHS hs^b 2" thhobi reoMeTpEiecKnst 
oGpasoBaBiil, KoropHa noJiyiaioTca npn paajiaiHoa KOMGHHai^iH 
pHAOBt nepeMieHHKi. B^b reoMeTpin ssy^T, HSMipeeiS, aHaJiHTH- 
lecKH HsyuaeMot ce noMomtio TepHapeHx% ijjopMt, hm-Scmi, no- 
9T0My leTHpe Kjaeca KOBapiaaTHHSt oSpasoBaeiS: HHBapiaerH, 
KOEapiaHTH B1. ThcHoMt cMHCJiL cJioBa, KoeTpaBapiaHTH H Zwis- 
chenfonnen. IlepBHe Tpn KJiacca npaBOjiaTi in, KpHBUM't, pas- 
CMaTpHBaeMUsrt KaK^ MtCTa TOieK-& hjih Kaat orHSaiomia npa- 
MHXTi. [locrĔjteiS Kiacci HpnBOjtnTB kt> TiMt. reoMerpHiecitHMi 
oSpaaoBaeisMt, anajiaTHHecKyiO Teopiio KOTopHXT. jtanH KjieSuit 
H TopjiaHT. BT. cBoeMt Memyapt Ueb. biternJire Eormen mit con- 
tragredienten Yariabeln (Math. Ann. B. I. S. 359—400) h 
KOTopaa noAT. HMeHeMi) mnueKcoes Hsyiajn. KjieSmt bt. CBoeS 
paCoT^ Ueber ein neues Grundgebilde der analytischeu Geo- 
metrie der Ebene (Gott. Nachr. 1872 a Math. Ann, B. V, 
203 — 215). 9Ta reoMeTpaiecKaa KoeiJjHrypai^iH HMieTi cjiijiyEo- 
mifi xapaKTepi.. IIpejicTaBHM^ ce56 bcio coBOKynaocTB Toiettt 
mocKOCTH n BCK) coBOKynHOCTs npHMHxT. Toii ate mockocth. 
EaKyio-HHSyAi- H^t arnsi toickt. x h KaKyio-HaSyji;!. h3i sth^-b 
DpHjiHSi u MH GepoMi H coejiHHaeMi B'1. ajieMeHTi. {x,u). Bcixt 
TaK0XT. ajieMeHTOBB HM^eTCa co*, T. e. njiOcKoCTL Kaa^ CH- 
CTeua 8JieMeHT0BT, {x,u) aBjacTca MHorooCpasieM-L Hempe^i 
MSM^peHiB. Hbi oGiu,aro ^ncjia 8THX'i. ajieMeHTOBi OTCiH- 



') rondametiti di nna teoria generale delk foi'me algabriciie, Mem. Acc 
Iiincei (3) XIX. 1882. Cir. TSKKe J. DeruitB. Bssai d'Qiie theorie gunerale iles 
formes algebriqaes. Mem. 8oc. Liĕge (2) XVII. 1892. lIpeKpacHHS oCsop^i pas- 
BHTia TeopiH ^&ojHi upHHajiJieaiaTJ *p. MeHepy: Berieht tth. d. Kortscliritte 
■d, projeetiven Invarianteatlieorie ira letzten Vierteljahrhundert. Jahreslier. d 
Deutsch. Uathem. Yerein. B. I. 1391. 
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paeiix 'ri, KOTopue y;[OB;ieTBopflroTX HiKOTopoMy ycioBiio, Bupa- 
^aeMOny yjiaBHeHieM-B 

O^lBOpOAHEJMh KaK^ OTHOCHTejILHO Z, TaKT. H OTnOCHTejtRO U. 

CoBOKyneocct aTHxx 9jreiieHT0Bi h HaaHBaeTca y Kjie6ma koh- 
HCKCOMT.. EcjiH sa TOMKy 3? B03iiMeM^ KaKyio HHOyjb onpeA^S.ieHHyH) 
TO^ity a n.T0CK0CTa, to ne BcaKaa npaMaa dtockocth 6yneiT> 
BMicT'b ci. TOHKoro « cocTaBjiaTL ^jieiienT^L KonneKCa, ro to-ilko 
i"£ npnMLm, KOTopHa BHHOJiiiiiiOTT. ypaBHeHie F(a,u)=^o, t. e. 
orH^aioTj. KpHByio, BupaiKaeMyio 9Thwt, ypaBHenieM^L; — 3to oGctos- 
TejibCTiiO H BHpaaiaHJT^L roBOpa, ito Bt KOHHeKct F{x,u) = o 

TO^Kt a COOTB^STCTByPT^L EpRBaa F{a,U) = 0\ TO^JHO TaKiKe HC BCi 
T01KB HJIOCKOCTH ^aiOTl B'B COe^^HHeHia Cl HpSMOIO V 9JieMeHTU 

{x,v), yaOB.aeTBop)iH)mie ycjioBiio F(x,u) = o, — ho tojilko t^ 
TOMKo, KOTopLia jieaiaTT, Ha itpHBoii F{x,v)=o. 

Ejieĕm^L yen^tjii onySjiHKOBaTi. tojilko BHHieyKasaHHuS Me- 
Myapi, npeji.CTaBJiaBiniĔ jihhil HpejBapHTejiBHoe coo6meHie. OcTaB- 
uiieca nocjii; nero MaTepiajin nocjyaiHJiH $. JlHHjieMaHHy ocHOBa- 
HieMi, npa cocTaBJieHiK hmt. rjiaBH o KOHHeKcas^, aaHHnaroHieH 
KOHei[x I-ro TOMa Hn^aHnHst hmt, Ciebsch'es Yorlesungen 
llber Geometrie (s. 976 — 1050) b npe^iCTaBJiaioniei! bi nacToa- 
mee Bpeiaa HanCoji-ie HOJinoe HajioateHie y^enia o TepnapnHSii 
KOHHeKcas^L. KpoMi Toro, MH HM!;eM'L paCoTy ToATa, HayiHBuiaro 
HiKOTopHJi CBOiicTBa KOHHeKca nepBaro HopaAKa h BTOporo KJiacca 
(Diss. Gotting. 1873),—- KOTOparo laCTHHH cJiy^aH Hsyiajii. TaKHie 
AMojeo (Giornale Battaglini. XXy 321 — 332); EaTTajiLHHH — 
«lacTHEiH cjiyiiafi KOBneKca (2,2), Khh. CTe^taHoct (Bull. Sciences 
Mathĕm. (2) t. IV p. 318—328 Sur la thĕorie des connexes 
conjuguĕs) HsyiHJii irlKOToptiH CROiiCTBa ocoocHHaro KOBapianT- 
uaro KOHHeKca — TaK^L nas. conpaiKeHuaro; ApMenauTe (Gene- 
razione dei connessi di 2° ordine e di 2 " elasse. Acc. Lincei, 
(2) III p. 2" 123—128) H neauo (Atti Acc. Torino Xyi. 
497 — 507) H3yqajiH Bonpocx o nocTpoeHiH KOHneKCOBi (1,2), 
(2,2), T. e. Haxoa!;ieHiH HpaMHXT, ;iaiou(0Xi ajieMen^Ti. bi coe;iH- 
HeniH Ch ;iaHHOB) toijkoh, ho AannOMy HaB'£cTaoiiy "jHCJiy ajieMen- 
TOB^L KOHFte];ca. HaHSoJiLmee hhcjio paOoT^L uocBanieHo OAHaKO 
npocT'fe0ineMy jiHueo-JiHHeiiHOMy KOnneKCy 

^ aik Xi «i«o , 
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EOTOpHH KaKflaH TOiKii X nJOCKOCTH nOAiaHaeTi ^pyryio TO^Ky 
j/njroCKOCTa: pyk= 2 tt;^ Xi , h KaaJAoH npsMoH tt — npAMyro 

ir : (Ti/5-= ^ aii u/i , t. e. onpe;('ĔJi3eTi KOJiJHHeapHoe npe- 

oSpasOBaBie 3toS njocKOCTH. Mh HM'teM^ 'pajijh paSoT^ BaT- 
TajiLHHH: Sei eonnessi ternari di 1° ord. e di 1" Classe (Na- 
poli Rendic. XIX. 120—112 a Cnorn. Battaglini XX. 230—249) 
JlaimepH (La rappresentaziono dello spazio rigato sopra un 
piano connesso e sua applicaaione alio studio dei connessi lineo- 
lineari— Atti Istituto Yeneto (6) t. II p. 247—268, 457—473), 
$occa (Zur Theorie der linearen Connese. Math. Ann. XV. 
355 — 359) H KpOM^ Toro, pfl;tx paOoTi, nocBJin;eHHE]X'ii mjie- 
HiK) CT. noMoniLio 6H.inHei3Ho3 ^opMH (a) KOJiJiHHeaiiiH, — KaKOsH 
paSoTH M. nama (Math. Ann. XXIII, 419^436, XXVI, 
XXXYIII p. 24—49) Kpayca (M. An. XXIX. 234-236), KeJi- 
jiepa (Diss.) ^), MyTa {Math. An. B. XL. p. 89—98, XLII, 
257 — 272). Posaneca (Ueh. linear-abhangige Punkt-Systeme 
Crelle's J. p. 241 — 273). Sjict ya;e ne roBopHMii o t^kt, pa6o- 
la^T, oTROCHTejibeo Ko^iaeeapearo (rOMorpaiJ)0qecKaro) npeoSpa- 
soBaeia, yKasaeearo eme MoSiycoMt, KOTopua neKJiaAyTii Bi.ocHOBy 
onpe^^jieBie ero nOMoniLio SHjiHHeBeoH t|)OpMLi h EOTOpHXi mh 
KacaeMCa nonyTeo b^l rjiaB^ lY. HaEoeeiiL KaitT. HpHJiOMeeie Teo- 
piH HoeoeKCOBi KT. TeopiH aJireSpaniecKHS^L jiH^^epeHniaJiLHH^-L 
ypaBHeeiS 1 nopajiKa, jojimno ynOMseyTL o paSoTasT, Darbou^ 
Menioire sur les ĕqnations algebriques dul-erordre etdu 1-er 
degrĕ (Bull. Sc. Math. (2)11 t. p. 60-96, 123-144, 151—200), 
MioJiJieHaop$a (Ueb. einen speciellen Fa)l der dem Connex (1,«) 
entsprechenden Differentia!gleichung (Grunert's Archiv B. 69 
s. 113 — 124), jaiOHiaro HeyaaiHHH npHM^p'L ;iJia npHM^teeHiii 6o- 
Jiie o6mnx7. peayjiLTaTOB^L ^apCy, MjT^o paOoTia Ax. Harnack'a ^) 
$oeca Zur Theorie d. algebraisehen Differentialgieichungen 1. 
Ordn. u. 1. Grades Math. Ann. XX[n p. 157—180) u L. Autonne. 
Sur la theorie des ĕquations diff^r. du 1-er ordre et du 1-er 

*) Ceber gewisse Yiei-enke, dieron Yiereekspaaren abhiiiigeH. Gies. I8SS. 
") Ueb. eine BehandlnngBweise algebraisclier Differeiitiale iii homogeiiea 
Coordinateu (M. An. IS, p. 37). 
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degrĕ (Journ. Ec. Polyt. Cah. 61 n 62, Ann. Univ Lyon. 
t. HI. f. 1.) H Sur ]a limitation du degrĕ pour les intĕsrales 
a]gĕbriques de I'eqa'ation differentiĕ!]e du 1-er ordre (J. Ec. 
Polyt. Cah. 63 n 64). Tloejrfe;ieeMy Bonpocy nocBnmeHa TaK»ie pa- 
6oTa Poincart^ Sur rint^gration a]gĕbrique des equat. diff. du ]. 
ordre et du 1. degrĕ (Rendic. Circ. Mat. Palermo t. YU. 1891). 
TtcHyEo cBHSb Ch TOopieH kohhckcobti HMiioTi HaKonen;^ paSoTH 
$ypa cHCTejuas^&s^ ephbusi oapejrSJieHHtis^ ajireSpaaiecKHMt 
jlHtfiiJiep. ypaBHOHieMt 1. nopjijiKa (BuIJ. Soc. JMath. de France 
t. n, V, YI H XIX), KaKi EH^iHo H3^ npHBe;teHHaro KpaTKaro 
nepeiHH ') bh^iho, ito paspaCoTKa yienia o KOUHeKcast n.i[oc- 
KOCTH TOJTBKo eme HaiaTa, ho yaie a Tenept b-b yiieHia o s,^^- 
$epeHiiiajiKn&iX't ypaBHeRiflXX ohh HrpaiOTL BasKuyio pojib. 

^TO KacaeTca ^o aHaJiorHiHuxT) KOHiJarypaHiiS b'l npo- 
CTpaHCTB^ TpesTi H3MipeHia, KOiopHMx nocBaiiieHa nacToamaa 
paSoTa, To OHH npe;icTaBJiJ3ioTC3 hoitb ne HsyieHHHMH. CaMt 

KjieSHn. MA.n, OTHOCHTejILHO HSl TOJhKO HiCKOJILKO saMijiiaHiS 

B't § 3 iiHTHpoBaHHaro Bume Meayapa Ueli. Fundamentalauf- 
gabe d. Inyariantentheorie" , xOTfl HM'£eTca yKaaanie Coi|)yca 
Jia (Gott. Nachr, 1872 p. 478), iro KjieSm-L, pacnpocTpanaa 
CBOB H3C5'iaOBaHia o KOUHeKcas^L na noAoSuLiH oApa^OBania bx 
]UHoroo6pa3iax'L 'rpex-L h 6oji'fee HSM^ĔpeuiH, o kotophx'l oh-b 
ynOMHHaeT^L ni. stom^l MCMyapi, HpHuie.ii k^l pascMOTpiuiio 
npeo6pa30BaHii5 gacTHLiK^L ^(HiljcJiepeHitiajiLHtis^L ypaBneHiS, npn 
leM^B iteHTp^L TamecTH Jie^HTt bo BBeAenia noHaTia poaa h np., — ■ 
B-h o,iH03HaiHOCTH H ajireGpaHieCBOMi xapaKTep:6 upHMiHaeMus^L 
npeo6pa30BaHiEi. Sth pesyjLTaTH, ycTuo cooCmeHHLie C. JIh 
KjieSniemt, paBHO Kaict C0OTB'iTCTBeHnoe m^Iicto bt, ^HTHpOBan- 
Hoi! BHHie CTaTb'6 cyTL ejiHHCTBeHHLia yKaaauia na paOoTBi 
KjieSnia-, ohh no3BOJiaiOT7. TiK.% ne Men^ie npH3HaBaTL EjieSina 
nepBHM^L, BBe;tDiHM* B^L reoMeTpiio ne tojilko AByxi, ho b Tpe^t 
H^Mtpenia noH3Tia o KOHEeKcast— reoMeTpHqecKHX'L KOni^Kry- 
paitiaxi< ch cocTauHHMH gjieMeHTaMH. TaBi k^k^l oieHL qacTo 3a- 
cjiyrn KjieSma b'l 3tomx OTHOuienin OTpn^aiOTCa, to a h npHBe/iy 



') & He upHDeji'^ inicL laRSit pa6oT'i b-l KUTopiiii nojiiaymToa 
TOJEEo Tepusiiosorieft EOHHeKcuBs, ne saHBMaact cauuuH cBodcTBaMH sTnii roh- 
$Hrypaiuft, ko ii,ojixeu% yKaaaTt «a coiiHHeHie Starty: MPlliodeii der Theorte 
dei" ternareu Pormeu, aHajBrH^eoKie peayjiLTaTH KOTopoi acjiyTi reosteTpHie- 
CKod uepepaCoTKK, h na EOiopyio a ne paai ceujiaKcb bt, AaJi^HMmeMi. 
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3}i.icb OTHOcjimeeoa CEOjia M'fecTO § 3 „Ueb. Fundamentalaufg. 

etC." KjJeS[II'£ rOBOpHTi: ^Bt npOCTpaHCTB'{l UpHXOflHMT. KT. BOCbMH 

KJiaeeaM^ oOpaaoBaHiH, kotophh no.iyqaioTCJJ KOMSBHHpoBaHieMi 

T01KH, npHMOS H nJOCKOCTH, H Eeo5xOflHMO H3yiaTb BCi eooT- 
B-hTCTBeHHHa OCHOBHHS ({lOpMH... Hsi 3THXl BOCIiMH SJiaCCOBl 

nepBuS coeTaBJtHiOTi nocTosHHHa, KOTOpua h 6es-h TOro cociaB- 
jiJiioTCii KaBX iinBapiaHTH, ao KOTop&ra mokho paaeMaTpaBaTs a 

KaKl OCHOBHHA c[)0pHH, BBOflH BT, COBOKynHHH CHCTeMH 0CH0BHH3 
nOCTOaeHHH, KOOpjIHHHpOBaHHLIJI OCTajlbHHMS OCHOBHHMi ^JOp- 

Maai. H jiBJiacoHiiaca a priori ^taHnuMH HHnapiaHTaMH, Ciijiyjotiue 
Tpn KJiacca coAep^aTt tojilko ho oanOMy paspa/iy nepewiHHus'^; 
ypaBHeHHHa ayjiio 9TH $opMu H3o5paiKaiOTi noBepsHocTH bt> to- 

leiHW^t H BE HJIOCKOCTHHSt KOOp;iHHaTaXT. H KOMHJieKCH HpaMIJKl. 
IlaTHa K.fiacCT. ^[jOpM-B COaep^MTT. KOOpanHaTH TO1K0 H KOOp^H- 

HaTH iijiockocth; npBpaBHHBi TaKyio (}>opMy Eyjiro, KaiK;ioS n.HO- 
CKOCTH HpocTpaHCTBa Eo.n^iaHMji^ iiOBep]tHOCT&, onpej];t,iei!Hyio 
ypaBHeHieMT. b^l ToieiHia^t Koop;iHHaTaxi, h KaiRaoS TOiKi — 
noBepsHocTL Bi njiocBOCTHHXt Koop^iKHaTa^^. TaKOBo ypaB- 
neHie, onpe.ntjiaiOHiee KO.TjrHHeaqiio b-l npocTpaHeTBii, hjih ycjo- 
Bia Kacania njiocKOCTH kt. Kouycy, KaeaTe.iLeOMy k^ mBuoS. 

nOBepXHOCTM H HM^IlOIItarO BepUIHHy Bt npOH3BO.!ILHO B3aT0ii TOHKt 

npocTpaHCTua" [TaKHMH KOHt[)Hrypan;iaMH h saHHMaiocb bx HacToa- 
meS paCoTtJ. „niecTo& KJracc^ <|opMX cojiepHiHTi paa^ TOieiHHKt 
KoopAHHaTi H paa^L KOOpjiHHaTi HpaMOii. ypaBeeHHbia Hy.iio TaKia 
i|)opjibi HOiiiHmiioTi Kaat^oH toik* K0Mn.ieKCt npaMHST., KaataoS 
npaMoS — nOBepXHOCTi>. TaKOBU, Hanp., ypaBHeBia, BHpaaiaiomia, 
ijTo npaMaa KacaeTCa KOuyca, upoBejieeHaro KaeaTejiLHO k^l ^ae- 

HOa nOBepXHOCTH 331 KaKOS HH6yjII.-T01KH. ^BOaCTBeBHO 9T0My 

KJiaccy ^opMi B ypaBHeHiK HMteMi. cejiLMOii, coKp^aHiiH ^ajn, 
KOopjHuaTT. npaMoa u paa^ KOopiHHaTi ujiockocth. HaKoeeji;L, 
BOCLMOA KJiaccL cosepKHTT. HO pajy KOop;!HHaTX T01KH, npaMoii H 
U.10CK0CTH. IIpHM^ĔpOMTi ypaBHem)! TaKoro pojia MOatert cJiyatBTt 
ycjiOBie Kacania npHMoii ct. KoeycoMT., hm1'iohi.0mti BepmHHy bt. aaE- 
HOB tohk'6 npoxo.iiaiHBMi 4epe3'L nepeciieHia ^iaeHoa noBepx- 
hocth ct. npoHSBOJiLHoS nJiocKOCTLK). TaKoe ypaBnenie Kaat;i;oS kom- 
OneaiiiH to^iku h ujiockocth uojiiBHaeTT. KOMHJieKCi, KastjtoS kom6h- 
HautiH T04KH h epaMoH — n08epXH0CTb bt. nJiocKoeTHHXi Koopaa- 
HaTaxi, KaatjioS KOMGHBaniB ejiockoctb b npaMoH — uoBepxHOCTL 
B-L TO^egHHK^L Koopji;BHaTaxi " . 
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Bc^ĔMi 9THMT. iiOH(|)HrypaiiiaMi, — jo chxx nopi nogTH se 
BsyyennHMi., — npH^aiOTi o6ui,ee easBaHie KOHaeKcoBT,, xotb npa- 
BHJiLnie 0HJIO 6h npHjiaBaTb 3T0 easBanie T'6m^ TO,)ibKO kohiJh- 
rypauiaMi, KOTopua bm^iott. cbohmt, ajieMeHTOMTi co^ieTaBie 
(TO^Ka, njiocKocTL). ^ijio Bi TOMi, 1T0 HawSoji^&e sapaKTepHHMi 
SJia 3JieMeBTa TepHapearo KOHHCKca h ci reOMeTpniecKoa h 
oco6eHHo ci anajiHTHyecKOg CTOpOHH jiBjineTCa He to o5cToa- 
TCjiiiCTBO, ^TO 3a 9JjeMeHTi. 910H KosiJjHrypaain npEHHMaeM^ 
KOM6HHau,iio Bcts^ 3JieMeHT0BTi bjiockocth: to^kh h npaMoH, a 
To, hto o6a STH ocHOHBue sjieMenTa coBepuieHHo Me^tjiy coSoio 
ojiHopoaHH, ojHHaKOBO Tpe6yfl jiJia CBoero onpejtijieBia ABy^i 
ycjiOBin. Hs^ 0CH0BnuxT, ajieMeHTOB^ npocTpancTBa 3thm^ cboS- 

CTBOMl OJlHOpOJlHOCTII OiJ.ia^aiOTl BSaBMHO Be TO^Ka H npfl- 

Maa, a TO^Ka ii njiocKOCTt, ojnHaKoeo onpe^^ijiaeMBia rpeMA 
ycjiOBiflMH, Tor;ia KaKi. upaMaa bt. npocTpaHCTB^S TpeSyeT^ ftjifl CBoero 
0Dpe;[4jieHia ^eTHpe^^ ycjioBiri. /ttioiicTBeHHo cooTBlsTCTByromeio ero 
SJieMeHTy (roiKa, npjiwaa) na b.iockocth 6y;ieTT. ceOBa K0M6HHan;ia 
npflMoH H TO^KH, Toraa KaKT. Bi. HpoeTpaBCTB'i — K0M6Hnanifl njio- 
CKOCTH H npnMoii:, TiMi JKe cbo0ctbomt> nepexo,HHTb bt, ce6a 
npn ^HBoacTBeHHOMt npeoSpasoBaniH o^JiasaeTT, cpaBAa h coie- 
Tatiie (TOKa, npaMa^, hjiockocti.). bo cocTaBJiaiomie ero ^JieHU 
ee oieopojiHH Meat^iy coijoio. IIoaTOMy iJopMajibeaa aeajiori^, no- 
jlofiHaa Toii, KaKaa cymeCTByeTt Meatiy kphbumh h noQepxHo- 
CTJiMH BTopoK cTeneen, Sy.ieTi. cBaauBaTE. Mes^iy coGoeo KOeeeKCi. 
TepHapHHH c^ 3,neMeHT0Mi. (TOiKa, npaMaii) b KOHHeKCi. KBaTep- 
HapBuS c^ sjieMeHTOMT. (ToiKa, njiocKoCTii), H BOoSrne b'i. opo- 
CTpaHCTB'i n HSM^SpeHiil KonneKci. ct. sJieMeHTOMi (To^Ka, njio- 
CKaa ciiCTeMa (w — l)-ro HgMipenia). IToaTOMy a noJiaraj'» 6u 
npHjiaBaTL HaBsanie KonneKCOBt TaKHMi. TOJit>KO KOuc^Hrypau;iaMi. 
B^b HacroaaieĔ paGort a cTaB,ii!o ceS^i n'fejit.K) mti o6mia oyepKt 
Teopin KBaTepeapHHX'£. KOHHCKCOBt, KOTopne jio nacTOauiaro 
BpeMeua hohtk ne H3y^a.THCb, — mu HM-SeM* tojibko paCoTy P. 
Epayse o KOHHeKdi BToporo nopa,nKa h nepBaro KJiacca (Matli. 
Ann, B. Xiy s. 294 — 322), h u^ScKOJitKo paGoTi. o JiHHeo-JiHHeH- 
Htixt KOHHeKcasT.: BaTiajihHHH Sulle ibrme q(iaternarie biiineari 
(Atti Accad. Lincei 1882 r ), rfl'Ii om> paacMaTpHBaeT-B BHpo- 
^eMi. cjjyyaS, Korjia o5a pajia uepeM^hHHti^^t x ^s y OiiJiHHeSHoS 
^opMH KorpejiieHTHH, s oua ycTaHaBJiHBaeTt KOppeJiaiiiio, a ne 
KOJiJinHeaiiiio, JlaimepH Sopra i sisterai lineari di connessi 
quaternari (1,1) (Mem. Acc. Lincei (4) IV. 1887), MyTT.: Die 
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geometrische Deutuiig von Invariaiiten raumlicher Collineationen 
und Kecipi'ocJtaten Math. An. B. 33, s. 493 — 510. Hsy^eHiio 
coScTBeHHO KO.iiJiHHeaiiiH B^ npocTpaHCTB^ noCBanieHO paSoTH 
Cerpe (Mem. Acc. Lincei (3). XIX, 1884), Vameiio, Ct. CMHra, 
rnpcTa— EOTopuS H3yqas cHCTeMU KoppeJianiH b^ npocTpaBCTB'!;, 
yKaatiRaeit na cBasi. cx nsyieHieMi. K0Ji.!ineean,iH (Proc, London 
Math. Soc. Voi. yLXXI p. 92— 118) h jipyriB, KOTOpuji a nn- 
TnpyH) BT. TJiaB^Ĕ lY, T'icHyio cbssl ci yieHieMTi o KOHHeKca^i 
HM-ĔroTi, mcjiinOBmis Fouret o6-h HMnjieKcaxf> noBepxnocTe&, — 
CHCTeMax^ oo' nOBepxHOCTeR, onpeA'fiJieHnuxi. aJireApaHieCKHMt 
ypaBHenieMi bi lacTBu^^ npoH3BO.iHiiiXT. 1. nopa/tKa; caani. 
Fo«ret na 9Ty CBssb ue yKasHBaeTt. Ecin upHSaBHMi, ^to Dar- 
bous BT. CBoeH yB-^uiaHHoA paOort o6i oco5e[iHMXx p'£ii(eHiax7. 
SH$nJ)ep. ypaBHeHiti b^ lacTUUSi. hpohsbojihust. 1. nopa^Ka ,3a- 
MiiatTT. B^L saKJiio^eBie o npeHMymecTBax't BBeAeHia o.JiBopoaHBix't. 
KOop^lHHaTt, TO BTHM^L MH KCiepnaeM^L Bce, 1T0 jio CHs^ nopi^ 
0ny6jiHKOBaH0 HM^iioniaro OTHomeHis Kt saHHMaionieMy b&ci. bo- 
npocy. nocTaBHii'E cefii ^■iiJiiiio jiaTL bt. nacroameS paSoT^i flJia 
KOHHeKCOBT, KBaTepHapHHX'E TaKoH ate o^epKT., KaKoA ^iJia Tep- 
HapHHsT. .naeit ^!InHAeMaHHx b^l nocji'hAHeH rjiaB'fe Lro TOna co- 
CTaB.iieHHHS'L HMT. A. Clehsch's Yorlesungen uber Geometrie, a 
pasCMaTpHBEiK) Bt uepBoA pjiaB!; oSmia cBOgCTBa KOHHeKcoB^L, 
HaiHHaa cb ^jieMeuTapnHSL aayMepaTBBHbis-L, pascMaTpHBaio 
ocoSeBnHe sJieMCHTLi KOBBeKcoBT., ero eoupaacenH&rtt KOBBeKCB 
BBOwy iioHaTie KacareJiLHaro KOHHCKca, kotophh hom^bo Kaca- 
TeJiEiBoS njioCKocTH, sasrJiHaeT^L EOUHeKCL (m,n) b-l coc'tj[CTBl> 
BjieMCHTa ero {x,u), h noKasaBaH) npHM'IipLi cocTaBJieHiH KOBa- 
piaHTOB^L aaHHaro KOHHeKca mi> nHBapiaBTOB^L KacaTejiLHaro;, 
pjiaBa saKaHiHBaeTca pasMOTp^ĔBieM^L ojiHosBa^Baro npeoSpasoBania 
KOHHeKca H pojia ero, KaKi. HHCJia, ne HSMtHaiomaroca npn oaho- 
BBaiHOM^L upeoJipasOBaHiH KOHueKca. Bo II-h r.iaBt a nepesoaiy k-l, 
rJiaBHot KOHHtinAeHi;iH KOBHeKca; jiaB^L b^l § 8 h-I;kotophji o6n;iH 
OHpeji-SjeBiji h saM^biania oTHoCHTe.iLno KOHHiiHAeBniH BOoSme b. 
E't § 9 — H^tKOTopua KOBapiaHTSHa oSpaaoBaBia rJiaBH03 eohh- 

IIHSeHuiH, B-L § 10 B CJI^tayiOHlHS^L OCTaHaBJIHBaiOCL Ha CBHSH' 

yienia o KOHHeKcax'L cl Teopieii jiH^^epeHiiiajiLB&is-L ypaBBeBlH 
Bx lacTBHs-L npoH3BOjiHHXT. nepBaro nopasKa. HsjiaraeMaa Bt 
;iyx'fe Teopin EOHHeKCOB^L, Teopia STH^t jiHcfi((>epeHn;iaj[LHEiX'L 
ypaBHeuiii ToatecTBeHna c^ Teopieio C. JIh; Bca paaBH^a b^l tomi, 
HTO C. JIh paacMaTpHBaeT^B ToiKy h npoxojiamyio lepes-L Hee 
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njiocKOCTt sa ajeMeHT^ npocTpaHCTBa. 3i'fe(!h tkg 9T0 dyAeT^L 
sjieMeETTj rjiaRHO0 EOBeiigaeHniH, il cieJi'& o^ieaKo ne jieniHHMi 
ocTaHOiiETbca ea TaKOMT, Hajoateein TeopiH C. Jl^ BO-uepBust 
noTOMy, 1T0 npH 9tomt> ona BnaHHTeJi&ao BHHrpuBaeTT. bt. na- 
rjtajieocTH h eCTecTBenHOCTH, h BO-BToptixi noTOMy, ito bi pyc- 
CKoH MaTBMaTHieCKoB jiHTepaTypi HacjiaoBaeis C. Aa ao CHXt 
Hopi ee aoJiyin.iH npasa rpaa^^aHCTBa: b-b ejHncTBeeHH^i coih- 
HeHiax^, BT, KOTopEixi HaeTi. p'biF. o pai^oTa^^L C. JIh ho ab^" 
^iepeeHiajibHHMi ypaBHeHJMM^, — n. C. HasHMOBa „06% HHTerpH- 
poBaHiH TtH(|>$epeHi;iaJiLBiJX'[. ypaBHeHiH ci yacTnHMH HpOH3B0a- 
HEiMH M. 1881 r." a II. A. rHaaoniHHKOBa ^IlHTerpHp. ypae- 
HeHia Ch HOJiHUMH aH(J>4»ep™liaJiaaTH H Hp. M. 1880" aBTOpu 
orpaHBiHiiaiOTCa, uo caMOMy xapaKTepy nociaBjienHoB hmh ceS^Ĕ 
sawiH HSJioiBeHieMt MeiOAa HHTerpHpoBaHia C. JIh, ne Kaeaact 
o6h],hx% TeopiS HopoeaiCKaro reOMeTpa. Bi toS jEe rJiaBi Haxo- 
nsn cei)'h m'6cto HscjitjtOBaHia *yp9 o6i> HMnjeKcaxT. aOBeps- 
HOCTet, MnoroiHCjreHHHH TeopeMH KOToparo oot aTB^^B noexfex- 

HHXT. JiBJjaiOTCa HpOCTHMB CJjtjtCTBiaMH JlOKa3aHHlJX'fi B'B HepBoS 

rjiasi i^opMyj!X, h pe^yjibTaTEi paSoTT, /[apSy o3i ocoSeGGhis^B 
p'tmeHiflXT, ypaBHeBi& bt. iacTHuxi, HpoH3BOAHbix^ nepBaro 
nopa^Ka. 

TpeTbii H leTBepTaa r.iaBb[ ape^iCTaBJiaiOTi apHJioateHia 
ofiiHEX'& pesyjibTaiOBT. rjiaB^L I h II iri. 6oi4e yacTHHM^B cjy- 
laaML KOHHeKcoBB {»1,1) H {l,!)- ^'^ r.iaB'fe III nOMHMo o6oS- 
menis pesyjTbTaTOBT, Kpayse a ocTanaBJiHBaiocB na rjiaBHOtS kokh- 
iIHAeHi^iH KOHHeKca (»i,l) h noKaguBaK), KaEX upH ^tomi pacHpo- 
CTpaeaeTca na jiHneiiHaa lacTHHH ji;n(|)#. ypaBHenia MCTOjia 
MHHjiHHra-J^apCy cocTaBJieHia aojiHaro HHTorpaaa noMOmBio lacT- 
HBi^^B piaieHiS. ■^eiBepTaa r.7aBa nocBAHieHa Hayieniio KOHneKca 
(1,1), KOTOpHH OTHOCHTejiBHo KOHHOKca {m,n) HrpaeTi Ty ^e 
poJiB, HTo npaMaa OTHOCHTe.iBHo KpHBoB w-ro HopajtKa. 

B-B aaKdiOHeHie a yKa3r,7Bato na bo3moh;hocte. pacnpocTpane- 
Hifl apeflbi;iyaiHXT, pe3y.ibTaT0BT, na CJiyiaa npoHSnojibHaro HHCJia 
nepeM'£HH&ix^. 

H ne ocTanaBJiHBaiocL na aHa.THTHqeCKoS CTOpon^Ĕ Boapoca: 
neaTpajiBHuH Bonpoci, leopiH (|iopM'B — A0Ka3aTe.iBeTBO iiOHeiaocTa 
„noaHofi cHcieMBi i|)opMb" ') HM^lseT^L ji.ia reoMeTpin cpaBHHTeJiBHO 

^) JlJia KBaiepiiapaHKi (popMi jtaHo Hilbert'oMs (Math. Anii. B. 36), no- 
CTaBHBiHKM'!. Bonpoes Ha lacTO apnoMeTHsecKyB) noiBy, cjit^ya KpoHenepy. 
Ero jioKaaaTejiLeTBo ynpociirji^E Stroh. 
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MeHtmee SHaieeie, h toji&ko no OTHOnieHiio k'l KOHHeKcy (1,1) 
a cocTaBJiAKi TaKyio CHCTesiy noMombio camonmecmx-h MeTojtost 
KjieSma-ApOHrOjib^a (hg cHMBOJiniecKBMn npon;eccaMH sa^aia 9Ta 
paapimeHa MepTencoMt bt. Monatshefte ftir Mathematik u. Phy- 
sik B. I 1890), HpecjitHya rjiaBHHMi oOpasOM-B i^^ijiL reoMeipH^e- 
CKaro HCTOJiKOBania OTnt;(i.HHXT. npe^cTaBHTejieA 9toS cncTeMH. 
Ha pyccKOMTi asHK .i HM^eTca no Teopin kohhgkcob^ ;[o 
CEXh nopT> ojiaa tojilko CTaiLji Moero MnoroyBajGaeMaro yiHTejia 
np. A. B. BacHJiijeBa „06i, oeoSeHHHST. piHieHissT. bt, cbssb 
CL hobhmT) Bar.iasOMi na sajiaiy EeTerpHpoBauia sh(|h|). ypaBee- 
Eifl 1. nopAAKa" (Yi. 3an. Eas. Yb. 1878), b-l KOTopoS asTop^L 

SHaKOMHTT. CL OCHOBaeiSMH TeOpin KOnHeBCOBL Ha nJlOCKOCTB. 

B'L BWy SToro mojkot-l 6utl hc JinmHeio aBHTca h eacToa- 
ma.H pa6oTa, b^l KOTopoĕ a iie ctojilko cTpeMajicH oCcTOHTeiiLHO 

H3yiHTL KRKOS HH6y^L gaCTHHa BOHpOCL TeOpio KOHHCKCOBT., 

CKOitKO JiaTL oGmiH ea oiepK^L n yKasaTb Ha npHJioateeia ea b^l 
reoMeTpin h aHa-iHs^t, KOTopLia oapaBAHBaioT^ ea paapaSoTKy ist. 
HacTOaniee BpeMa, Kor/^a He/tocTaTOiHO eayieeHHMH sBJiaiOTca 
^(aate aJireSpaaiecKia nOBepsnocTH. 
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r ^ A B A I, 
06LUiR CBOJiCTBa KOHHeKCOBl). 



§ 1. OnpeAtAeHin. IIpoeTpaHCTBeHeija KOHHeKci, HsyieiUK) 
CBOHCTBt H npH.TOJKeHia KOToparo nocBamcHa HacTOflni,aa paSoia, 
ecTL Tanaa reojiCTpHiiecKaH KOHcfiHrypaiii^, TaKoe reoMeTpHnecKoe 
oCpasoBaHie (ecjiii ycjiOBtiMCH TaKHMT. oCpaaoMi. nepejiaiiaTh rep- 
MHB^ „das Gebilde"), Koiopoe ^JieMeeToii^ cboumi. HM'ieTT> co- 
TieTanie (ToiKa, n^aocKoCTb) h oSHHMaeTTi, itaKT. lacTHue cayjaH, 
noBepxBOCTH, pascMaTpHBaeMHji, KaKt reoMeTpiiiiecKia Mtcra to- 
qeKT. HJia KaKi. orRGaioiuia njiocKOCTe0. Ka^iiaH hst, co^ TO^eKT, 
upocTpancTua [a;ii! KparKOCTH mli ne CyiteMi. nOBTopnTh itaatAwS 

paST., 1T0 flijIO HJtCTL TpOXM'bpaOMl UpOCTpaHCTBb] MOjneTT. 

6uTb coeAHnaeMo bt. e.ieMeHTi (roHKa, ujiockoctl) ci. Kaai/ioio 
H3T. co^ iiJiocKocTeA Toro JRe npocTpaHCTBa; ;i,Jia npocTOTii 
reoMeTpHqecKHX'[. Hpe^tcTaBJieHiiS Toieinoe nnjiocttocTHoe npoCTpan- 
ctbo mh npejmoJiaraeMi coBM'£Hi,eBHLiMn, xoTfl MoatHO 6ti.io Qh 
EsyiaTb a ntcKOJiLKO ()OJi^e oGmiji oSpaaoBaHia, npe^noJiaraA 

npOCTpaHCTBO TO^eKl H IipOCTpaHCTBO nJIOCKOCTCS HeaaUHCHMtlMH 

Meatjy coSoio. TaKHMi. o5pa30M'L Bcero hih uMtcM^L co^ ') ajie- 



') ECJiE EiicaH HHOyjiB Bpiin^nHa moji^ii. npsnuMaTL, sswkKsach Henpe- 
pHBHo, BceB03iroffi;HHE aasEeHia ot^— "^o bo-|-co to roBOpais, wo aia BejtH- 
^HHi MOKeis npHKHAiait oo' 3HaqeHift Eljik T— HaKia HBSy^B $yHKHia ot^b 
tn BejiHMHi, KajhAaii HJt kosst iipaaBHCKno ots bpjtiim MomeTi HMiTL W 
3HaqeHiii, TO roBopHsii, ito T MOMeTi hm*te oo'" aHaiPHiS, Oyjier^L neJTHgHHoio 
«iH3]utpeHi3 Tah.aMt oGpaioMi a;'" ^ieiieHToD^ (uoBppxHoCTeft h np.) ^ m— 
MipHaa CB Tsiii ^jieMiHToBt ([DUepsHoi-TOH h np ) Pi STO.ti^ CMHCJit sin H 
IHoipeojiaeMi 3to BHpa^eHie, Kiihi. corpiHiaEoniee SHagHTejiEHO HSJioaoHie. 
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MeeTOBT, (TOiKa, n-ioCKocTE.). Hst o6maro ^aejia 9thxt, co* 
3j[eMeHT0Bx ypasneHie 

/ {x^ x^ x^ xj, M, u^ M, mJ = o, (1) 

VX^ X^ . .X^ OSHOpOJiatia KOOpJlRHaTH TOIKH, U^ ..U^ — OIH0p0flHHa 

KOOp;[fiHaTbI MOCKOCTH H f — (j)yHEmifl OJlHOpo^Hail KaKT> OTHOCH- 
Te.IItBO X, TaKl n OTHOCRTejlijHO U B't OTJlijIIiHOCTH, BM^ttjlAeTTi 

co" sjreiieHTOBT,, o6pa3yK>n];HX'£. bx coBOKynHoCTH reoMeTpH^ecKyio 
KOHtjjHrypauiio, KOTopoS npnjiaeTCa HasBaHie npocTpaHCTBeHHaro 
KOHHeKca Bt jtaJibHiHuieMt mu paacMaTpHBaen^ rjiaBHHMT. o6pa- 
30MT. aJireSpaHiecKie KOBHeKCH, — jiJia KOTopHSi f ecTb n'fejiaa 
paiiioHajjBnaa (|)yHimifl CTeneeH m 0TH0CHxejii.BO x h CTeneaH n 
OTHocKTejibHO u. CHMBOjiH^ecKH HsoSpaiKaeMt ee Torjia 



Uj, = a, x^-h a^ x,^ +a^x^+ a^ x^,Ua. = a, u^ +a^u^+ a^ u^ + a^ u^ , 
H o/' a^^' dj"" 0.^^' «/' a,J^ a/'^ a/'< paBHo Kocfit|)niiieHTy npa 

vjieHi c% , „ ,' „ . X , „ „" „ , a^/' xJ' x.^' x/'u'' uj^ uj'^uj^. 
h,.%!k,.%.' IJI^UJIJ ' -^ " » ' » J ' 

Mh 6yfleMx osHaiaTt laKoS KOHHeKci) aHaitoMt (»«,«)— KOHneKC^b 
m-ro HOpsjiKa h w-ro KJiacca. 

Kaffi^Ofi HJIOCKOCTH U npOCTpaHCTBa COOTBiTCTBjeTt B1. KOe- 

BeKc6 noBepxHOCT& X„ nopajiKa m, ypaBuenie KOTOpoS bl to- 
^eiHH^^L KoopjiHeaTast noJiyiHu^, noscTaBJiaa bi (1) SHaieeia 

KOOpAHHaT^ M,MjM,Mj, eoOTBtTCTByiOUUH BBHTOS HJIOCKOCTH U\ 
TOJI&KO B^ COe;lHHeHiH CT, TO^KaMH 3T0H HOBepSHOCTH njIOCKOCTb U 

jacT-B 3JieMeBTi, KoneeKca (1); KaataoS to^k^ nMTpaHCTBa co- 
OTBhTCTBycTi hoj[o6h£Imi o6pa30M'i. n0BepxH0CTb C/j, K-ro KJiacca 
KOTopo^ ypaBHeBie nojiyiacMi, saMtHaa wh (1) TeKymia Koopjin- 
HaTH a: KOop;iHHaTaMH bsatoA eaMH toikh. TaKi b^ cjiyyai ecia 
m=ra=l Kaiifflofi To^K^ x npoCTpaHCTBa cooTB^iTCTByeri apyraa 
Toiitaj/, pascMaTpHBaeMaa, KaKi i^eHTpi cBasKEtnJiocKOCTeS, Kaaj- 
saa H3i KOTopEixT, Bi coe^HeeHiH ct. x sacTi sjieMeHTi, KonneKca 

(1,1)-, H EaTKJEOH DJIOCKOCTH M COTB^TCTByeT^ Jipyraa HJIOCKOCTt. t; — 

reoMCTpH^eCKoe m^ĕcto To^eKT,, bs coejiHHeHiH cx u oCpaayioinHSt 
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ajieMeeTw pascMaipHBaeMaro KOHneKca. TaKn&i^ oSpasoiii KOHHeKcii 
(1,1) ycraHaBJinBaeTT. KOJuiiiHeaiiiK) (roMorpa^iiio) nt TpeKMipHOMi 
npocTpaecTB^. IIo^ioĕHHMT. o6pa30MT> npn m = n^2 Kaaf;ioii toi^k^ 
cooTB'ĔTCTByeTi noBepxHOCTE 2-ro K^aeca, s KaatAOH njjocBOCTH — 
nOBCpsHocTh 2-ro nopajiKa. 

ToJiBKo BT, oco6eiiHHxi cjiyiaax'L Moatert BCTpiiHTtca, 
•iTo BCAKaH TO^Ka npoCTpaHCTBa MomerB 6hti> coe;iHHfleMa ci 
HiKOTopoio OHpeaijieHHOio hjiockoctlio, hjih aie ci BaBicTBoio 
To^KOK) MoateT^ Shti. coeinHeea bt, ^jiOMeHT^ KoeeeKca BCHKaa 
njiocKOCTB npocTpaecTBa. TaKoro po^a oScTOHTejiBCTBo BCTpt- 
^aoTca, eanp., bo BchxTi KOHeeKcaxi, ypaBHeHia KOTOpiJSi. npe- 
BO^aTCH KTi BH^y: 

9>, (K)- Vi W + y^a (^)- '/'a M+y^a W- V^ {li) = 0. (a) 

KamAaa hs* TOiieK'& nepeci&yenia nOBepxoocTeS 9?,=o, (p^^o, 
93j=o, — KOTopua jiojEmnu Shti. ojHoa cTeneEH, — odJiajiaeTi yKa- 
saHHHMi BLinie CBoScTBo?J't,— AaeTi ^jeMeeTT. KOHneKca (a) bt, 
coe;iHHeHiH cl KaatjiOK) h3'l co^ njiocKOCTeH npocipaecTBa; tohho 
TaKHte KaatJtaa e3T. ojiocKoCTeii, KacaTe.nBHHX't ko Bciirt TpeM^B 
noBep^HOCTaMT. 

V, (m) = , ip^ («) = , tp^ (u) = 

saer^B aieMenTi KOHHeKca (a) Bt coejniHeeiii ct. KaiK,50io toikok) 
npocTpaecTBa. BcaKaa jipyraa ToiKa x epoCTpaeCTBa, He upH- 
Ha;iJieffianiaa ojiHOBpeMeeeo n0BepxH0CT3Mt ^^=o, <p,^-o ^p^^o 
MomeTi ;taBaTL aJieMeHT^L KoeHeKca TOJibKO rt> coej(Heeein ct 
njiocKOCTaMH KacaTe.iBefiiMH ki. tob nOBepxHOCTK KJiySKa A, '\p{u) -t- 
\ Vi (w)+\ V^ (w)=o, j(Jia KOTopoS napaMeTpa Aj- cooTBiT- 
B^iTCTBeHHO upoHopiiionajjbHKi <pi {x^ . . a:J. — TaKia to^kh h hjio- 

CKOCTH HaSHBaeM^B imeHUMU H.TH OCHOenUMU TO^KaMH nJIOCKO- 

CTaMH KOHHeKca. Hxi) MoaieTi. dHTt H Ces^HCJieHeoeMHOHtecTBO, — 
ecJiH, eanp., ypaBneHie KOeeeKca HMieTT. bh^cl 

9^1 (^)- Vl (*f)+92 (^)- ^i (**)=", 

TO rJiaBHHMH CyjtyT-L bc^ toikh kphboS <p^ («)=o, g>^(x) = o 
H Bc4 HJiocKOCTH, KacaTeJibHHa Bt pasrHCaiomeSca noBepxHocTH, 
onpejciJieeHoH ^syMa ypaBeeeijiME bi njioeKOCTHK[X'b KOop;tHHa- 
Ta^^E tp^ (u) ^o , ip^ (u) = 0. 
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Eaat^toe ypaBneaie, co/iep;Kamee TOJibKo ojjhh-e pajix nepeM^^H- 
HHSi, MOJKerii 6uTi> pa.3CMaTpHBaeMo, ma.s.-h ypauneHie KOHHeEca; 
Hanp., ip {x^ . . ^J^o npejCTaBJiaeT^ in> stom^ cmhcji^ĕ koh- 
HCKCi TaKoro xapa):.Tepa: KastjoB ojiocimcth npocTpaHCTBa co- 
OTBiTCTByeTi uoBepxEoCTi> yj (iT, . . a;,} = o, toikh KOTOpoS Bl 
coeaHBeeiH cl neio aaiOT^ 9JieMeHTH STOro KOHHeKca. Eam;taa 
T04Ka 9ToH noBepsHOCTH jiBJiseTca r^aBHoio to^koio TaKoro koh- 
neKca, h od* sjiejienTOB^E ero CJiaraioTCii hsi coejiHBeHia Ka.!Kflo3 
m-h oo" ToieK:& iioBepxHOCTH ip = o c% itamjioio mi, co° nJioc- 
KOCTCH HpocTpaHCTBa. Toik4, He jieataui,eS na noBepxoCTH i/j = o, 
ee cooTBiTCTsyeTi hh ojihoh nJiocKOCTn, KOTOpaa bi> coejiBHeHia 
cx neio Morjia 6li aaBaTb ajieMeeTt aroro KOHHeKca. 

KaK^ cjitjtyeTT. iist o6n;eS Teopin sapaKTepHCTHKi., bos- 
BeAeHHOii na CTeHeH& HcimcieHiii UlySepTOMT.'), npocToe ycjiOBie ^,, 
najiaraeMOe ea CHCTeMy 9.;TeMeHT0BTi {XyU) oSpasoBHBaTB koh- 
HeKCT. (1), BHpajKaeTca tJiopMyjioio 

^,^a.p+/3.e, (b) 

Tji,i p CMMBOJt o3Ha'ia!om!8, 1T0 TOiKa p iio;[iHHaeTca ycJiOBiio 
jiejKaTb BT. irtEOTOpOH .nanHoS niiocKOCTH, a e ecTb CHMBOJt 
ycjiOBiM, htoCh nJiocKOCTb e upoxoflHJia ^pesi. niKOTopyio oupe- 
atjienHyio ToiKy. ^HCJieHHoe siiaienie nojiyiaiOTT. tojii.ko OTeneHH 
p^ B e^ — paBHHM KasaaH 1, n6o ycjiOBiio npHHa^JieHcaTi. ipeMt 
HJiocKOCTaMT. ojiHOBpeMenno y^oBJieTBopsoTT. tojibko o^a TOiKa, 
H ojtna njiocEocTi. Hpoxo;iHTii ^epesi. TpB j^aHBHa toikh, Hejieata- 
mia Ba oaHoS npaMoH; Bci ;iaJii.Hianiifl CTenenH ;p'=^'=... = o, 
e* = e''=..=o. ''iTO^a 03T. oo' aJieiueeTOBT. (x,u) bha^^-^htl ai- 
KOTopoe Kone^Hoe «ihcjio 9.iieMeHT0Bi, mh aoJiaiHn HajiomHT& 
HiecTHEpaTHoe ycjiOBie, h cji'I;;(0BaTe.3iiH0 ei ycjiOBiio (b) ;io5a- 
BHTB eine nsTepHoe ycjiOBie. lIpHHHMaa aa TaKOBHa p^e' H^*e°, 
nojiy^HMs: 

^,p^ e'=/S, ?ii>'e' = a 



') Bro MHoroqncjEeHHHa paSoTH pesioiuHpOBaHH mfh Bt ero «Ealkiil iler 
abB^lenden Geometvie" 1879. nepBue e.rtan 9io3 chmbojthkh BciptijaiOTCs:, 
Bnpo^eMi y Halpiien'a. Bi pyocKoii MarejiaTKieeKoi jiHTepaTypt uaaomeme 
ocHOBBHiS 3HyiiepaTBBH0fi reOMeipiH aiH HasojtHMi bi pa6oTax'i. B. T. AaescieBa 
(Mai. C<3. XIV (1889). Y^. 3an. Mock. Yh., *H3. Mar. Or, B. 10). 

2 
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T. 0. ^eCJIO 3JieMeHT0B'6 KOEHeKCa (1), K0TOptIXl TOTIKa npH- 

HasJie^HT^ TpeM^L aanHUMi nJiocitocTaMs, t. e. 6v^eTh jaHHoio, 
a nJiocKocTb no^^HHena yc;ioBiio npoxoflHTL ^epesi jb-S jiaeHaa 
T01KH, T, e. lepest jtanHyjo (no eoBepnieeeo npOHSBOJiBeyH)) epa- 
Myio, paBeo /5; eo sto ne tito HHoe, itaai. ^hoo naocKOCTeSj 
KacaTejrtHHSi kx nonep^HocTH <P„, KOTopaa cooTBiTCTByeTt 
aaHHOS TOrai Bx KoeeeKci, h npoxoMmixx lepes'!. MHHyio 

npSMyiO, HHHMH CIOBaMH 9T0 — OaCCl nOBepXHOCTH 'Pn, KOTO- 

pHfi paBCH^ n H KOTOpHĔ MH Ha3HBaeMX KJiaCfOM'L KOHHeKca; 

HTaKT. /?-=». 

CoBepmeHHo hoaoShhmt. me oCpasoM^ BTopoe ypaBHeHJe, 
noKasHBaioHiee, CKOJibKO bt. EOHHCKct (1) SJieareHTOBT., KOTopHXX 
TOiKa .leKHTT. Ha ^aHHoS HpaMoS, a hjiockocti. npoxo,HHTx gepesi 
TpH jtaHH&Ts TOHKH, npHEo;iHTt Haci Kt saKjrroieHiio, "iTO a ecTi. 

nOpaXOKX HOBepXH0CTH Fm, COOTBiTCTByiOmeS BTi KOHHeKCi (1) 
flaHH02 HJIOCKOCTH, H TaKHMT, oOpaSOMt a = m. n09T0My OCHOBHOe 

;i;jia BC'iHCJrHTejii.HoS reoMeTpiii ypaiiaeHie KonneKca npHHHMaoTi 
OKOH'iaTejiLeo bhjt. 

^, =w. p + n. e. (2) 

OSpaiuaeMca k% reoMeTpniiecKOMy oSpasoBaHiio, npe.ii;cTaB- 
MiomeMy co6oH) coBOKyHBocTt co* 9JieMeHT0BT. {x,u). npome 
Bcero npeACTaBHTL ce^t anaJiHTHiecKH TaKoe of)pa30Bame, KaKt 
coBOKyHHOCTii ojieMeHTOBt, oSmn^^ ^ByMi KoeeeKcaMT. h c.i'6- 
;tOBaTeJiLHO OHpeAijiJieMH^^L ,nByMJi ypaBHeniaMH 

f(x,u) = 0, f'{x,ii)=^o. (3) 

Bt. 3T0MI reoMeTpngeCKOMt odpasoBaein Kaat;toH h.iiockocth 
npocTpaHCTBa cooTBiicTByeT^ KpEBaa ;^BoaKoa KpHBB3Ha — nope- 
c^TOHie nOBepxHOCTeii, cooTB'ircTByioni;HXT. bsstoH njiocKocTH bi 
TOM^B H m. spyroM^ KOHueKcĔ; Kaataoi T0iK'ii— pasBepTHea- 
lOHiaaca nosepSHOCTb, orBCacMaa njiocKoCTaMH, KacaTeJiiiHnMH Kt 

TO0 H KX flpyrofi H0BepXHOCTH, KOTOpHa COOTBiTGTByiOTl T01K* 

Bi ;[Byxx KOHHeKcaxx. He ECSKaH, oaiiaEo, noaoOHaa coEOKyn- 
HOCTb co' ajieMeeTOBi (»;,«), itOTopoS npHflaeTCa HasBanie Koun- 
audeumu, MomeT^ 6aTb npescTaBJiena anajiETHgecKH ^ByMa ypaB- 
HeeijiMH; Bnage rOBOpa, ee BcaKaa KOHBii,H;ieHn,ia MOKeri. 6htb 
pascMaipHBaeMa, KaKX nojiHoe nepeciHenie jiBys^ KOBBeKCOBt,— 
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coBepmeHHO aeajiorHieo tomj', liaitT. ne cCAKyio KpHByto SBoaKoS 
KpniiHsou MOHtHO pascjiaTpaBaTt, KaKTi nojHoe nepeciijeHieaBy^i 
noBepsHocTeS. He TpyjiHo aaTi iipaMtpi. iio;i;oQhoĕ KOHHiiiB^eH- 
n.ia. Ho AM 9roro Heo6xo;t(iMo ycTaHOBHTb, ^to mh HasHBaeMi 
nopaaKOMT. H KaaccoMt KOHH^HAeui^iH H np. OnpeA^^Jiaa ee, EaKi 
nepeciieaie flByxTi KOHHeKcoBi {m,n} h lm',n'), mu nOjiy^aeMi, 
']To jiBoHHoe ycjiOBie ^^, HajiaracMoe na aJieMenTTi {x,u), npBHafl- 
jtestaTb o^inoBpeMeHHo roMy h ,ipyroMy KOHHeKcy BHpaaaeTca 
ypaBHeHieMi 

(4) f ^ = [m.p + n.ej {m'.p + n'.e) =mm'.p^ + 

(mn' + nm'). pe + nn'.e''. 

Jl,o5aBJiafl HooiepejiHo Kamjioe h3t. ipesi. uoBMoaiHHS^ ■ieTBep- 
Buxx ycaoBiS p^e, p^e'', pe^, noJiyiHMi: 

!■, .p'e = nn', S^ .p''e^ = mn' + nm', S^-P^' = ^*"^'! 

KOTOpHa noKasHBaioT^, hto ea muuTiudeH^iu, onpedn>jienHoii 
mpectbHeHieMZ dsyxi KOHueKcoe^ {ni,n), {m',n') KaMdoU moHKm 
coomenmcmeyem^ passepmmaiouimcii no8epxmcm,b KJiacca nn', 
Kaoicdo'^ nAOCKocmu — npusaa nopndKa mm', u HaKoneiin aMMCH- 
moei {x,n), KOUXi mouKa jieoKum^ na daHHoH npaMoU, a nmc- 
mcmh npoxodumz nepess my oice uau KUKym-HuSydb dpytyw 
daHHym npaMym, UMmmca mn' + nm'. HopaaOK'!. KpnBoH, co- 
OTBtTCTByiomeH BX KOHHnB^ieHiiiB ^(aHHoB n.iocKocTH, MoatHo na- 
3HBaTb ea aopHAKOMt, KJiaeet pasBepTHBaiomeKCJi noBepxHOCTH — 
KJiaccoMi KOHHi;HjieHa;iB-, BaKOHei],! ihcjio 3JieMeHT0Bt, Hpoxoj(a- 
mHX^ iepe3T. jiaHHyio npaMyio, — paHrOHT> KOHniiHjieHH;iH. 

npe^CTaBHM'1. ce5i Tenept, ^to BsaTHe HaMa KOHHeKCH cyTt.: 

F^f.<p+-g. tp^o, F^=f". ^+g'. ip = o. 

ra* f, f', g, g',rp w ip cyir. mecTL pa3Ji0iiiHXT. wejKay coSoio Chjih- 
neAHHs-E ijopw^ THna Sai/iXfUj:. Ho to.te,ko ito noJiyieiiuoS 
o6niefi TeopeM'Ĕ (KOTopaa 6e3x Tpy^a nojiyiaeTca hs^b npaMoro 
pa3CM0Tp'iHia ypaBHeHiH, onpeA^bJiaiomH^T. KOHHitHj^eimiiO Eupa- 
ataioniaxi yciOBie npoxoffi;ieHia lepesT. ^aHHyio loiKy, npaMyR) 
HJiH njiocKOCTE) 9TH KOHBeKCH (2,2 ) H (2,2) onpeA^JiaiOT^b B't nepe- 
chieniH KoaHiiHflenH,iio 4-ro nopajiKa, 8-ro panra h 4-ro BJiacca. 
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Ho B% coCTaBi 9Toa KOHHiinaeHiiiH B^ojsHTT. KOERiin^reeiiisi, onpe- 
Htaae&iaa KOHHeKcawH (1,1) g) = o, ip==o, — nopaAKa 1, paara 2 
H KJiacca 1. SaH^Ĕ^aa, ito nopajiOKi KOHsiiHaeHiiiH eCTb ihcjio 
ToieK^, jiemamHXi na j^aHHoA npaMoS h cocTaBjaion;Hxt 9.ieMeHTH 
CTj jtaHHOH) njroeKOCTtio, mh bejihmi, ito nopa;(OKi KOHHiiH^tenniH, 
ocTaiomeSca ga BHieTOMT, yKaaaHHoa cea^acTi KOHBu;HAeHi;iH 
(1,2,1), ecTL 3; toiho TaKiee HaH^teMi, ito KJiace^ ea 3 h paHrs 6. 
KaKT. acno mi, BMmenojiyieRHHsi. $opMyji't, jiOAodHaa kohhi;h- 
aeHttia, — T. e. (3,6,3) Mooa 6a Cktl HOJiy^eHa tojilko bt, nepe- 

Ci^eniH KOHHeKCOB^ (3,3) H (1,1) '). Ho B1 KOHHH,HReHItiH, 

OHpeji^i&JieHHoS KOHneKcaMH (3,3) h(1,1), KanwS sajtaHHoH njioc- 
KOCTH cooTB^TCTByeTi HJiocKaa KpHBaa 3-ro Hopa^tKa— HepecLue- 
Hie noBepxEiocTH 3-ro nopa^Ka ct. nJiDCKOCTbio. Bt yKasanHoa 
ate Bume KOHHi^aaeHiiiH aaanoa hjiockocth cooTBiTCTByeTi 
BOoSme KpnBaa 3ro nopasKa jiBoaKoa kphehshh. Ho^TOMyacHO, 

^TO TRKyiO KOBRi;H.HeH^ilO (3,6,3) HOJILSS H306pa3HTL nOJlHHMt 

nepeciieHieM^L ABysi KOHneKCOBi. Mh npH^o^tHMi. HO^Toaiy e^e 
neoSsojinMOCTH roBopHTf, Booiline KOHHn;HjteHn;iaxi nopa^Ka ju, 
Kjiacca V H panra p, pasynrta npn 3tomx ho^i hopjiakomx kohh- 
ilHaeBitia ^HCJio ea a.ieMeHTOBX, EOTopHxi njocKOCTL jaHa, a 
TOiita JiestHT^B B^ apyroa jtaHHo5 hjockocth, hjih Hopa^OKT, co- 
OTB^TCTByKimeii b'l nefl sanHOii nJiocKOCTn kphbou ^BoaKoa Kpa- 
BHSHH, noa^L EJiaccoMi EOHHi^H.^eHitiH— KJiaccT. pasBepTHBaiOHieaca 
noBepSHOCTH, cooTB^bTCTByiomea .aaEHoa TOIEi, H HOA-L paHroMi— 
1HCJI0 sjieMeHTOB-L KOHHn,H;(eHi;iH, kohxt. TOiKa jie;RHTT, aa OjiBoa 
jtaHHOii npjiMoS, a hjiockoctl npoxoflHT^ lepeaB jipyryro hjih ly ate 
;[aHHyio npaMyio. 

reoMeTpHiecKyio KOH(|iHrypa^iio, npeacraBJiaroHiyK) coBOKyn- 

HOCTL CO' a.ieMeHTOB-L (TOIKa , HJIOCKOCTL) CyjteMTj HaSHBaTL 

SmouH^udeuiiiew, neaaBHCHMo otx Toro, 5y;i;eT^ jih oaa onpe;i4- 
jiaTLca nepeciieaieMi Tpe^ii K0HHeKC0B'fc, hjih E'feTT,. B'l aea 

Ka^JOH TOIK^S COOTB^CTByCT-L TOJILEO KOaeiHOe IHCJIO HJIOCKO- 

CTeii, H Kaat.^00 hjiockocth- — KOneiHoe ihcjio toiok^, TaKi ito 
6HK0HHn;HAesi:tiH ycraHaBJiHBaeTt npeoSpaaoBaEie, npe^CTaBjiaiomee 
oSoSmeHie iipeoSpaaoBaHis noMom,Lio BoaHMHH^-L nojapT.. tlpe;;- 

') JtMcTBHTejiiHO TpH ypaBHBHia Mm'=3, iim^+nm'^^, nn'='S yjiOBjre- 
TBopaioTCa HOJioatHTejiraHiiH iilaHMH ^ne^aMH TOjrtKo nps m=n=3, )ii'=)i'=I 
(hjih uaoBopoTt, ^to CospasjiH^Ho). HepBoe k ipeTte iioaiuo Oh yAOBJieTBDpBiB 
eme nojiaraa m=w'=l, n=m'=3, ho roraa nm'+mn'=lD. 
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CTaBHM^ ceSi CHaiaja, ^to toKonniiHjteniiia oiipes^jiseTCJi iiepe- 
cĔiesieMi. Tpexx KOHHeKCOB^ {m,n)y (w',w'), {m",n"}. 
TorAa HMieM'b: 

^^={m.p + n. e) {m'. p + n'. e) {m". p + n". e) . (5) 

yMHoataa o6t nacTB nocjiiaoBaTeJiLHO aa p^,p^e,pe^,e', 
nojiyyHMT) raKis paBeHCTBa: 

(6) ^^ . p' = nn'n"; ^^.p^e = I^mn'n"; f , ■ ^e ' = Smm'n"\ 

^^. e'=»im'»M", 

KOTopna saKJiiogaiOTt bi ee6i CTSjiyiOHiyio Teopeay: 

Ba 6uK0UHuudeHmu , onpedtb^eHmil mpeMH KOHueKcaMU 
{m,«), (m/»'), (ff!.",«")j K(WKdo(J! mo^K/i npocmpancmea coomenim- 
cmeyemz nn"n' njiocKOcmeil eMncmrb a nm o6pa3yioinuxs sjie- 
Menmi 6mouHtiudeu%m; KaMdoH njioacocmu coomerbmcmeyerm 
nodo6HbiMs o6pa30MZ mm'm" moucKi; mOHKaMi Kamii-Hu6ydb 
npoueeoMHO eaamoH npHMaH coomemmcmeyeim paaeepmmaio- 
UiOHCR no8epxuocmb Kjiacca 2mn'n" = mn'n" + m'n"n + m"nn' , u 
njtocKocmam nynna , uMtbiouiato ocm npouseoAbuo sadauHym 
•npHMyw, coommmcmeyems KpueaR deoHKml Kpueuanbi nopndKa 
Smm'n". 

EcjiH SHKOHBiiHjieHitia onpe;tijiJieTca nepec^ienieM^ kohh- 
ijBaeeiiiH (/i, ^, v) CT. KOHHeKcoMT, {m,n), to ea ypaBHeHie 
HCiHCJiHTeJibHoS reoMeTpin 6yAeTx: 

^, ={u.p' + Q.pe + 'j. e') {m.p + n. e), (7) 

H MH HMteMT,: 

^^e^^am, ^^pe' = mQ+nu, ^^p^e^^my+n^, ^,^" = «''j (8) 

ypaBHeHia, aaKJiiogaiomia bi ce6'6 BBiinenpBBe^eHHiJH, KaKi toct- 
hhH CJiyiaH, 

BooSine SHKonHHHjeHiiis MOHcen, f>HTi. onpeniiena T^Mt, 
>IT0 Kaatjoa ToiK* B% nea cooTBtTCTByeTT, Vj HJioCKOCTeH, Kaat;ioS 

HJIOCKOCTH — W, TOieKt, TOIKaMl HpOHSBOJIbHO 3ajaHHO0 HpAMOi! 

pa3BepTUBaR)H(aacfl noBepxHOCTi KJiacca )i,, HHJiocKOCTaMi, npo- 
sosaHiHMt Hepest Ty me hjih KaKyK-HH0yjib .spyryio AaHEyio 
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npaMyK) Epnsas ^iBOaKoH KpeBH3HH nopH;tKax,. Mli roBopBMTi TorAa^ 
1T0 3T0 6HK0HHB;H;teH^ifl (Uj, x,,^,, V,); es ypaBBenie HCTOtJiH- 
Te.iit>HoS reoacTpiH: 

sj = WjP^ + Hj^^e+^j^e^H- v,e'. 

KCJIII B03&MeM^ OD^ 9JieMeHT0Bl (ic,w), o6m.RX'h ^eTHpeMi 
KOHeeKcaM'i. (M,n), {m\n'), {m",n") s (m"',«"'), to KaKT> ne 
TpyAHo Bna^^TB, HCKJiiOHaH X, n0Jiy4HMT> o^Ho ypaBReeie Meatjiy 
KOOpsBHaTaniH nJoeBOCTH, KOTopoe onpeaijiaeTi noBepxHocTb, a 
HCKJiioiaa u, noJiyiaeM^ oj^no ypaBneHie Me.atAy x, nsoSpaiKaioinee 
TOHeHHyio nOBepxHOCT6. TaKHMB oSpa30Mx 3TH ypaBHenia onpe- 
j'fc.'ifliOT'B napy noeepxmcmeil. ToiKa o;iBoft h coOTB'fcxcTByiou:ias 
miocKOCTb, KacaTe;ii.Hafl kt. apyroii, oSpasyioT^ ajieMCHT^, oCmiit 
leTHpcMi KOneeKcaM^. TaKi. KaK'L ycJiOBie npHeaAJieaiaTL TaKoS 
nap* noBepsHOCTett ecTi.: 

§^ = {m.p + n.e) {m' .p + n' .e) {m".p-\-n".€) {m"'.p + n"'.e), 

To OTCroj^a HMieMT.: 



g, .^ ' = Emn'n"n"' = mn'n"n'" + m'n"n"'n + m"n"'nn' 
+ m"'nn'n". 



S,.pe= Smm'n"n"' ; 



= 2mm'i 



"n"'. ] 



m 



reoMeTpngecKoe SHa^eHie 3thxi. ^opMyj-b CJi4AyiO!ii,ee: Memupe 
KOHHeKCa {m,n), {m',n'), {m",n"), {m'",n"') onpedn.mmni^ napy 
m)eepxHocmeii: odny — teoMempmecKoe Mncmo moHeKs—nopsidKa 
2mn'n"n"' u dpyiyio oiuGaeMyio njtocKocmnMU u KMCca ^mm^m^n'" 
ToMKo mowa nepetyU es coeduueniu ch odHOSHauuo eH coomenm- 
cmeyiow,eU nMCKOcmhm, KacameMuo-il ko emopoU, daiomz aytejueHmT^ 
Bmou KOH0mypay,iu. ^ucjio ajieMeHmoei amoU napu noeepxHO- 
cmeU {x,u), es kouxi moHKa x Mowumt na HnKOmopoU npoue- 
eoMHO sadanuoA njtocKocmu, a nAOCKOCmh u npoxodumz nepes^. 
HthKomopym npouseoAmo sadaHnym mouKy , ecmb Smm'n"n"' 
(cyMMH pacnpocTpaHJiiorea Ha BC^ 6 KOMSiiBaiiiH qncejiB »(^%'''). 
Ilapa nOBepxH0CTeH MOaceT^L 6hti. onpeaijieHa ne tojibko 
nepecĔHeHieMi HeTLipexi KOHHeKCOBi. JtonycTHMi npesKje Bcero, 
qTO OHa sajtana KaKT. nepect^eHie JtByxT. KOHHn,Hji,eHiti@ {u,p,v} 
i^',9'y)- 
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Tor^a 

?. ={u..p^A-o.pe + 'K e') (^'. p^ + p'.pe + ^'. e') 

Oicro^ta nojiyHaiOTC3 paBeHCTBa 

si'^'' = '^p' + P'''; ^j.2>e= uv' + vii' + pp'; :;,.e"=«.o' + pu', (10) 

reoueTpHiecKoe sHa^eeie kohx'i. aceo H3i> BHUienpnBejteHHOii 
TeopeMH. 

IIo^IoChhm-b o6pa80M%, ecjra napa nOBepxeocTeS onpej;'i- 
jiaeTca, KaKX nepec&ieHie 5HKoaHi;n;ieHn;iM (^u^, k,, a,, vJ ct 

KOHHeKCOMt (iH,k), TO 

i-^ = (_u^p^+x,_p^e+)ijpe" + v,e') (w. ^ + «. e), 
H cJi'fe.!(OBaTeJ[teo 

|^.p* = mv, +s«'Xj ; ^^. ^e = mA, +nx, ; ^,. e^ = mx, +w«,. 

Ha ApyrHSi BOSMOM^HHst E0M6HHaiiiaxt npa onpe^tijieHie 
napH noBepsHOCTeS ne ocTaeaBjiHBaiOGi,, h6o Bci& oet saKJiio- 
liaiOTCii, KaKt HacTDHe cayiaH bi npueeAeenu^^ 3.ntct. 

Boo6me MoaiHO HpeacTaBHTL ce6'i, iito napa noBepxeo- 
CTei onpeA'feJieea ^cJtaME ii^ — nopaaoKTi es, Vg — ea KJiacci a 
JTj — 1HCJI0 ea 9JieMeiiT0B'i. (x,m), kohx'£ ToiKa x JieataTi b% 
.naHHoS njiocKOCTH, a kjiockoctl u npoxoflHTi 4epe3't ^aHHyio 
TOiKy. Tor^a 

^^'^M^-P^^ + ^i-P'^''-^'^!-^^^- (11) 

IlBTb KOHHeKcoBT. {tit,n), (m',n'), (m",n"), (m"',n"'), 
(m",n"'), nM'6iOTi co' oCmBxt ajreMeHTOBi, oSpasyron^Hsii napy: 
Kpueaa deosmu Kpueusnu , paaeepmudaKyiancii noeepxmcmh; 
TO^ica nepeoH b^ coeAHHeHia ci. cooTB'6TCTByiomeS eit o;i;H03HaiHo 
n.iocKocT&io, KacaTeabHOio ko BTopoK, .^aioTt 9JieMeHTx, o0mifi 
naTH KOHHeKcaMT.. IlM^ieMT. 

^^ ='n(m^\p + n^^\e) (12) 

^^.p = Xmm'n"n"'n" ; ^^. e = £ nn'm" m"'m"' . 
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CyMMH 3ji.ich SepyTca TaK^: cocTaujiaiOTai BceB03iioa:naa 
npoH3Be>ieiiia hsi. iiiite •iRcejii, m,m',m", m'", m" no ^Ba ^.w nepisoS 
H n^n' ,n" ,n"' ,n" fljia BTopoH, h KaiKaoeaoSaBJisieTCa Hiun ?HCJiaMH 
««Vn"'«"' (cooTB'iTCB, m,m',m",7n"',m"), [lOHSt BHaiisOBt eiTi 
B^ nepBoui npoH3Be;teeiii, — TaKHMX oSpasoMi- mmb KouHeKCoes 
{m,n), {m',n')...{m",n") mpedibAnem^ napy: Kpmaa deonKO^ 
Kpiimsmi nopndm Smm'n"n"'n" u pa3Bepmueaiotii,aRCR meepx- 
mcmh. KJiacca J^nn'm"m"'m". 

Ilapy: {KpHBaa ^iBOJiKoii kphbhshh, pasBepTHBaiomaaca no- 
BepSHocTb) — Moa;en, jaBaTL, KpoM^ Toro, KOHnitHjieeiiia (u,o,v) 
Bi nepecigeeiH ct SHKOHHHiijienitieio (,"-i,'^ii^ii^.) Tor^ia 

^6 ^'{up^ + g.pe + y. e') {u^.p^-i-y.^. p^e + ^K^.pe^ + ^j^. e") 

0TKy,na 

^j.p= wv, '^^Aj +vXj ; ^.. e= u\ +()x^ + vu, , — 

nopaj;oKi h KJiaccx nojiyqeHHoS naptr. 

TcjHO TaK^e MOiKeo eaHTH 9th HiiCJia ;i-ia napti, oopeji-t- 
jieHHoH KaKi uepecSieBie napia noBepxROCTeii («3,.t:j,vJ ci 
CT> KOHeeKCOMii {m,n). ^iScTBHTejibBO, Torjia 

^. = (/f , . p^e + JTj . p''e^ + '^.iP^^) {'">'■ p-i-n. e) 

H cjiijOBaTejiLHo: 

S..p = 7T^ n + ^J^m ; ^.^. e=u^n + Tr^m. 

OcTaJttHuxT> K0M6HHaii,iif ne pa3CMaTpHBaeMx. -- H sji^hch, 
itaKT. iJUJio nOKasaHo ^iJia KOHHiiHAeHiiiH h kakt, nojtpa3yM'fiBaJioct 
HMU .naitHiBfflHxi oSpasoBaniS, BosMOaciio, ito napy (KpHBaa 
;tBOflKoB KPHBH3HH, pai{BepTHBaiou],aaca nOBepsHOCTE) He-Tbsa no- 
JiyiHTb, KaK^ noJiaoe nepec^t^enie MHoroo6pa3in f}OJii.inaro iHCja 
HSMipeHiB. Ho h lOTna MOKeMii rocopHTi. o iiopajiK'fe /^, h 
KJiacct V, 3To9 napH b-l tomt. me CMbicjii, ito a BHuie: 

^. =ju^.p'e^ + w^.p'e'' (13) 
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UlecT^ KOHHeitcoBi {m,n) ,... , (m^ , n' ) nMiioT^ tojilko 
KoneiHoe ihcjio oflmaxi ajieMeBTOBT,, KOTOpLie nojyimiix nepe- 
MHoacaa yciOBia , coOTBiTCTByiomis ot;(4jii.hhmt. KOHHeKcaMi. 

TaKHMii odpaaoM^: 

f^ = ^(w''*, p+«'''. e) = S mm'm" n"'n'''n'' , (14) 

:'j(i snaKi cjmmh pacnpocTpaHBeTca na BceB03M0JKHua co^eTa- 

hIh HHCJIOMT> 20, KOTOptra MOIKHO COCTaBHTb H3X UieCTH IHCeJIl 

m,m' , . . m'' no TpH, — npaieMi ocTaJiBHHC MHoatHTejiB «''' boĕ- 

^iyTl OTI, T4x'i KOHHeKCOBT, (m''^,^'''), 01% KOTOpK[XX He BOmJIH m^'K 

Jtjia HOJiHOTH onpe;fiJiHMi ihcjo aJieMCHTOBi, oOhihkt. ;tByM^ 

6HK0HHI(HJ[eHI(ijiMi; KOHHi;HieHi;iH H Uapt nOBepXHOCTeS, HaKO- 

Heit^ TpeMi KOHEmHjeHniaM^. 

HepBOe na^ 9THX1> Tpext ^cejii. nojiyjnMi HSi 

^, = (u,^' + Xj^^e + A,^e^ + v,e*) {y,p° + x',^''e+>v',^ie^+v\e') 
= «,v', +/./A', +^,x', +v,//', (15) 



■ — H3I ({lOpMyjm 

$5 = («.?)" + p._pe+v. e^) (Uj.^^e + rrj.^^e^ + y^.^e') 

= u^j+pTTj + ^jy. (16) 

HaKoneiti TpcTte — 

$^ = ^(u''',^'+p''''. ?)e+v.''' e") =/i (p'v"+<)"v') + 

+ u' (pv" + p"v) + w" (pv' + vp') +pp'p". (17) 

Moa;HO .naTB eme ihcjio aJieMCHTOBT. o5mnxx napi (KpHBaa 
ABOaKOii KpnBHSHEi, pa3BepTiJBaioH],aacfl noBepxHOCTb): (,"3,^3) h 
KOHHeKcy {m,n)\ oho nojyiHTca Hax ; 



^^={m.p+n.e) {u^.p^e^ + ^^^p^) =m^^+n'j^ (17») 

Ha 9T0M^ MH ocTanoBHMCJi BT, oSineMTi oĕsopi Koni|>Hry- 
pa^iii, ci KOTOpUMH 6yjieM'b hm4tl a^jio npn HsyieHin oSpaso- 
BaHiS, ayiiiOTmiiiT, cBOHMt 3JieMeHT0MT, coneTaHie (TOiKa, nJioc- 
KOCTb), H ocTaHOBHMca npeKAe Bcero na KOHHeKci. 
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§ 2. J['BBaa lacTb ypasHeaiH KOHaeKca (w,«), KaKi 6BKBa- 
TepEapeaa tfiopiaa, coflepatHTi. K03c[)i|)HiiieeT0Bt Bcero 

[m + l)(m+2)[M+3) fa + l)(^ + 2)(>.+3) 
■^^ ^ 1. 2. 3. -^ 1. 2. 3. ' 

n c.ii;iOBaTejiBHO ;i;ji3 nojrnaro onpe;i;'6JieHia ero HyatHO BMtTt 
N — 1 ycjiosiS, — Hanp , snarr, N — 1 ero 9JieMeHT0BT). Ho ee 
BcerAa Taitoe iocjio H3BicTHHxt ^jieMeHTOBi. OKasHBaeTca ^o- 
CTaTO'iHO jJiH nojiHaro onpejtt^eeia KOBHeKca. H 3fl'6cb uu HM^teMt 
HBjieHie, aHa.!iornqHoe napo;tOKcy Kpamepa B-b Teopin hjiockh^i Kpa- 

BHXl. npeSCTaDHMT. Ce6'fe Jt^^SCTBHTejILHO nieCTi KaKHXX-H06yjlE — 
HO .HaHHHXTi, H3B'icTHHX'& KOHHeECOBTi (»W,W), paSJIH^HH^^L MCiKJiy 

coGoK). 3th mecTB KOHHeKCOBi HM-iiOT-L ho HpeAHAymeMy 20m"«' 
00^10X1 sjieMeHTOBt. IlyCTL ypaBHenia bth^-l KOHHeKCOBi. cyTB 
f^=Q,..f^ = o. Torjta ypaBHeaie 

xX./;. = (18) 

HpeacTaBHTi BC^t OD* KOHHeKCOBt, Hpo^oaamH^^L lepest 20 w*«^ 
sjieMeHTOB^, oSmHs^ yHOMaeyTHMi luecTH. ^to6h onpejtiJJHTb 
KaKO0-H06yflL oshhti, nyiKHo jaTL KaKie-HH6y.!iL naTi. ero 3JeMeH- 
TOBTi, HO npHHajtJieataiAHKi kt> iHCJiy 20 m^w' ochobhust.. ripe.acTa- 
BHM'L ceĕ^Ĕ TenepL, ^to HaM'h aaHH KaKie jihSo ^-— 6 sjieMeHTOB^L. 
Bt ypaBHeHiH KOHHeKca, npoxoj[amaro vepesTi bcĕ ^th N — 6 
sjieMeHTOB'!. H yjtoBJieTBopaiomaro cji^tjiOBaTejibHO (jV"— 6) ycjiOBiaMt, 
ocTaneTCa eme nsTb Heenpeji^i^eHHLi^Ti K084»$HH;ieHTOB%, h ero 
ypaBHenie HpHBejteTni cji^ijioBaTeJibHo a-b BHjiy (18). Ho mecTL 

KOHHeKCOBT. /^- = 0, CX HOUOmbH) KOTOpU^t JIHHeHHO BHpaSHJICa 

paacMaTpHBaeMLiS KoeeeKCT., nepeciKaiOTca, KpoM^t {N — 6) eme bt. 
20m°n^ — A^+6 — h 9JieMeHTax'b. Ecjih cJcBjiOBaTejibBO Heo6xojiH- 
MHe jiJia OKOHiaTejibHaro onpejt^tjeHia KOeeeKCa (m,n) nsTb 
sjieMeeTOBTi mh BosbMeMt hst. HncJia sth^^l 20 m^n' — ^+6, to 

HOCTaBJieHHHMl yCJlOBiaM^L yjtOBJieTBOpHTt HC OJIHH^b, a CO'' KOH- 

HeKCOB'B {m,n) ). 



') Ct aTHMt Bonpocoiit HntBori cBaaL H3CJi*;[0BaHia PoaaHeca (Ceb. 
linear-abhangige Pnnktsysteme Crelle's Journ. B. 8t,, ero Ke: Ziir Theorie der 
reciprolcen Ver«andtscliaft. Crelle's J B. 90 s. 313—321 k ap. CeaaHow caeie- 
MOKi Po3aHec% HaaHBaeM TaicyB) cBCTesiyjojiejieHTOBT., ecjiH H3T. i»— 1 caiByein 
Hcofixoi[HiHo p~ii& aJieueHTi. OiHocHiejiEiio ^HEBaTepHapHUit jiopu^L oh^l 
orpaHHqHBa,eTca anjiHueAHiDiH $opMa»n. Cx. uoAPOl^Hie oOt Sioat HHUce. 
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§ 3. BjiHJKaHuico n3jHeHie KOHHeKcanpe;tnoJiaraeTxycraHOB- 
jrenie h iiCTOJiKOEaHie ero iiHBapiaHTOBT, n KOBapiaHTOBii. IIpK 
9T0M't CJiisya o6meMy npaBHJiy — CBOjiHTb Cojiie cJioaiHHe BOiipocH 
Ha BOnpocH OoJiie npocTHe, jiOiKeM^ HsyieHie HHBapiaHTH&iS'B. 
oSpasoBaaia GHBBaTepHapHHsi (|)0pMi CBecTH m HsyieHie TaKO- 
BMXT) aie ortpasoBaeia GnTepnapHHSTi ijiopMi, ycraHOBHTi. hhhmh 
CJiOBaMH npHHUHHT. nepeneceHid (Uebertraj^ung, translation) jiJia 
Teopin KBaTepHapHLix^ (|)opMT>, /I,4HcTBHTe;ibH0 , cooTHOuieHie 
ycTanaBJinBaeMoe KOHeeKCOM'& Meaiiiy TOiKaMH h njiocKocTAMH 
npocTpaHCTBa MontHo npejtCTaBHiE. ce6'fe ci hhoS toikh spieia. 
KaKafl-HH5y;iB TOiKa x npocTpaHCTBa MO^eTT, 6LiTb onpeat.ieea^ 
KpOH'D ea KoopAHBaiJ x^x^x,x^, TaKace HepeciieeieMt Tpest 
CJioCKocTea — -Hanp., v,cy,a ; ^y^ieMi o6o3HaiaTL ee toiko» 
{v,a,cc); T01H0 TaKate njiocKocTi, u, nposoAamyio ^epeat Tpn 
T01KH ^,r},Z, 6y;ieMi osHanaTb (^,^,4). CoBOBynHOCTb 3thxi toikh 
X a njiocKOCTH u oSpasyeTi sJieMeHTT. {!C,u), ne npsHa^iJjeiGauiiS 
BOo6me roBopa KOHeeKcy (1), ho Bce ate lepesi nocpeflCTBi> 
aToro KOHHeKCa mockocth cbhskh {v,(>},S) conojtyaBaioTca toi- 

KaMI) IIJIOCKOCTH (f,V;,^), H 3T0 COUOJllHBeHie COCTOHTl Bt TOMl, 

1T0 Kaac;to§ njiocBOCTH csaaBH cooTsiTCTByioTt tohkh ujiocbocth 
(£,^,vj), JieKatui}) ea njiocKoH kphboS C™ m-ro nopa;(Ka, HKaiKioB 

TO^Kt HJIOCKOCTH (?,??,?), COOTB'liTCTByK)Tl Bl CBaSK^ (V,(0,CO)' 

njiocKOCTH orHSaiomia KOHHiecKyio iioBepxHOCTb K„ )^-roKJiacca. 
EcJiH ToiKy njiocKoCTH {Ĕ,r},Z) oOosHaHHMi. y^^ + y-^ri + y-s^ , a. 
nJiocKOCTb CBaSKH {v,a,cS) oSosBaiHMi 'k^^ + \o} + \a, to^ 
HaHjieMi, iTO cono,niHHenJe, ycTaraBJiHBaeMoe KOHHeKCOMi (1),, 
BHpaataeTca aeaJiHTHiecKH ypaBHenieM^: 

{y.^a^ + y.^a„ + y.^aJi *" (/>^r'p; + ')i^W(( + \c5„) " =t) 

OseaiHBi 

noJiyiaeM-B TaKHMi oCpaaoMi (jHTepHapHyio «JiopMy 50 = AyJ"%x", — 
H BuuieyKayanHoe cooTB^STCTBie yCTaeaBJinDaeTca ypaBHeniewB. 

50 = J.k"'9(;.'' =0. 

EcjiB BosLMeMi 9JieMeaTX {x,u) Aaeearo KOHHeKca (1), — 
T^ TOHKa X npHHaAJieatHTt hjiockocth (?,^,<^), a hjockoctb u — 
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■CBfl3Ki (v,o},dJ), n nocTaBHM^ ycjiOBie, ^toSh KoeaiecKaa no- 
BepxnocTi. K„, cooTB^ĔrcTByiomaa x h cojtep^amaa bi iucji^ĕ 
KacaTejiLeHSt o.!iocKOCTi. u, oi1;ia;iajia e^SKOTopHMt HeBapianT- 

BHMTi CBOHCTBOMI., H TOIHO TaK^KC ('OOTBiTCTByiOmaa U OJIOCKaa 
KpHBas C^ Ogja^aJia KOppejMTHBHHMI. HJTH KaKHM^-JlHSo spyrHMT. 
CBOSCTBOMT>, TO npBJICMl K^B H'feKOTOpOMy HHBapiaBTeOMy yCJTOBilO 
P.M DJIOCKOCTH (^,>;/) H TOIKIl {V,a,cS), H 9JieMeHTX , KMH 

oSpasyeMHĕ, 6y;ieTi npHeajieiKaTL KOBapiaeTHOMy oTHocHTejiLHO 
(1) KOeeeKCy, ypaBeeaie KOToparo nojiyiHTcii, KaKi. HHBapiaHT^ 
<|opMu (p, H Bce CBO.inTca TaKHM^B oCpaBOM^ Ha HsyyeeiH HHBa- 
piaHTOB-L GHTepHapHoS i|iopMU. TastOH MeTO^r. cnoco5en% osHaKo 
OKasaTL OHiyTHTeJiLHHH ycjrycH b^ tomi toji&ko cJiyiai, ecjiH 
reoMCTpHieCKaa Teopia TepBapHUXt KOHneKCOBi. pasBHTa b^ aoc- 
TaTo^HoB cTenesH, lero sajieiio eejiLsa cKagaTL bt. HacToauiee 
BpeMa. no9TOMy ciHTaa Meo6xoAHMHMi. ynoMaHyTt. o6t> stom^ 
BaatHOMi TeopcTHiecKH epueiiHnt, mu ee 6yAeM'L o^HaKO no.iiL- 
sOBaTLca HMT, BT, ;iajiLH'i0iueMX. 

§ 4. Oco6eHHbie aaemuTU. 0;ihhmi hst. naaSoJiie BaaieList 
BOHpocoBT> Bi TCOpiH ajire6paHyecKHxt kphbijxi. ti nOBepxH0CTe3 
SBJiaeTca BonpocT. o6t. oco6eeflHXt ToiKa^^L hxt, — ^ecjin oei 
pascMaTpHBaioTca, k^ki TOieieLia o6pa30Baeia, — h oco6eHHHXT. 
KacaTeJFLHLix^, — ecaa wh pascMaTpHBaewL hx'l, KaKi orHCaioniia 
npsMH^T) H njiocKoCTeS. IIpHCTynaH Kt Hsyieeiio KOnneKeoBT), 
MH npeiKniie Bcero BCTptnaeMca nosTOMy ci. BonpocoMT., it6 ;iojiatno 
B^L Teopia KOHHeKCOBt, eaMH HsyjaeMU^i, cooTBiTCTBOBaTL ocoSee- 
nanii. TOiKaMi hjih njiocKocTHMi noBepxeocTeS. CooTBiTCTBeH- 
eaa Teopin naxo;iHTca bt> sa^iaToiHOMii cocTOania h bi yHeeiH 
■0 cpaBBHTeJiLHO 6ojiie hpocthx'l KOHt[)Hrypai(iiixx — KOHHeKcaxi 

Ha HJIOCKOCTH. Il09T0My MH OrpaiiaiHMCa 3J(iCb TOJILKO CaMHMl 
Heo6xOIHMHM'L. 

YcJioBHMca npeiK^te Bcero st, tomt,, HTb mh HasHBaeMi. 
ocoSeHHHMi sjieMeHTOM^L KOeecKca. Bo3LMeMi KaKyio BH6y;iL ii,(ioc- 
KOCTL w HpocTpaacTBa; cooTBJiTCTByioHiaa eS bt, KOHHeBcij no- 
BepxeocTL F^ nycTL HM^l&eT-L BtKOTopyio ToiKy x — oco6eBHyio, 
Hanp,, ^HBoHByio; lorAa h bi KOHeeKci sjieMeHTi (x,u) ,iojiaEeH'E 
6htl ciHTaeMX aa aBoSiioi!; a^ĔHcTBHTeJtbHO, TaKt KaKt x aBJiaeTca 
pesyjiLTaTOMi cjiiaeia jiByxT. 6e3KOBe"iHO-6jiH3KHXT. TOieKi ar' h s:" 

nOBepXH0CTH, TO H SJieMeBTT. {X,U) MOIKBO paaCMaipHBaTL KaK^L 

coBnajieBie ,56^x1. TOieiBo-^esKOHeiiHO-OjiHSKHs^L sjieMeBTOB^ {x',u) 

-H {X,"U). 
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ToiHo TaKHie oeoSenHHJi-t bbhtcji tott, 3JieMeaTT> (x,u), bt. 
KOTopoMT. u ecTE. ;(Boi1eaa ojih BOome ocoCeHBaa KacaTeJitHaa kt> 
noBepxHocTn ^„, coOTBiTCTByioineii bi. KOHoeKci; toik^ x. 
TaKHjiii oSpasOMi mu uamsaeMs oco6eHmiMU mtb SAeMeumu Kon- 
neKca, m Komopbtxz uau moum x Syderm oco6eHHOM momoio 
no8epXHOcmu <P„ coomerbmcmeywtiieH nMOcocmu u, uau oice 
■HAOCKocmb u ecmt ocoGeuHaR mcamcMHaa no8epxmcmu Fm, «■*>- 
m^pan 95 KOHueKCTb coomeihmcmeyeim momtb x, um naKOHem 
mo u dpyioe odnoepeMeHHO ^). 

Bt, to Bpeaia KaK^ b^ kphbh^i — njtocKn^t lua aiiOSKoS 

KpHBHSHtl — BOSMOaiHH TOJlhKO OT^t^ĔJIIiHBIil OCoGeHntlH T01KH, HIH 

ocodeHHHji Ka(,'aTe.ibHL!a , bt, nouepsHOCTa^Ti — cncTeMaxi. ^Byst 
ii3iiipeniH— BOaMOaiHH ocoGcnnrja KpnBHs hjih ocoSeHHHii, Kaca- 
Te.iBHHA pasBepTHBaiomiaca noBepxHOCTH, Boo6paBHMT. ceS^i A't3- 
CTBHTejLBo pss.1, napajiJiejifcT!axT. ajocKocTeS, EHpiaaioniHSi hs-b 
noBepxBOCTn ps^'ii njiocKHSTi ci^ieHiS; ecJiH Ka^jtoe hst.' 9thxi 
na,ocKHxi. ctieHiA HjrlierL AnoHHyio TOi^Ky — mto oieBH^iHo MoatHO 
ce6'fe npeACTaBHT&, — to HenpepHBHtiii pa^T. 3thxt. jtEoBHHSi. toiok^b 
oCpasyeTi HiKOTopyio KpnByio - cnCTeMy oo^ TOgoKT. — KOTOpaa 
6y;[eTi abo&hoio KpHBOio nOBepsBOCTu. IIojto^HHMT. oCpaaoMt 
npeiieTaBHMi ce&i, "!T0 noEepxHOCTE Fni, cooTB^iiTCTByioiuaa njioc- 
KOCTE u BT> EoriHeKC'fe f{x,u)-=o, HMieT^L ocoSenHyio KpHByio. 
Mh MOmeM^L iipeACTaBHTE ce6'i, ^to 3Ta KpnBaa BupiHaeTCa 
HiKOTopoKi Apyi'oio noBepxB0CTtio Fmi . ypaBHenie KOTopoa MoateT-B 

SaBHCiTb OTT. KOOp^HHaTT. n.lOCKOCTK U] CCJIH Tenepb 9T0 HM'IieTX 

MicTO ;iJifl BC^^^L njiocKOCTeit npocTpaHCTBa , to ypaBHenie 
(p (x.u)^o, KOTopoe ;rjia KajTtjoii jiaEHoB iijiockocth onpe;t'i!JiaeTt 
coOTB-feTCTByiomyio aToS njiocKOcrH noBepxHOCTb, BHpisaiomyio HSt 
,F,„ iBOHeyio KpHByio, BM4cT'fe c^ ypaBnenieM^L f(x,u) = o ;iaHHaro 
KOHHeKca onpeAiJiHTL ero Anoiinyio KOHHD;H;ieHiiiio. Bo3MOa!.nn paay- 
MteTCa H ocoSeHHHjj 6HK0HHitH;(eHiiiH, napH nOBepxBOCTefi b t. ji,., 
iipE ^eMT. ocoSeHHHe 9JieMeHTH, HMH onpe;i4jiBeMHe, o6ia;iaiOTt 
^OJi^l^e cneuiajibHLiMH cBoficTBaMH. Hanp., ecjia oco6eHHHa toikh 

BCiXT. AB0SHHXT. EpHBHS^, COOTB-iTCTByiOmH^^L paSJIHIHHM^L MOC- 

') JlHHttejiaHHt B-L Clebgch'a Torlesnngen iib. (jeometrie B.I T. 2. laei^L HHoe 
onpefl4jieHie ocoOcHHaro sieiieHTa; s HoitaaHBam jajite, ^to saBaeiroe mhoe> 
paBHoeHitHo ra onpeatjieHieM^B JEnujieMauHa, KOTopoe npeanojiaraeTi npejiBa- 
pHTeasHoe BBeKCHie noHaTia o HtKOTopoMs EOBapiaurHOMi^ KOHHeKct, HMeHHO 
coupsmeHHOKi, h noioiiy aeH't8 npocTO. 
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KOCTaMi npocTpaeCTBa, BHjtijijiioTCJi nsi jBOHeoS KOHHi];H;i,eBiiiH 
f=o, (p = o noMOHibio KonneKca yj = o, to 3Ta SHKOnni^HjteHi^iii 
6ys,eTb coOTOSTii, o^eBHjieo, h31 3JieMenT0Bi BHCeiaro uopji^Ka 

KpaTHOCTH, H'hWL 9JieMeeTIJ, COOTBiTCTBytOmie npOCTHMT, TOIKaill 
,HEOHeO0 KpHBOii. 

AnaJHTHiecKH noaiOMy ocoSennLie 9JiejieeTH onpej^tanTca 
MH ypaBHenisMH 

df__ „j_, „ df df ilf ,,„, 

--^■=in(ix 'Wa.a^o, -r- = o, — =o, — ^ = o , (19) 

ecjiH 9T0 SyAeTi Toiie'iHO-oro6eBemr! sjeMCHT^, hjih ypaBHenisJiH 
df ,„ „ , clf df df 



du. 



(20) 



eCJiH sjieMeHTt ^y^HCTt TaHrcHi^iaJiLHo ocoSeBBBHil. IlepB&ia leTape 
ypaBeeBia onpejtijiaiOT^ napy nOBepxeocTeH eopjijiKa 4 (m — 1)«°, 
EJiacca 4 (m — 1)'« h paara 6 (m — 1)'m'. Jtjia eapu noBepxHo- 
cTe3, oepe;i'6jieenoH BTOpuMH leTLTpbMH ypaBeeeiaMH, cootb'£t- 
CTBeHHUJi 4ncja cyTh 4 m(«— 1)°, ^m^w— 1), 6m\n — 1)'. 
TIpH naBicTBiJ^i ycaoBia^-B, ojinaKO, sth CHCTeMH ypaBneeiS 
MoryTi onpefliJiflTt ne napy noBepxoocTeii, a dHKOHHiiHjieuD,iEO 
BJiH jiame KOHHi;H;iene,iKi. OcTaROBHiica, eaep., ea cncTeji^S nep- 

dxi 

i];ioeaJiBHH0 onpeji;'iJiHTeJiB 9Toii CHCTeMH OTnocHTeJibHO eepeMlsB- 
HHX1 X, T. e. 

24 i; ± -^ -^ -^ -^ = 
dxi' dx^'' dx^^ ' dXi' 

o5paie,aeTefl ToiKecTBeEHO bt, Byjii>, KaKOBH 6h hh 6am SHaieHia 
rc.a;^^;^^;^, TO leTEipe 9TH ypaBeeeiHHeCy^JiyTi. pasjiH^HU weKAy co- 
6010 OTHOCHTeji^eo X, H jtjjji BCiiKaro aaeearo SBaieniH KoopiHeaTi. 
MjMgMjM^ 3;a;tyT% KOHeraoe ^hcjio CHCTeMTi sHaieniia nepeMia- 
HH^-L x; B-h BTOM-B cJiyia'^ MH 6yAeMX HW^Tf> yate ne napy eo- 
BepxH0CTe@, a 6aK0HHn;HjieBi];iio Toie^Ho-flBoi5Huxx ajieMeHTOBi, 
EcJiH yHH^ToataioTca To^ecTBeHno h Bci nepBae mhboph 9T0ro 
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onpeflijrnTeji2 npii BeaKHxi 3eaiieHiflXT, x u u, jo leTHpe ypas- 

HeHia -T^ *= np0BO;iaTca tojibko k-e HBynLi, Me»c;[y co6oh) sesa- 

BOCRMHMt, U MH HMieMl ^iBoHHyio KOHEi;HseHiiiio. To ffie caMoe 
npHJOHEHMO pa3yM'£eTCH h ko BTopoS CHCTeM'i ypaBHeHJS, — to- 
atecTBeHHoe yaiaiTOJKeHie itOBapiaHTa 

noKasHBaeTT,, mo KOHHeKCi oSjiajaeTt dnKOBHiiBAeHiiieio Tanren- 
niaju.HO-oco6eHHHX'L 3jreMeHT0iiT>. TaEHMi oSpasoMi TOJiiiKO npn 
BBinojiHeniH noj[yqeHHHxi. ycjioniB EOHHeKCi> (m,«) Sy^teTi oCjia- 
aaTL CHKOHHiiHjteHiiieio oco5eHiiiJX't ^jieMCHTOBi, a Hcnapoio no- 
BepsHoereĕ, khk^ bt. oCnieMT. cjiyqah. nosTOMy ecjia paaCMaTpH- 

BaTB TOJIbKO KOHHeKCl (}W,«) CaM^L HO Ce5'ii, TO yjKe HaJIHIHOCTB 

SHKOHHiiHjieHiiiii ocoCeBHHxt sjiejieHTOB^B BMicTo HapH noBepx- 
HOCTe^ He Sy^ieTt oSaKHOBenHoio ocoSeHHOCTLio BOHneKca, t. e. 
TaKOio ero ocoSeHHocTBio, KOTopaa sBJiaeTCH h b-e tom^l c.iiyqa'6, 
Korjia paacMaTpHBaeMi KOnneKCt caMUii o6mifi b^ CEoeM^ po.i'£. 
OjjHaKO, anajiorHiHo TOMy, KaK^L bt. Teopia no2epxH0CTea 

.JlBOaHaa KpHJSBia BSO^aT^L B^L IHCJIO oSUKHOBeHHH^I. OCOCieH- 

HOCTeS BCJi^tjtcTBie roro oCcTOHTeJibCTBa, ito ecjia noBepxHocTb 
paacMaTpHBaeMaa, itaK^L m^Scto toick^l, sroShoio KpnBOio ne of5jia- 
;taeTi, to KaE^L orntjaiomaa nJiocKOCTeB, ona BOJiatoa hm^Jtl ^boS- 
Hyio EacaTejiLHyB) — pasBepTHBarotnyioca noBep^HorTi.; TaK^L h 

Sa^icL OTCyTCTBie OCOSeHHOCTeil B-L CajHOMT. KOHHeKCt BGJieTI, 

codoro Heo6xoflHMO naJiH^HocTr, h^^l b^b niKOTopoMT. KOBapiaHTHOM^B 
KOHHeKci, KOTopHS HO OTHouieHiio Kx jiaHHOMy KOHHeECy HrpaeT-L 
pOJiL anajiorHiHyio to8, Kaityio noBepxH0CTL hjih KpHBaa, pas- 
CMaTpHBaeMaa b-l TaHrenitiajiLHH^^L E0opjrHBaTaxL, HrpaeTi no- 
OTHoiueHiro K^L ccS^i caMoH, paacMaTpHBaeMoB KaK^L m^cto TO^eK^L. 
KjeSrn^L, a sa hhm^l JlHnHeMaHHX, CTeiJaHoCB, Kpayse, JIai(i;epH, 
BaTTa.TBHHH H jp, saHHMaBHiieca Teopiea KonHeKCOBi npa^iaiOT-L 
9T0My KOHHGKcy HasBanie conpnoweHuaio jaHHOMy. Ho TaE^ KaKt 
Bt Teopia HHBapiaHTOBT. co BpeMOHH ynoMaHyTHS^B BHmeH3CJi'fejio- 
BaHi8 PoaaHeca aio HaaBanie yTBepaHJioci. 3a TaKHMH .iByMa 

KpHBHMH HJIH KOHneKCaMH, H^ĔKOTOptlS C0BMiCTHH8 HHBapiaHT^L 

KOTopH^^L yHHgToaiaeTCa, to Study (Methoden d. Theorie d. 
ternilren Formen S. 53) HpeAJiaraeT* HasuBaTB „Coiijugirter 
conne^" KjieSma ,Umhtl]lungs-connex''. 
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HoTaK'E KaKi aia „conpaiKeHHOCTi." (Conjugirt-sein) A]iyx-B 

KOHHeKCOBl eCTB TOJTLKO TOCTHHH CJlyiaĔ „aQO:iJipH0eTH" (TOp- 

mm-h, Brje/tennbiij PeHc), to ntTii HaAO^gocTn BBOjiaTt eobuH 
TepMHHT), a B^ ocotjeBHocTti H3MiHaT& 3HaieHie TaKOro yCTano- 
BHBiirarocji repMHna , KaKi. conpjimeHHHH KOHHeKCi; no3TOMy 
3 CJiiiyio a^ict TepMHHOJioriH KjieSma. 

§ 5. ConpniKeHHbiH KOHHeKCii. Ecjh BoatMeMT. KaKoB-Hciĕyjib 
3J[eMeHTi (x,u) KOHHeKCa (m,n), to nOBepsHOCTb ^„ — orH^aio- 

Hiaa nJIOCKOCTeS U, COOTB'feTCTByK>mHXX BT, KOHHeKet TO^Ki X, 

KacaeTca njiocKocTa u Bt HiKOTopoS TO^iti, KOTopyro osHa^HMi 

y; HOBepXHOCTB Fm, COOTBllTCTByiOlHaa OJIOCKOCTH 7( B't KOBneKcl, 

HMieTi Bi TO^K^S 35,— KOTOpaa JtejKort na neS, nOTOJay "ito no 
ycjioBiio {x,ii) eCTb gjieaeHTi KOHHeKca, — KacaTe,ibHOio n'^KOTOpyjo 

nJIOCKOCTb V. KoOPAHHaTU 9T0H TOHKH i/ H 9T0a U.I0CKOCTH V 

onpe^^SjiaTea oieBHjiHO h3^ ypaBHeniH: 

p. y.= ^ ; 0. Va- =^ (U= 1,2,3,4) ('21) 

ecJiH /■(*,«) = ypaBReHJe pascMaTpHBaeMaro KOHneitca; gjicMeHTy 

{X,U) KOBBeKCa/^O COOTB-bTCTByeTT. HO 9THMT, ypaBHeHiflMX HJie- 
MeHTX {yiV), H COBOKynHOCTHBCiKtCO^SJieMeHTOBt (3:,m)— eoBOityn- 
HOCTL co* ^JieMenTOBi ((/,?;) o6pa3yioiH;Hxi. CBH3a0Bail ojiHosnaiBO 
ct ^iaBHHMT. BOHHeKCL F {y,v) = o, KoTopoMy npnaaeMT. HasBaBie 
conpamenHato h ypaBnenie KOTOparo nojiyiHM^., ncKJiioiaa m^h 
(21) ^, 6, X VI u CT. nOMOHibio ypaBBCHia f=o. CooTHOmeHie 

MeJKpIiy OCHOBHHMTi KOBHeKCOM'& II CMy COnpaaiCBHHMI OT-lHiaeTCH 
HOJIHOIO BSaHMHOCTHO. Jl^iHCTBHTeJIbHO , MO^tHO WKasaTL , 1T0 

nepeMiHaa pojin hx'l h e33bl sa oceobhoS KOHHeKCi toti, 
KOTopHu aBJiaacjj panie conpjiaieHHHM^b, noJiyHHM%, KaK^L eny 

COUpj3JKeEBHi5, nepBOHaTOJIbHHU OCHOBHOS KOHHeKCl, HHHMH CJIO- 

BaMH MOSBO ^iOKasaTb TeopcMy: KonueKcs, conpnoKeuHWil conpn- 
oiceHHaio danuOMy KonueKca, ecmb caMs dauHuu KOHneKCz. B't 
BHsy BaatnocTH aToS TeopcMH mh MJiaM^L eS ;iBa AOBasaTejbCTBa, 
nepBoe n^-b kotoph^^l npeACTaEJiaeTT, pacupoCTpaHeHie na cjiyga^ 
KBaTepHapHHx'L ^iopM^L ;toKa3aTe.ibCTBa AanHaro JlHH^teMaHHOMi '). 
Oho ocnoBHBaerca na tom^b, ito b^l CHJiy npoHCXOffijieHis koh- 
HeKca F{if,v)=o mh jtoJiatHH HM^^Tb npH 3aMiH']i yav lepest 



') Le^ons de Geoin. T. IH p. U2. UnTHpyio no itipaimyacKOiiy iiepeBojty 
SeHya, ncnpaBJieuHOMy aBTopou^. 
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du dx ^ du' dx ' 

ii.ijiaa OAHopo;iHa3 t|)yHKitia otx rc h m. /l,Jia KpaTBocTa osea^HWB 



CTBeeeo oti t\ h j/^. tojii>ko na MBOatHTe.nH, iresaitBcaoiie on 
yKasaTejia i. ConpaateeeHa KOHBeKcy f=o KOHHeKCB ^ onpe^i- 
jiaeTca ypaiieeeiHMn: 

f (x,u) = 0, H 

^ dqi dgi apf: dp^ 

(2,^=1,2,3,4). 

^jia oSpasOBaeia np0H3B0,iHHXX ora Mf no p s q jiocTa- 
To^eo npeAHOJioatKTt, ijto ee^^i BBeaeeH KaKi. nepeMieHHa p 
B 2 bmJcto X H u; Tor;ia HMieMi: 



d {Mf) _ fdM^^_df 
dqi dqi dqi 

HJiH B1. CHJiy f = o: 

im^M^, ..e.0%^M4^. (22) 

TOTOO TaKate HaSAeM^t: G'. w,- = M—^ . (22') 

dPi 

^ajiie H3t ypaBeenia 

OT, /■ = i^ 3; X; , nf=2 p^ u- 

CJiiayeTi 

m. df= 2 (ii dx. + S Xi dqi ; n df= X p^ du- + S u- dp^ 
H TaKi KaK^B m, cnjiy oepe^ijieHia p s q 
df-= S qi dxi + S pi du- , 

TO 

(m + n—1) df= X X- dqi + S u^ dp^ 
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T. e. a;,-=(m + n — 1) -^ h w,- = (m + « — 1) -J- . 
CpaBHHuaa c-b ypaBHeHiaMH (22) h (22'), bhjhm^, hto s^ 

H MJj- C00TB'6TCTBeHH0 HpOnOpi^iOHaJIbHH %, M,-, T. 6. MLI BepHJ- 

jiHCt K^B ajieiaeHTy iiepBOHaiajiBHaro EOHHeKca, hto a AOKasHBaeTi 
mejiaeMoe. 

MojKHO o^HaKO iipH AOKaaaTejitcTB^S oi5oflTHCL a Geat loaiecTBa 



^ du dx ' 



KOTOpoe Sesi ^ioKasareJitCTBa npe^iCTaBJiaeTCa ne Bnojiai o^eBHA- 
HHMt. JtiacTBHTejibHO, ypaBHeHie F {y,v) = o KOHHeKca, conpaiKeH- 
naro KOHneKcy f{x,u) = o, mokho npe^CTaBJiaTB ce6i, KaKi pesyai.- 

TaTX SaM^SHM B^B f{X,U) = BCJIHraHl iC; H W; HXt SHa^eniflMH 

BS^B ypaBHeHiH 

^ ^' dUi ' ' dXi 

no9T0My, KOHHeKCi conpaaieHHiiiH KOHneKCy F{y,v) = o Moaino 
onpeniJiiiTt ypaBHeHiaMH f{x,ti)=o (rA^ c^ijana ynoMAHyTaa 



df . df 

IIocatAHi^ ypaBHeniii HanHuiyTCa EHaie TaKt: 

^'i' i^Lj_^ ^ jH.p) (a) 
&zii t^^i dVi duji dVi' ' 

^^.Js {^.'-p + f.Ĕ^) (fi) 

' t=i ^dxi dyi duh dyi' 



Ho ^H^^epeHi^Hpya no v ypaBHenia, yCTanaBJiHBaioniiH 
BHCHMocTL Meatjty x,u H y,v, — npH ^cm-l mh na MHHyTy oc 



OCTaB- 



jiaeMi B-L cTopOH* ypaBHeHie f{x,u)^o, TaKt hto MoateM-b 
cgHTaTb y a V BeaaBHCHMHMH Meat^iy co6ok), iioJiy^HMt 
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k=i dujdxk ' dvi dujduk ' dv/ 

^djyj] _^^ I d'f dxk ^ d'f ^ duk\ //,-_i2 34) 

dvi ^-~i ^dxjdxk ' dvi dxj'duk' ilvg' ' ' ' 

yMHoaiaa nepEHH leTEipe ypaBeeHJa coOTB^TCTBeHHO na 
, w^ u^ — npH nocToaeHOMii i n coasiiBaa, nojyjHM-b 

'=' ■ if «. + („_1) *;.*«) (y) 

i ^ duk dvi ' ■•' ' 

ToiHO TaKste yMHoiKaa ypaBnenia BTopoit CTpoKa na xj 
npH nocToaHnoM^ i h CKJiajuBaa, noay^HMs: 

,. «_'!' ((«-1)1^. ^-5. + «/. 'p) ((T) 

/:--! ^ dxk dvi duk dvi' ^ 

yMHOiKaa (7) aaA, (C) na ^ h CEJianuBaa ct (a), SyaeMt 
HMiTt: 

p'. ^. + « (?a;,- =*f I ^ . ^ ( 1+'X n+ « (m-1) ) + 

+ f .''f^ (l + >, {«-!)+,««)} 

(^Wi <}Vi ' ' ' 'I 

Onpe^i^raeMt 'h m ju e3S ypaBHeHiS: l+^kn+u (m— 1) = 0, 
1 + ). (h— l) + /z m = 



OyAewi HMiiE: 

(m+K— 1) p'?^. = (7«,.. 

TogBO TaKHte AH<^$epeHD;npya li ^e saBHCHUocTH, hto h 
Brame, no yj, 6yfleMT, HMiTt 
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fiy duh \ 
dujdtii' dyi' 

k=i 'dxjdxi dyi dxjduk dy^ 

TaKt ate, Kara h BKuie, mh nojiyMMi., yMHoaiaa nepBua Herape- 
ypaBHeaia Ha uj h CKjraj^KiBaa: 

p. ».. - "1* ( «!*^ . ''« + (»-l) / . '^') 

i.=i ^ dxi dyi duk dyi' ' 

ITepBoe 03^ sth^i ypaBseniH MHOatnMt aa "A, BTOpoe iia /i n 
CKJiaj^HBaeMi. ci (/?). 3to npHBOAart sacb kt. ypaBHeHiH) 





■g. (l + 5>« + /^(»-l)) + 


4- i;5^ ^ 


[l + ^ [n — lj + /f m ) 


EcJiH 'h a a aaflHMx 


Tt He sHaienia, ito h Buine, to 


nojiyiHMi: 





(m + w — 1) <f.w-=Q %. 

TaEHMX oOpaaoMi cnOBa jtoKasano, ito 9JieMeHTi {z,w) co- 
npaateHHaro conpaaieHHOMy jtaHHaro KOHHeKca , KOToptiii co.- 
OTB^TCTByeTi ojieMCHTy (y,v) h cjiijtOBaTejitHO ajieMCHTy {x,u) 
saHHaro, coBnasaeT^ c^' 9thmt, nocjiiAHHMt, i. u t. ,h. Sawi- 
THMi, MTO BTopoB qacTH jiOKa3aTej[i.CTBa MomHo 6uJio 6m ne 
npHBo/lHTB, h6o OHa coBepineHHo iio,ao6Ha nepBO0. CoBepuieHHO' 
TaKHte ,noKa3UBaeTCjf 9Ta TeopeMa h npH SojiiiiHeMi iincjii nepe- 

MiHHH. 

nopa;toKi m' h itjiacci n' conpaatennaro KOHHeKca onpe- 
S^aaTca nepBHa, KaKx hhcjio cooTBiTciByiomHK^ saHBoS njioc- 
KOCTH V TOiOK^ y, jieajamH^t na aaHHoEi np^MOii, BTopoB KaK^b 
^HCJio njiocKOCTea v, eooTBiTCTBy£omuxt ;taHHofl to^k^ y h npo- 
^o^aHiH^i Hepesi ,5aHayio npaMyio. JI|ocTaTOiHO onpe.5'IJiHTL. 
K0T0poe-HH6y;ib OflRO hsi flByxi 3thxt. ^Hcejii, — Apyroe MoateTi. 
Chtb TOrAa HanHcaHO npano no asajioriEi. OcTaHOBHUca na nep- 
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<sowb, — ero onpefl'liJieHie npHBO^HTca K't Haxoa:aeHiio ^acjia p4- 
HieHia CHCTeMH ■ 



mu) = o, p..,.|, ff.y,=.-|,(i -1,2,3,4) 

ypaBHenie f{x,u) = o MoajeTt C!htl saaiiHeHO wpeai Vx = o. 
"JEcJiH, KpoM'Ĕ Toro, osnagHMt ^,-q,<^ Tpn KaKiK-HHOyflB ;taHHHa 
TOHKH jtaHHoS HJIOCKOCTH V, To BCaKaa Apyraa TOiEa x toA ^e 

n.TOCKOCTH E306pa3HTCa 

X- = X. ^j- + '^r;-+ u Z- 

Bm^cto ieTHpext ypaBueHii! ^Vi^~ mh HM^eM^ TpH 
■He3aBncaiHBx% oii p: 

'f f , it = „, i\, js: _ „, i' r, |£ » „, (a') 

'TAi 3; saMineHH hxt, BHpaateBiaMn lepea^ y.^K,fi. HaitOHeit-B 
ycjiocia C. y- = — BM'icT']& cb ^ y^ yi = o, X ci',- y^ =o 3a- 
-M'iHaK)Tca ^ByMa ypaBHeHiaMH, ne co^epatamHMH C: 

'i'Yif-o,'2g,f-o m 

IlaTL ypaBHeniH («')(/?'), ojiHopoaHHa h cTeneHeB m — 1, m — 1, 
m — 1, m, m OTHocHTeJitHO x,>i,«, n cieaeHea n, n, n, n — 1, n — 1 
COOTB, OTHocHiejbHo u^ M, M, w, , jionycEaioTi KOeeHHoe ^HCJto 
■oSiHH^^E p'inieHia. KaatjtoMy piuieHiio, t. e. Ka^jioH cHCTCMi 
sHaieHia x,>i,,u, u^u^u^u^, yAOBJieTBopaiomHX'B {a!) (/?'), co- 
■OTB^cTByeTT. eHCTewa SHaHeniH y^ h Vi, onpejcijiaioma.s sjieMeHT^B 
iy,v). no3T0My qHCJio piuieHiAl 9THX't ypaEHeaiH h AOCTaBHTi. 
HaMT. HOpa/iOKi conpa^eHHaro KOHaeKca. OnpejiijiHTi. ero mooto 
TaK-b. CacTeMy aHaienia x,'X,/i; u^u^u^u^ mo^ho pascMaTpHBaTi., 
itaKT. CHCTeMy KOopAnnaT^L, onpeatjiaioniHXi niKOTOpoe oCpasoBa- 
Hie, cocToamee hs^b to'ikh ABysMipnaro npocTpaBCTBa h djioc- 
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KOCTH TpexMtpHaro. Ihcjio noao6nMXi coieTaHiS, o6mHxt naTH 
K0n4tHrypan;i2MX, coCTaBjeeHHMi as^ TaBH^i coieTaHiH h Bujyh- 
JiaeMUMt H31. oSmaro iHCJia co" ho^oShhsti co^eTaniH naTbio 
ypaBHeHiaMH 90,- (y.,'f\,ju; m,«jM^mJ =0 CTeneHeS tt"' othoch- 
TOJtHo x.,'k,u a CTeneneS v('* OTHOCHTejitHO u cooTBiTCTBenHO, 
onpejiijiHTca noMomtio nepeMHoateHia sapaETepHCTKiecKHKi jjih 
TaKHSi EOH(JiHrypai(ifi ycjiOBHiJXi ypaBHeHifi 

f^ = rr<'*. a + v'''e, 

Tjii a — ycjiOBie ^jia to^kh {y.,\u) jieajaTt aa ^iaHHOii npaMoS ;tByx- 
jitpHaro npocTpaHCTBa, a e — jiJia hjiockocth ti iipoxoAHTL lepea^B 
^aHHyio TOiKy TpexM'£pHaro npoCTpaHCTBa, TaBi ^to 

0^ = 1, fl' = H T. fl., e'= 1, e* = o H. T. ,1, 

TaKOMi oSpasoMi SyjieM-E HMiTt 

m' = |j =-/7(rr'''. fl + vf''e) = ^ n"n:'v"v"'v" , 

1X1 cyMMOBaHie pacnpocTpaHaeTca na Bch coiieTania ttjt' H3t 
naTH BacMeHTOBt tt''' no jiBa. Bl ^sanBOWb cJiyia'^ 

rr = ?r' = jr"=m — 1, rr'" = 7T"' = in; y^ v' = ^"'^w, v"' = ^"■^w — 1. 

no9TOMy 

m' = m')2V6 vi(m—i) n^ (n — 1) -h3 (m — 1) 'n (n—l) ^ = 

n', m%^-hQm(m~l) (n—l)n + 3 (m^l)' (m — 1J° } 

CoBepmeHBo no,io6HHMi ate oSpaaOMi onpe^'fejiHTCfl «', 
TOJitKO otiMiHaiOTCa pojiaMH m h n, laKi hto MOateMi npaMO 
nncaTb: .,..,^ ., 

n'=m j m^ra^+Gm (m—l)n («— l)-— 3(»i— l)'{n— 1)' j- 

Jl^ajiie Mbi jta^iHM^B Apyrog cnocoOi onpe;i'6jieHia nopa^Ka h 
KJiaeca conpaateHHaro KonHeKca, KOTOpHil nocJiyaiHTi ^jia nact 
noBipKoio HOJiyieHHaro peayjibTaTa. 
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Bx ^aCTHOCTH, npH 








m= 1, )!=1, 


« 


i'=l 


H'==l 


m = 2,« = 2 


m' 


^86, 


«' = 86 



»i = »J,n=l m' = m,n' = w. 

TaKHMTi oGpasOM-B TOJitKO npH m = n=l nopaaoKi h KJiaecB 
cocpsMHiiaro KOBHeKca He npeEUHiaioT^ Hopa;iKa h KJiacca 
HcxoflHaro KoeeeKca, BooSote ^e ohh sHaiBTejtbeo BwiHe. MeJKj^y 
Thm, npH nepe^OAt ots conpiiHteHearo ex ero conpaaieeHOMy,. 
T. e, KT. aaeeoMy, HopsaoKi h K.nacc^ bm^ĕcto Toro, ijto6h eiH,e 
HOBHCaTEca, iiOHaaiaiOTca jto iiopa,nKa h KJiacca HcxOAearo koh- 
HeKca. 06eT0aTe.itcTB0 sto noKaauBaeTT., ito hjih b-l saeeOMi 
KOHHCKCi HJH BT. conpajKenHOMt neofixoAH!io aOJiaiiiti 6t!Tt Ha. 

JIHn,0 HtKOTOpHA OCoSeHHOCTH , KOTOpUa 0yJiyTT> H03T0My 

oGHKHOBeeeHMH ocoCeHHOCTaMH KoeHeKca h nojioGeo oco6ee- 

HOCTaM'!. TOieiHHMl H TaereHlliaJIIjHHMT. O0BepXH0eTH HOHHMtaiOTI.. 

s^T, eopajiOKt H KJiaecT,- Mei ee yAajioei. ojieaKO nojiyiHTB. 
i})opMyji%, anajiorBgHHst ijiopMyjiaMt IIJiiOKKepa, IIoAOSeEHi. 
(|)0pMyjn, ee ycTaHOBJieHO ein,e h ajia; TepHapHaro KOeeeKca. 

SaMiTHMi. iJTO cyuiecmeyioim KOHHeKcu caMu ceSrb conpa- 

OICeHHhie. ^'SaCTBHTejIi.HO, KaiiT.flH0 B005me KOHneKCX /=0 HMteT^B 

c't conpajReaeHMi bmy KOHHeKCOMt F=o o6m.yK) KOHHitBaeHniK), 
Ho ecjiH F cojiepaiHTi f iiHOiKiiTeJieMt, HJin neage ccjib ynHHTo- 
ataiOTca ToacecTBeeeo BCi oHpeAiJHTCJiH MaTpHi(H: 



K ^ K. ^L Ĕl iL K 'IL 

(lx^ dx, dXj dXi du, du^ dUa da^ 
d^ dP^ dF dF_ dF dF dF dF_ 
dXi d^s dx, dXi du^ du^ du^ du^ 

TO Bci 3JieMeHTH KOHHCKca f=o 6yayT'6 npHHaMeiKaTb h eo- 
npaatOHHOMy KOHBeKcy. TaKOBT., eanp., TO0fl«ecmffeHH6(?f KOHBeKCB. 
iiz = o, — h6o jtJia Hero 

,0«. =~^^=-x- , d Vi = -~ = M,.. 
■• * dui axi 

OcTaHOBHMca Ha H'iKOTOpHXT. cEoacTBa^i conpaateeearo 
BOHHeKCa, npeACTaBJiaiODiH^t paenpocrpaHeHie na npoCTpaHCTBeH- 
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HUH KOHHeKCi CBOncTB'», yKaaaHHHJKT. RM TepHapHaro KOHneKca 
E. Cie^aHOCOM^ „Sur la thĕorie des conneses conjugues" (Bull. 
Darbous (2j t. lY p. 1-ĕre p. 318—328. 1880 r.). 

TeoMempmecKoe Mtbcmo Ky Oiudawuiaa 17^ nocKOcmeH u, 
maKUX& mOHCK^ x, KOmopuMh koumi «b pascMampmaeMOm 
ez pascMampueaeMOMh KonHeKcn> KOHueKCib coommmcnieymmji no- 
€Oommmcmeyiomz noeepXHOcmu eepxHOcmu X (=F„J, Kacaio- 
TJ {=^n), npoxodauiiH ^epe3z utinca nAOCKOcmu v,coenadaemz 
moHKy y, coenadaemi czno6epx- c% noeep^mcmm Y, coommm' 
HocmbK V, coometbmcmeyiouie») cmeywmew njiocKOcmu v 8z co- 
moHKtby 6s conpnDiceuHOm koh- npnoiceHHOMs KOHueKCn». 

HCKCtb. 

/l^ocTaTOiHo aoKasaTt TOJitKo OAay h3t> 9THXi }i.Byx% Teo- 
peM^, — apyraa nojiy^HTca SBoScTBenHtiMi. paacyiKjieHieM-L. IIpieM^B 
SOKasaTeJTtCTBa jipsM-knEM-h h Kt cay^aio 4*opi*iM '^'^ ^ByMa 
pjijiaMH Bi/c+1 KOHTparpejiieHTHHXi uepeMiHHHS^. IlTaK^nycTt 
HM^j&eMT, ypaBHeaie /'(a;,M) =o. IIoBepKHOCTE, Xi/ nojiyiaeMi TaM: 
HpHjiaeMt KOop;[HHaTaMi x. onpe^tijieHHHa 3Ha>ieHia ^,-, coot- 
BiicTByiou^ia paacMaTpaijaeMoS toik^ĕ x, — uo-iy^HMi cootb4t- 
CTByiomyR) TOiK^ X noBepxHOCTL U; ypaBneHie 9toH ii0BepxH0- 
CTH B3 T0ieinijxx KOOpSHHaia^i naxoAHMX, HCKJiioiaa u^u^u^u^ 
Hst ypaBHeHiS: 

f{x,u)^o, o^. = ^l^ (^=1,2,3,4). 

^toGh 9Ta noBepXHOCTb npoxo;(HJia Hepea^ ToiKy y, AOJiatBH 
6ht& C0BM'6cTHHMa ypaBHenia: 

f(x,u)~o, pj,-'*^ (i- 1,2,3,4) C23) 

HcRJiK)<iaa OTCio;i;a u^, noJiyiHMi ypaBHenie Meat^y x^,x^, 
to^,x^- Hiart Xy BupaataeTCJi noMonibro coBMiciHtisi ypaBne- 
HiK (23). OOpasyeMi TenepB HOBepsHocTt V, cooTB^TCTByiomyio 
B't conpaaieHHOMii KOHHeKci To^Kt y; oua onpejiijiaeTca bi 
ujiocKOCTHHXi Koop;iHHaTaxx V ypaBHeniaMB 

/■(.,») = <., p,, = £;,ff.„=|^ (21) 
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IlGpBEia naTL h3X ypaBneniil (21) coBiia;iaiOTs Ch ypaBHe- 
HiaMH (23), ecja npH;iaAHMi bi hhk^ y yKasaHHoe aoa^eHie. 
OcTaeiCH HOKasaTB, ^m nepexo;ix ot^ TO^ieiHEi^i. KoopAHHaTi x 
Kt HJiocKOCTnKiMi BX (23) paEHocHJieH^L HpucoeAHHeHiiO ieTHpexi 
ypaBHeniS 



nycTB mi> ypasHeHiS p. y^- 

BeJiHiHHH U/ onpeaiaeHH b% (JiyHKn,i0 x -a y n nojiCTaBJieHH Bt 
f(x,u) = o. lTOf)H nepeHTH kt^ ypaBHeRiio Xy b^ uJtocKOCTHHSt 
KOopjiHHaTaxi>, Haflo6Ho hckjiiohhtj, X H31 f(x,u)=o, — TA^ 
cjtijiana yKasaHnaa saMtsa u iepe3'& x h y, — h hsi ypaBHenig 

j-1 atti (kca dx/c 



df 

npHHHMaa y hoctojihhhmi, SyACM^ HM^tTt: 

JF ^GL ;%. + .JLL. (t,^-_ 1,2,3,4); 
;=i aujdui axi dujd^k 

3THXt 16 ypaBHeniS, Boo6me roBopn, aocTaTOTOO ^jih onpefl4- 



dxk 
Hia cyMMi. 



=1 dui ' dxi ' 



KOTopna MoaiHO nojryiHTB snaiHTejitHO npome. Jl,§ficTBHTeJi!jHO 
BHf»paiiT. lOTHpe ypaBHGHiH, cooTBiTCTByiomia o;iHOMy HTOMy jKe 
SHa^eHiro h, h yMHOJKHBb Ka^jtoe cooTB^TCTBeHHo Ha Uj, noJiy- 
qnMX Bi cyMMi Cb HOMomBK) TeopeMU o;;Hopojiaax^ (})yaKi(ia: 



yGoosle 



0=, [n—\] S -L. -—L + n -^. 

no9TOMy BLinienpHBe^ieeHtia ypaBHeHia ^jia v npHHDMaioit 
BHA^: 



T. VI; = 



dl w_ d^ ^ 1 t^/_ 

dxj: n — 1 dxh n — 1 dxk ' 



ypaBHeeia , kotopha oTMiaiOTca otl iioCJ'ifleHXi qeTLipex'& 
ypaBHeniS (21) rojibKO bhwm^ MeoatHTeM nponop^ionajibnoCTH, — 
^ro H jtOKasHBaeTT. Teopesiy. SaMtTHMi, vto 3ji'lei> n npejno- 
MracTCH 6oJi'6e ejiHHimti, h cjiyiae n = \ ;ioJiatee't. Shtb pas- 
CHOTptei ocoSo. Bi 9tomti cjiygah ypaBeeeie KoeneKca mojkgt-l 
6hti, eaHHcaeo 

D noTOiny nojiygaeMT. py^^L^ — BHpaiKeBia, ne saBHcaHiia ot^ 
it H ;tJia Ka!K;iaro ;iaHearo y ^aiomia KOeeieoe mecjio CHCTeMi 
snaieeiH KOopaaHaTi a:. IIoBepxHOCT& Xy cboshtcb bt- aTOMi. 
CJiyiai KT, KOHeieoMy lecJiy ;i;HCttpeTHHxi TOgeKt, h ea ypas- 
HeHJe Bi TOieqeHxi. KOopAHHaTaxT- ne MOiKeTT. 6hti> noJiyieeo. 
CoHpajKeHRuS KOHeeKct onpe;ftjiaeTCa bi aiOMt CJiyiai ypais- 



V. -r T , ^ <iLk 

S LiUi^o , o y- — L- , 0. V; = 2 —— uk , 
BJH me ypaBHeHJSMii 

^ „ ^E.* dLk 

HcKJiioiaa H3t nepBHX^ naTH ypaBeeniS x s o noJiyiHMi ypaB- 
BeHie noBepxeocTH F, cooTBiiCTByiomei to4K'£ y. Ho saMi- 
THBi,, TiTO nepnHa iCTBipe ypaBeeeia xm Eaataoa toikh ocpejt-t- 
jiaioTii Koeeieoe «jhcjio seaMeBiil 3^^, h Kaatjiaa TaKaa CHCTeMa 
snaienin onpeytjiaeT^L TOiKy, KOTOpoH ypaeneHie Vx = o, y6'tflHMca^ 
1T0 H V pacnaAaeTca Ha coBOKyuEocTb KOeeiinaro 'incjia ahc- 
KpeTHH^^L TOiCK^B. CoHOCTaBJiaa ypaBeeHia 
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conpaJKeHHaro KOHHeKca, npn ;(aeBHxi y- onpe;tfc.iiJiiouMfl noGepx- 
HOCTL F, CB ypai!HeHiflMH, onpeaijiaroiH.HMH pa^t ToieKi. x, kohktj. 
coBOKynnocTb oGpasyeii bt. stomi cjiyia^S nOBepxnocit. Xy: 

ySiH^iaeMCii b^ TOatecTBi jiityx^ 3thxi CBCTeMi To^eKt. 

TaKHMT. o^paaoMT. TeopOMa jiOKasaHa jua BC'ixi cjiy^aeB^. 
Ji^Jia ABoHcTuenHoS reopeMH jioKaaaTejiLCTBO coBepujeHHo no^toSHo- 
9T0My, — KaKi pe3y.iE.TaTi. nCKjiicienJH u^,u^,u^,u^, m-h TpesT. 
ypaBHeHiti n-oTi cieneHH 0TH0CHTe.iLH0 u h CTeneim m — 1 
OTHocHTe-iLBO X H o^iHOTO ypaBneni)! utj = o l-o3 CTeHeHH otho- 

CHTGJIbHO U H O-li OTHOCKTe.ltHO X, HOBepSHOCTI. Xy 6y,teT^ 

nopsKKa ?in^{m — 1), h aHa,iiorH^HO nOBepxHOCTL P"„ — KJiacca. 
^m'{n — 1). IlpHnoMHHBi, MTO BOoOnie roBopH HOBepxHocTL KJiacca 
V Cy^ieTTi nopasKa 'j(v — 1)' h nOBepxHOCTL nopa^iKa « — KJiacca 
u(u — 1)', H conoCTaBJijjji tojilko ito noJiyicHHLia iHCJia cl 

TisiH, KOTOpHJI HO.iylH.lHCL ULI, eCJlH 6lI BM'feCTO V H /f HOJICTa- 

BHJiH HaSjieaHLia BHoie aHaieniji n' n m- — Bjacca h nopfl,tKa. 
conpiijReHHaro KoaHeitca. Ba.!(HMT., KaKi BeJiHKO to nonHmenie, 
KOTopoe npOH3BOflflTii ocoSeHHocTH, BT. aeM^ BHCTynaiom,ifl, Tor;ia, 
Kor;ia OTHOCHTejitHO jiaHnaro KOnHBKca npejinoJiaraeMi, 'ito OHt 
o6mi0 B'L cBoeMt pojit. 

Bt HpejtmiymeMT., jjoKasaBT. t|)opMyji0pOBaHHLifl BHnie ochob- 

HUfl TCOpeMH, MH HOKaaaJIH T'iMT. CaMHMT,, ^ITO nOBepXHOCTH 

Fj,H Xy , cooTE'feTCTEyHJmiH TOiKaMi x,y no CEa3H {x,y), yCTa- 
HaBJIHBaeMOH KOHHeKCOMl., COBna;iaiOTl C00TB'iTCTBeHBO ct D0Bepx- 

HOCTAMH P7j, H Vy , KOTOpLlH BCTp^bMaeMI. !i% jaHHOM^L KOHHeKC^. 

H eMy conpaiKennoMT.. Toiho KaKate n0BepXH0CTH F„ h TJ^, 

COOTBiTCTByromia nJIOCKOCTHM^L « H V nO CBfl3H [v,u) yCTaBaBJIH- 
BaCMOK KOHHeKrOWX, COBOa^aiOTT. COOTBiTCTBCBBO CX HOBepXHO- 
CTAMH Xu H y^, KOTOpHH BT. ^iaHHOM^L KOHHeKC'£ H HO COHpS- 

McenHOMi OTB^JgaroTt djiockoct^mi u n v. 

Pa.sSwpaa OTjt£jibHHfl iJiaaH ^OKasaTeJiiiCTBa BHuieHpHBeAeH- 

HHXX TCOpeMt, Ee Tpy^HHO BHSiTL, 1T0 UOCJl'6.50BaTeJIbHO IIM'.keM'&. 

TeopeMH; 
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reoMempwiecKoe Mmmo Xy 
mowKt X, KOUMs coometbmcm- 
eywms msepxHOcmu U, npo- 
xodHU{iH nepesh Henodetmmyw 
momy y, coenadaeim a ovu6aw- 
nieio no6epxHOcmeii X, coom- 
€ibmcmGyn)UjfUXi nAOCKocmHMi 
«, npoxodauiUMZ nepesi mo't- 
Ky y. 

JI,tElCTBHTeJBBO , MOCKOCTH 

npoxoj[smia liepeai y, HMtioTt 
ypaBHeeie% = o; cooTB^TCTBeH- 
Hua nOBepxH0CTH X — f(x,u) = o. 
IIcKOMaa orHSaioHiaa npa sa- 
ji:aBH&ixx y nepeM'IiHHBixi u 
noJiyiHTCs no o6hhhhmi, npa- 
BHJiaM^ nocpeacTBOMi HCKJiro^e- 
ma %i X 031 ypaBHeHiii 



OiuSaiotnaa Uv nAocKOcme-^ 
u, KouMi es KOHueKctb coomeihm- 
cmoymm^ noeep^uocmu X, Ka- 
cameAbUbia KhHenodeuoKHoHnAO- 
CKocmu V, cosnadaems cs oiu- 
6aioui,e^ noeepxmcme^ Uf co- 
omotbmcnieytouiuxh momaMs x, 
AeoicautUMs ea njiocKocmu v. 



ToiKn X, Jiemamia wh njioc- 
KOCTH f, BwpassTca ypauHeH: 
CM^ Vj. = 0, a cooTn'bTCTBy:omi 
mvh noBepXHOCTH U 
eMt f{x,u) = 0. HcKOMaji orH- 
oaiomaa onpe^iJiHTCii HCKJiioie- 

HieML Xt H U 031. 



<l[f+>iVx) 



(i= 1,2,3,4) 






0(2 = 1,2,3,4). 



rjlt V- AanHHs, x nepeMinHHa, 

0.II0 031 

^+uv. = o (^ = 1,2,3,4) 



Mtr nojryyHM^ TaitHM-B oSpa^OMt cHcreMy ypaBHeHiS (23), 
H ABoKcTBeHHyio eH, ito sOKasuBaeTt TeopeMy h jtaeTi reoMO- 
Tp0TiecKoe SHaieHie 9thxx c0CTeM't. 

AHaj[or0TiHO E. CTeiJiaHOcy pascyntsaeMi aajieiaKT,: bo3l- 
MOMt Tpa rtesKOHeiHO-CjiHSKia njtocEocTH, npoxo;iami3 iepe3x toi- 

Ey y; B'i, pa3CMaTp0BaeMOMT, KOHHeKC-!i HM'I> C0OTB'bTCTByi0T7, TpH 

nOBepxHOCTH X, nepeciKaioHiiaca bi, m' TO^Kasi x; CieBHjtHO, 
TjTo noBepxH0CTH Z7, cooTBiTCTByiomia 9THMT, ToiKaM^B, KacaioT- 
ca pasCMaTpHBaeMus^B HJiocKOCTeH bt, T0iKaxt 6e3K0HeiH0-6jrHd- 
K0XT, KT, y, HHaie roBopa OHi npoxo;iaTX lepes^ TO'iKy y, Korjia 
TpH nJioCKOCTH npHxo;iaT% Bi coBnaaeHie. OTcio;ta: 

JIoeepxHOcmh X, npunadAc- IIoeepXHocmh U, npuHaddeoica- 
sKauiaa ndOCKOcmu u, npowodn- utaa momn, x, AemauteH, es 
tiieU nepesi moMKy y, Kacaemctt n/iocKOcmu v, UMnitoms ca no- 
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n06epXHocwu A'j, es m'^ mon- 
KflX3, mmopbiMS coomerbmcmey- 
}omz noeepTHOcmu U, uMnio- 
niin fls moHKib y KacameJtbHoio 
nMCKOcmh u. 

ToiKH o5iuifl X ct noneps- 

HOCTbH) Xy CYTL T01KH 63 nC- 

pec'fe'ieHifl ch SesKOHeiHo Gjibs- 
KHMH nOBepxHOCTaM0 X, apH- 
HaAJiejKamuMBmoGKOCTJiMijTaK- 
ffie npoxoj!:flH(HMi ^epest y. 9th 
noBepsnocTH Mtr noaygHMT,, ^a- 
Baa BT. ypaBHeniH X, t. e, Bt 
f(x,ii) = o BejiBHHHaMi Mj- 6es- 
KoneiHO Ma.jiuE npBpameHia du^ 
CBasanHHJi MeacAy codoio tojibko 
ycJiOBieMt: 

^t/idu^ = 0. 

TaKHMt oSpasoMii: 

S—du.^^o, Sy-du, = o 

.•.S{^+'hyMui = o 
\dUi ' * 

H cjiijiOBaTeji&iio 

i£+-X(,.=o (^ = 1,2,3,4) 



eepxHOcmm U„ «' o^mu^sm- 
cameMHUXs, KomopbiMz coom- 
etbmcmeywmi nosepxuocmu X, 
mcawuiincH nAOCKOcmu v ea 

mOHKtb X. 

06H;is KacaTCJiiiBErH XJ h C^ 
cyTB o5niifl KaeaTejibHHa V k 
SeaKOHe^HO 6jiH3KHxt ki> hcB 
noBepKROCTeii. IIx'i, mh no;iy- 
^HM'L jiaBaa Bt /'((r,J() = o Be- 
aHHHHaMl Xj- 6e3KOHe4H0 MajiHa 
npHpaHi,eHia, cBaaaHHtia tojibko 
ycjiOBieM'L: 

^v-dx- = 0. 
9to HpHBOAHT^E Kt ypanneHiaH^. 



dXi 
OTKyAa 



S—dX; = o, Sv-dxi = o. 
dxi 



H crtjiOBaTejibHO 



+ «t^ = o(i= 1,2,3,4). 



Hcoioiaa A nojiyiHM'B Tpa HeKJnoiaa a, nojiyiHM^B TpH 
ypaBHeHia to-oh CTenenH otho- ypaBEenia n-o§ CTenenH otho- 

CHTeJlbHO X CHTeJIBBO U- 




y'lt-y'r7t = '^ 



df df 

V,— V, -T- =0, 

ax^ dx^ 

df df _ 
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KOTOpUa HllBlOTl m" CHCTeMl 

piiueHiH n aaiOTE m' ToieK^ 
oSmn^^ X H X,j. npHTOiix B-h 
9TBXT. To^iKas^ KacaTeJitHHa 
y X fi Xy oSmiji; KkacrBmejih- 
no, nepBua onpea^IiJaiOTcn ypaB- 
HeeieMt 



^£ >:----„ 



a^Ua. ■ 



ecJiH lepea^ ^j- osna^MT. tg- 
itymia KOOp;iHHaTH ToneKb ke- 
caTeJiEHoH, a BTOpua ypaBoe- 
HiaiuH 

j--:, ' Wa;; k~,duk dxi' 
HpHieMTi SaBHCHMOCTB M H S: 

BHpaajaeTca ypaBReniaMH 



KOTOpija npHBoaari kt> n oo- 
iHHMi KacaTeJtiiEiirn f7 h J/,,, 
Ho RM-ts oAuiyio KacaTeji&eyio 

IIJIOC.KOCTb nOBepKHOCTHaTHHU^Ĕ- 

iOTT> CBepsT. Toro 11 TOiKy Ka- 
cania ea neft oOmyio, t, e. Ka- 
caioTca Meai;iy couoio. ittncTBH- 
Tejii.Ho, Taiti KaKT. JJ.,, onpe- 
ffijiaeTCfl ypaEHeHijiMR 



f{x,u)- 



•-"^£^' 



1,2,3,4) 



TOiiKa ea npHKocHOBenia ci. nJio- 
CKOCTtio u onpe^tiJiHTca ypaB- 
neHieMi 



:lf. 



,* df rf^, ^ 



dUi )c-\'t'^i: ^^i' 



HO HO npeAH^iymeiiy 



■Ct nOMOH],I.IO KOT0ptJXX MH Hai- 
.^ieMTi, KaKl H BHiue, 

0_„if + („_l)'|'*:. 'n. 
jpaBHeHie KacaTeJE.no0 kx Xy 

Bl TO^Ki X npHMeTl BH^T. 

■■];',.,*■ 2_f!tl_„ 

j-_i ' \dxi n — 1 dxiJ ' 

T. e. TOJKecTBeHHo cx ypaBHCHi- 
■CMt KacaTejiBHoH bt, to3 ate 
ToqK'6 K-b X, M^MT. H aottaati- 
BaeTca nepBaa gacTt TeopeMH. 
.JI|jia HOKasaTejiiiCTBa BTopoii la- 

CTH SawtTHMl, HTO KaatJoA K3T. 

m' TOieiti 3; cooTBtTCTByeTt BepxHOCTt X: f{x,u) = o; TaKt 



H ypaBHeeie 3T0 upHMeTt uo- 

3T0My BHfll 

j-_j ' ' «Mj- JK 1 dU£ ' 

T. e. oKasHoaeTca TomecTBceHO 
CT. ypanHeHieMT. toikh npuKO- 
CHOBCHia u cb U: 



Kaat;ioEl H3t 9thxt. 

HpHHapeaiHT^ uo- 
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noBepxeocTi> C/", KOTopoe laH- 
reHitiaJi.Hoe ypaBneiiie ecib 
f{x,tC) = 0. TaK-h KaK-L cc yaoEJie- 
TBopaeTt ypaBneHiaMX ^y^ = 

= — , TO naocKOCTt u, npo- 

so^amiB lepeai TOiKy y (TaKi 

^TO U,j ■= O) YAOBJieTBOpHTI. H 

ypaBeeBlH) 

T. e. noBepjHOCTH U, kotopha 
no onpe/[i.!ieHiio Xy epo^ojtaTS 
liepea^ TOiKy y, HmtiOT^ Bt 

9T0Ĕ TOqK'fe KacaTeJIIpBOK) HJIOC- 
KOCTB U, y. B T. fl. 

lIoeepxHOcmh U, coommm- 
cmeywiiiaa es KOHueKctb mouKtb 
X noeepXHOcmu Xy, uMtbsms Ka- 
cameMHOK mocKocmbJo ei mon- 
Ktb y njiocKocmt u, Komopou 
npuHadAemutm no6epxHocmb X 
KacaKUiaacH noeepxuocmu Xy 
«5 moHKth X. 

ToiKa X yjioBJieTBopaeTi ypas- 



HCHiaMi f{x,u) = 0, loy^ -- 



KaKi u BunojinaeTX ypaBHenie 

0,1}. =-I- TO TOiKa X njiocso- 

axi 
CTH v(vj, = o) yAOBJieTBopaoTt 



ncKJiioiaa H3I KOaxi u nojiy- 
qHMT. ypaBHenie Xy. ES coot- 
BiTCTByeTi nOBepxHocTB U: 
/(a:,M)«=o. EacaTeJibHaH u ki 

9T03 nOBepXHOCTH Wh TO^Kt y 

onpejiijiHTca ypaBBeHiauH 



f{x,u) = 



df 

Uy = 0,--f- = 



= (S.v^ = Ex--^ = mf{x,u), 

T. e. nOBepxeoeTt X, npHHaajie- 
atamaa KaKoH jihSo hst. n^nJio- 
CK0CTe8 u, KacaeTca njiocKOCTH 

V Bl TO^K^S X 



1. H T. ;[. 



lIoeepxHocmb X, coometbmcm- 
eyiow,aii nMCKOcmu u , naca- 
meAbHOii K3 Uy, KacaemcJt n/io- 
chocmu V ez mouKtb x, Komo- 
po-d npUHadjieoicurm noeepxftocm & 
U, UMtbTouiaH cs U„ oBuiyto Ka- 
cameMHyio nAOCKOcmb u. 

IIjiockoctb u, KacaTejiBHas ki 
C/„,yAOBJieTBopaeTiypaBHeHiaMT.: 

fix,u)=o, G.V;=— ; 
' ~ ' - ' * dXi 

e3 cooTB^TCTByeTi nOBepxHOCTL 
.X: f{x,u) = 0, KacaTe.iibHLia v 
Kl KOTOpoA HpHKacaiOTca Ki Befi 

Bt TOIKi X, TaKl MTO 

f{x,u) = o, Va = 



3to@ njioCKOCTH u npHHawe- 
3EHT1 noBepsHOCTL X: f{x,u) = 0, 



= Q.Vi. 
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KOTOpaa BS TOIKi X HilieTl 

KacaTeJitHyio 

a noBepKHOCTL Xy no iOKasae- 
EOMy HMieri b^ toB a;e to^k^ 
X KaeaTejiBHyto 



^TOH TOMKi X npnBa^iJiejKHTt 
noBepxHocTt U: f(x,u) = o Ka- 
carejibHaH ki u bt, TO^ri 






a iiOBepxHoci'E TJ^ no npe^tu- 
/tymeMy KacaeTca u bi toik^ĕ- 



i i^i,-». 



H -S^w.- 



T. e. Tya;e caMyio, ¥. h t. ,(?. t, e. bt> toS s&e caMoSj i. h t, 3. 

ConociaBJiAa npejitiaymee, BaM^THM^, ito ecJH 6y;ieMi pas- 
CMaTpHBaTb HiKOTopHii 3JieMeHTi. (x,u) AaHHaro KOHeeKca h co- 
OTB'iTCTBeHHHB 9JiejieHT% {y,v) coHpaateHHaro, to noeepxnocmu 
Xa u Yy mcmomca. n.tocKocmu v es moum x, a noeepxHocmu 
U3, u y^ Kacawmca nMcmcmu u ea momtb y. HojiHaa caMMe- 
ipia Bo BsaaMHEi^t 0THonieHiax% aaHnaro KOBEeKca a ero co- 
npa^eHHaro, BCJi^&HiCTBie KOTopoi! hhito bo BaaHMHH^^L oTHome- 
Hiax^ s^ieMeHTOB^B {y,^) h {x,u) ne HSMiBHTca, ecjiH oSiuiHHTL 

pOJIH K0HBeKC0B'& H COnpHKenHHH CHHTaTL 3a OCHOBHOS, H ^taeTi 

npaBo, KaK^B 9to siJiaeT-L K. CTe^ljaHocL ahs TepHapHLix'& itoa- 
HeKCOBii, 3aK.(iioiaTL oTcio^ia AOHasanHyio BHiue TeopoMy, itokoh- 
HeKci, conpBmeBHLiS conpajKenHOMy ;iaHHaro ecTL jiaHHwi! koh- 
HeKCE. ^0Ka3aTe.iiLCTB0 ^opMyjinpoEaRHoii BHuie TeopcMH nocjii 
Bcero CKasaanaro paH'£e ne Tpy^no. ^*hflcTBHTeJiLHo, ecja ypan- 
Henie HCXOAEaro KOHaeKca ecTt f{x^u) = o, to ypaBnenie coupa- 
^eHHaro: 

f{x,u) = 0, py,. = ^, 6Vf = -7^. 

KacaTOJiLHaa Kt 7^ b^ ea TOis.i y onpeAiJiHTCJi ypaBHeHieMt 

,•=, k-\^dx]c dyi duk dyi' 
■am TaKt KaK^L no HpeAHAymeMy 
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ypaBHenieM^ (m + ra — \)qSt,iU^=o, t. e. 9to GyaeTi n.iocKOCTi. 
M, iipoxo;iiiui:aa bt. coy %=o Hepesi TOiity y. 

jI He 6y^y oeTaHa&aHiiaTbca na nepeHeceHiE Ha cjiyTaa 
npocTpancTBeHRaro KonneKca cnocoSa onpe;tijieHia ji.!i5i KOHHGKca 
conpaaceHHaro ero uopnsKa n Kjacca, npHBOAHMaro CTei|)aHoeoMi 
H cocTOJimaro B-t tomt., ^to oht> onpeaiMGTi ^hcjio jibohhhki 
ToieKT, H ToieKTj EosBpaTa EpBBoii y„, 1T0 Aaeii eay bosmojk- 
HOCTt onpe.TljJiHTB HO uopflftKy KJiaecii 9to3 kphboh; seame sth^^l 
iHceJiT. H jiaeTT. KJiaccii conpiiateHBaro EOHHeKca. Bt cjiyia^ 
n0BepXH0CTeii npHiujiocL 5h npHaHMaT& bo BHHnaHie ropaa^o 
6o.TBuiee iHCJio ocoSeuHocTeS, ne BnojiH'!& eu;e ycTaHOBJieHHHXT., ') 
H no^poOnoe paaCMOTpiHie BOnpoca OTSJieKJio 6h suaiHTejiEHO 
Ei cTopoHy. OTJiaraa uosTowy 6oji'£e no;ipo6Hoe H3eji']&flOBaHie 
STOro BOupoea jo apyroro paaa, a uoEaaty TenepE, ito ^aHHoe 
BBme onpe;iiJieHie oco5eHBHXi> ajieMeHTOBi KOHHeKca rojKecTBen- 
HO no eymecTBy ce onpe;i'ijieEieMT. EjieGraa - JHHjeMaHHa. He 
TpeSya npe/iBapHTejiLnaro BiseHeEiji uoHATia eonpaateHHaro eoh- 
HeKca, OHo MH'h Kameica 6oJiie npocTHMT.. B-l Yorlesungen 
ub. Geometrie B. I. oeoSeHHHi! sjieMeBT^B KouHeKca (TepHapnaro, 
Ho oapea^tjieHie o^iinaKOBO eoxpaEaeTej] h jjia jiioSoro lacjia m- 
irlpeniB) onpea-hjiaeTCa, KaK'E TaKoH ero gjieMeuTt, noTOpOMy 
wh conpameHHOM^L cooTBtTCTByeT^L He OAHHT. ajieaieHTi, a SoJcSe. 
Ho ecjiH To^Ka x bt. aJieMeHT'fe ix,u) cctl ocoCenEaa TOiKa no- 
nepsnocTH X, coOTB^STCTByioin.eH b^l EOHueKci ujiockocth m, to 
BHHOJinaroTca ypaBaeHia 

w |=° ('='.2.'.^); 

ecjiH ujiocKOCTE. u ecTL oco6eHHaa KacaTejitnaH uoBepxEocTH Tj 
npHna;i;jiea;ameH toik'^ x Bt KOHHeEci, to Btmo-iHeBH ypaG- 

Heuia — = o(i=l,2,3,4). ConpaffieHHtiH KOHueKCL uo npe;iHjiv- 
dui 

mcMy onpeA^SJiaeicji ypaBHeHiaMH: f=o, <3vi = -~, oy-=~J- . 

') JtocTaTO^Ho HaitOMHRTB, ^To CajiBMOHy toibko jaa >ia(.'THMxi cjry- 
^aeiii yaaJtocE noKCieTOiis ocoCenHOCTed iionaaaTB, ^roHopnaoKs jrnHeanaTog 
noBopiHocTH paBOHi ea KJiaccy, (Gĕom. 3 ditu. 1892, p. III n" 618). 

4 
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EcjiH BHHOjrHaeTCa, Hanp. nepBaH bst, BHinenpHBeAeHBHx:b 
CHCTeMi ypaBHeHia, t. e. ecjia x ecT& ocoiienHaa TOiita ea X, 
TO MEi HM'lieM^ ff.Vi = o{i=l,2,S,i), 'laKi Kaiti bc4 ^^ ne mo- 
ryT:& Sejtl o^inospeMeeHo eyjaMH, to () = o, h aaa^eeia KOopjiH- 
Hai^ V CTaHOBHTCa no9TOMy HeonpeA^JieHntiMH, npHHHMaa bhjii 

f^ = -; H oCpaTno npH ojieosHaiHocTa npoH3Bo;tuiaxi. -p- to;ibko 

TOr^a a.jia v^ MOryT'f hs^l npeaH/iyniH^i ypaBHeeiA BHTeKaTt. ne 
OHHO, a eicKOJiLKo sea^eeiii, ec.5H EHpaateni;i KOOpjtHHaTi Vi 
CTaeoBaTCa neonpea^JieRHUMH, a Kor;ia cjiisOBaTejibao sm ypaB- 
BeHia aaM^HaioTCa ^pyrHMa, ^aioniHMH jiJin v^ Cojite ojhoS ch- 
CTeMH ssageHiH. /l,Jia Haxo;K;ienia hst. OTt ypaBHoeia 






KOTopoe npn ycjiOBiasT. 



dxi 



(24) 



= («=1,2,3,4) y;toBJ£eTBopj5erca to- 



^ecTBeeHO h yate ne onpe;(tJiaeTi KacaTCJiteoH k^ X iix loiE^b 
so DJiocKocTH V, iipHxoAHTca nepexoAHTb R-b ypaBHeHiro 






-\)ax'"~''a^liia."' 



(25) 



H TaKHM^B o6pa30MT. BM^CTO OJIHOH KaCaTe-lbHOS nJlOCKOCTH V K^ 

X wb TOiK'i X, KOTopaa h Bso;iH.Ta bt. ajieMeeTT. (y,v) coepa- 
meeearo KOneeKca, Sy^ieMT. HM^STt co' KacaTejibnLi^t ki Koeycy 
2-ro uopa;iKa, onpeflfeienHaro ypaBHenieMi. (25). '^to 9T0 6y;ieTT. 

■ df . 

EOHyci, aCEO H3X Toro, 1T0 ypaBeeeia -— = MoryTi OHTb npe^- 



CTaBJienn nojt^L bhaom-b (n — 1) 



df _ 



dY , 



OTKyja BaxoflHMt, hto oupe^ijinTeJib 
d'f d'f d'f 



, . iTL 

dXi* dXidx^ dx,dx, dx,dx^ 
d''f d'f d'f d'f 

dx,dx^ dXi^ dx^dx^ d^^d^^ 
d'f d'f d'f d'f 

dx,dXi dXjdXg dx^' dXsdx^ 
d'f d'f d'f dY 

dx,dx^ xd,dXi dx,dXi dx^' 
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yBHiToaiaeicji n-iii ocoSeHHoti toikh x noiiepsnocTii X, a 9T0 
■H ecTL ycjioBie Toro, itoSu ai/^-^Ua^a^' = o B3o5paH;ajio ko- 
TiycTi. TaKHM^ oOpaaoM^ mh y6-ba.Bmch, ito ecjiH bt, 9JieMenT'fe 
(x,m) ToiKa X eoTt ocoSeHHaa TOiKa noBepstiocTS X, iipHnaa- 
jieatauieS b^ KonHeKci /IiC,M) = o, ecJiH CJiijioBaTejibHo 3tott. 
9.ieMeHTT> Gyaerji corjiacHo HameMy onpea^JieHito Toieino- oco- 
GeHHLiMs, ont OyjiOTi oeoSeHHBMT. n b^ cMHCJit onpeiijieHia 
KjietJuia-JlHHieMaHHa. Bcjih ynnHToaiaiOTea MHHopu - onpe/Ti.iH- 
Te.iH 3-ro nopjijKa, KOHyct paCHajaeTca na jiB-b hjiockocth, h 

(X.U) COOTBiTCTByiOTT. fllia (?/,t?). ECJIH ymiMTOataiOTCil B MHHOpBI 

2-ro nopfl;sKa, ro 3.Bi hjiockocth v cJiHBaiOTca, n ajieMGHTy (x,u) 
cooTBiTCTByeTi aiioHnoH 9JieMeHTi conpaateHHaro KOHHeKca. 

CoBepuieHHO Ho^o5HHMt oRpaaOMi, y^^i^iHMca, >ito h TaHrea- 
HiajiLHo-ocoSeHHHe 9JieMeHTti (x,u) 6y;iyTi. ocoCeBEHMH sjieMeH- 
TaMn H wh CH-iy onpe^iijieHia KjreGma - JlHHaeMaHHa. jI|iaCTBH- 



if 



HOKasHBaeTi, ito 



Tej][.HO BHHOJiHenie ypaBHenia p-yi=-7^ ■■ 

-p=o, H cJiijtOBaTe.iiHO TOiKa npBKOCHOBeHia hjiockocth « 
iiOBepxEOCTi,io U onpeaiJiaeTca yate ne ypaBHeHieMT. 



ydf 



(26) 



KOTopoe Tenepb oQpaui,aeTCj5 Bt ToatecTso, a ypaBEeHieMT, 






(27) 



H Ka^aaa TOiKa' y onpejfiJieHHo0 aTUMT. ypaBHeEieMi na hjioc- 

KOCTH U HJIOCKOS KpUBOS 2-10 HOpa^Ka SyseTT, T04KOIO UpBKO- 

CHOBeHia m ci> C", h 9.TeMeHTy {x.u) ^tanHaro KOHueKca coot- 
B-lsTCTByeTT, Bo B3aHMH0MT, co' ^jieMeHTOBi {y,v). "iTo ypaBHeme 
■(■J7) s'iHCTBHTe;ibHO HSoSpaaiaeT^B ujiocKyio KpBByio 2-ro nopaji- 
Ka, a Be uoBepKHocTt, bhjihm^l bsi Toro, ito bi CHJiy cobm§ct- 
BOCTK ypaBHCHiii 
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o6pamaeTca bt, Hyjib onpe;{4jiHTejii. 

I duiduA 1 w / / j 

a 9T0 H ecTb ycjionie Toro, iToCm TaHreHwaJiEnoe ypaBneeie 
BTopoS CTeneen n3o6paiEaJio KpHByio 2-ro nopAAKa. Ec;ih h mh- 
nopw 9Toro onpejtijinTCjin paBHH nyjiio, to BMicMT) napy TOieKX. 

no.iyi!eeeHe peay-iBTaTiii MoiKao peaionHpoBaTE. b^ BecbMa 
BaiKHoS co Moejiy Meieiio TeopeM'1: KOHneKCh ne ujutbeim iimixi 
ocoOeHuocmeil, «poMtb m/6xa, mmopuR npcdcmaaARiorm noeepx- 
uocmu c%0. 

§ 6. KacaTeAbHbiii ROHHeKCi). Yaie B'6 npejibi;iymeM'& Montno 
6hjio BnjtiTb T'tceyio CBast c^ jiaHBHMT. KoaeeKCOM^ f{x,u)=<> 
t[)opMi «!,"'""' «1««" M T. j^." nepBKKt H BTOpiJX'L oro HOJiap^ 
OTHocMTejitno X ]s u. /I,'fiHCTBHieJi&Ho, ypaBBenie, nanp., 
«^^'"""'«gWa" = npeflCTaB.TfleTi cii o;ihoH cTOpOHu KOHHeKcx (1,0), 
B^B ajieweHT^B KOTOparo MOHtert CtiTr, coejieHBeMa KaiKAaa njioc- 

KOCTb npOCTpanCTBa Cl. TOIKaMH ^ HJIOCKOCTH «^,"'^'««"«£ = 0, 

r;i'6 x,u JiaHaHA; ci ^pyroH CTOpOHu 9to ypaBHenie upe^cTaB- 
jjaei^B KacaTe.ii.nyio hjiockocti, b^ To>iK'fe x '&t> noBepxHOCTa X, 
npimaaJieiKameH n-i. KOHneKct n.iocKOCTe u. Kaat;toMy sjieMenTy 
{x,u) cooTB'6TcriiyeT'& TaitHM* oSpasoji^L oupe;i'6jreHaafl hjiockoctb 
H, Boodme roBOpa, to.ibko o;iaa, KOTOpaa nsoSpaataeTca ypaBae- 
HieMT, aj,'"~^aiUa.'* = o (24). Toiiio TaKHte EaatAOiiy sJieMenTy 
nofliHnaeTCa onpoji'fejieaHaa TOiKa npHitocBOBeHia hjockocth u 
if& noBepsHOCTH U, HsoSpaiKaeMaH ypaBHeHien^E a3,'"Ua.''~'Wtt.=o 
(26). 9jieMeaTT,, cocTaBieHHLift SToro to'ikok) h njiocKocTi.io, Ta- 

KHM^L oCpaSOM-E OJIHOSHaiHO COOTB'iTCTByeTl 3JieMCHTy {x,ti) j,aH- 

naro KOaeeKca; nepeSpaB^L bcĔ ajiejieaTU Hoc.i'ijiHarOj noiywHM^L 
' sjieMeeTOB^L, oSpasyioetHK-L KOHneKCT. conpsateHHuS ^iaHHOiiy. 

' {^= 1,2,3,4), TO ypaBaeaie 

, ToatecTBo, H iTo6u nojiyiHTt Kaca- 

Te.tLnuji s% To^K^ X, ^ioJiateH oĕpaTHTLCa ko BToporT no.iiapi 
/ oTHOCHTeJiLHO x: ^^"'^''ai^Ua^^o; ^acTHiaxL cJiyiaa^-B, ko- 
lopHe MOryTt npn 3tom^ BCTp-tTHTbca, ynoManjTO yiKe BHoie. 

EcjiH Q BCĔ Ep0H3B0flHtifl 2-ro nopa^Ka — ~ oSpamaioTca ;(Jia 

dXidxk 
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BaaTarn {x,ti) bi. ny^rb, lo gjieMeHTi, 6yneTT, TpOHHHwi, h Ka- 
carejibHHa onpea^^JinTca h3i ypaBeeeia TpeTbeii nojiiipEi: 



KOTopaa Sy^eTi. bi 9toui cjiyqa'fe EOHHiecKOto noBepsnocTBEO 
CT. BepiEHHOio Yfh X v\ KOTopajj MoateTX pacnaaaTBca; eo ea 
9THXi iiojipo6irocTflxi yiKe ee Ryjiy 0CTanaBjTBBaTr,cfl, 

^eTHpe ypaBtieHia -r-^ =o(* = l,2,3,4) onpe^-LjiaiOT^, KaK:& 
ynouaHyTO BEime, napy noHepxnocTeH ce xapaKTepnCTnKaMH 
4(wi — 1)«', 6(m — 1)^«^ 4(m — ly-n. Ecjih onn h ne liunojiHeHij, 
ypaBHenie BHpaaiaiomee, mto BTopaa nojiiipa o6pamaeTca bt. ko- 
HH<iecKyio noBepseocTt 

MoaceTi BunoieaTLCa. IIpH ;iaHBo0 jijiockocth u 9T0 ypaBeeeie 
onpejcbjiaeTT, reecieny noEepxHOCTB X h coBMiCTHO ct ypaB- 
EeBieMi ^iaHHaro KOHneKca onpejtijiaeTi. wuu^udemim napaSo- 
jiUHecKuxs SAeM€w>no6i, ecJiH easHBaTB Taiti Ti ajieMeeTEi (3^,^), 
Bi KOTopusi. X ecTt HapaGoJiHiecKaa TOiKa HpHnajiJieatanieH u 
noBepxeocTH X, — t. e. TOiita c% napaSoJiHieCKoio HHaHKaTpn- 
coio. 3TanapaSo.iHiecKaflK0BHitHAenHiii SyjeTi nopH;iKa4m(»» — 2) 
paera 8wm(m — 1} b Kjiacca in". 9jieMeHTij TOieiHO-oeodeHHije 
npHHaajiejitaTi stoS KOHnD;H;(eHia;iH. IIoaoCheiut, oCpaaoMi, eCJin 

BHHOiineHa ypaBHenia -~ = o, h ajieMeeTi (x,ii) GyaeTi TanreH- 

riiaj]bHO-oeo6enHHii, to yToSti HOjyiHTb ToiKy npHKOCHOBeHia 
HJiocKocTH u cb HOBep^eocTMO lf , jiojiHBH oTh ypaBeceia 

dxi 
KT, ypaBHCHlIO 



S -^Wi^^o, KOTOpoe Tenepr, oCpamaeTCa b^ ToatecTBO, 

.BHCHilO 



= S- — '—WiWii=n(n—\)a^'' 



oeo onpe;i'biiaeTt Boodn^e nOBepsBOCTb 2-ro KJiacca, Ho ecJiH 

0Hpei4jiHTe,aB -z — ~ oCpaniaeTca bl nyjit, KaK-B bt. naCToa- 

'^ I duidui I 

meMi cjiyiai, aia nOBepxHOCT& oSpauiaeTca b^ KOHHiecKoe cl- 
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^enie; ecjin h nepnHe iiiiHOpH odpamaioTCii bcI, bt, 0, oho paeiia- 
aaeTca Ha napy TOieKi, KOTopbia cjiiiBaiOTCJi, ecjm HBTopaeMa- 
Hopu BC* EyjiH jijiji B3flTaro (x,w). '^eTwpe ypaBneHia onpea'Jjiii- 
KJTi KaKt 6hjio ynoMJinyTO, napy coBepxHOCTe0 [4m(n — 1)',. 
Cm''^» — 1)', im'{fi — 1)], IIo 3T0My Bt o6meH CJioaiHoCTn casmH 
oSinitt Bi> CBoeiit po;ii noEHeKcii HiiieTT. ocogeHnu^^ 3JieMeH- 
TOBT. napy n0BepXH0CTefi cl sapaKTepHCTHKaMn 4jw(w — IJ" -h 
4(m — l)w', 6m'(« — iy+6{m — i)''n'', 4m'(n — 1)-H4(m — 1)"«. 

EcjiH ypaBnenia -L ^ o ne BtinOJiHflK)Tca BJieMGHTOMi {^^u^y 

■ 1 <■'? I ' ■ ™ « , = 

ypaBHeHie ^ =o BupaHtaiomee, ito «-'"««""'^('a = o npea - 

1 dUiduk [ 

CTaBJiaeT^ jiJia 9T0ro 3ieMeHTa njiocKyio KpHByio 2-ro KJiacca^ 
MoseTi, Bce-TaKii cymecTBOBaTb. SjieiieHTti, oSjiaAaiomie 3thmi 
CBOHCTBOMi oOpasyioTi. no3TOMy KOHHmi;(eHn,iiO, BHA'iJiHeMyro ass 

KOHHeKCa f{X,U)^.aJ"Uar'^0 KOHHeKCOMl 

XapaKTepiiCTHKH aToS KOHHriHfleHiiiH cyTB Am^, %m{n — 1),. 
4«(k— 2). Btoii KO0HH,HaeHi;iH npaHa;iJie."KaT'i,, oi^.mji,m, h nci 
TaHreHiiiajibHO-ocooeHHue ajOMeHTH KOHHCKca. 

EcjiH oSpamaiOTca oAHOBpeMCHHo bt, Hy;it, ^iiBa 3JieMeHTa 

(x,u) H Bci- — - — , TO lOJiHtHH ijia OHDejiijieHia toicki npHKO- 
^ ' ' duidui ' -^ 

cnoBeHii! oOpaTHTtca k^l ypaBHeHiio ^^"'^^"-'tua^^o h t. s. 

Bce, iiTO jo CHX7. Hopt rOBOpeno o noJiapHHXi o6pa30Ba- 
HiasT, KOHneKca, iipejicTaBjiaeTi noJiuyEO aaaJioriio ci T'iMi,, 
1T0 HM'6eMTi Bi TeopiH noBepxHOCTeS, pascMaTpHBaeMusi, KaKt 
MicTa TO^eKt hjih ornSaiooiis njiocKOCieS. HtiiTO HOeoe aBJiacT- 
ca BT, cJiiHyromeMi. SaM^tnaa b^l ypaBHenie KOHneKca x^ lepest 
Ti-b^Ks-, B M; iepea't Ui + 'AiCi h pa3.5araa no CTeneHaM^L 'X a. 
X, noiyiHM^L: 

f{x + 'Xs,u + 'AW^^aJ^-ti^ + m'ha /"'-'■ a^.iia!'' + n'/.aj:'"Ua."~'Wa, + 

m.m — l-i s ,„ , 2 „ nn — 1 » „ „_, « 
-H -. - . - a ^ a^ a^ M«"-i — r^Jt a^ Un. V!a. + 

+ mnh-Aa^^^^^UaP^^^-asWis. + B^ 

(li^- — ■i.iieEH 3-ro nopfl,tKa ii Buuie OTH0CHTejii>Ho y,,'k). 
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CBepxx pa3CM0TpinimxT. yiKe ct^opMi., eioAa uoiujia enie 
^opMa 

CMiniaeRaa nojrapa / oTHocnTejrLeo x u u. OapeA'JjiaeMoe e» 
ypaBEeHie, bx KOTOpoui nepeMieetiMH pasCMaTpHBaeMTi ^ h ec, 
a a; H « sa-sHaMH, E3o5pastaeTi, jiHueo-JiHBe3iiHfl KOBneKC^(l,l): 

,™ , -, 1 5- <'7' 

dViiiX]c ' 

9toti jiHHeo-JiHeeiiBHH KOBEeKcx HMieTT. ocoSeaHO Ticeyio 
CBaab c^ j,aeBHMT. KOHHeBCOMt (m,M) h MOHieTTi 6ht& easBaB^ 
KacamejihmiMh KOUueKcOMi ^). /I.^ScTBHTejiDHO , on^ oOjiajiaeTt 
CBoHcTBOMi, aeajiorHieriiiit sapaKTepHOMy cuo2cTBy KacaTejii.DO& 
cojiepajaTL KpoM* toikm x h 6e3KOHe4Bo kt> aeS SjinsKyio. Elo 
CBoScTBy KOBBeKca (1,1) 9TorB KOBHeKct Kaat^oH ToiK^Ĕ 8 npo- 
CTpaHCTBa nOAiHHHeTTi jipyryio TOiKy /, TaitT. ^to 

, *=' d'f 

in.Sf= E - —zi. 

" 'k-xdUidxT: 

CJI§Ji;OBaTej[l.BO TOIK^ % OHt BO^tlHBSeTT. TOIKy 

9yi = ^ , 1 ■ ■ xji=m -^- 
^ k=iduiax}c dui 

1. e. TO^Ky, cooTB^TCTByiomyio x bt, conpameHHOMT. KOHHeKC^. 
ToiHO TaKffie KaiKjioi! bjiockocth w npocTpancTBa cooTB^ĔTCTBy- 
CTT. wh cajry KacaTeJitBaro KOHHeKca ;[pyi'afl w', KOTopoS Koop- 

;iRDaTH CJTt 

i=\duidxk 

HT, HaCTDOCTH CJlijIOBaTejlI.HO DJIOCKOCTH U COOTB^TCTByeT^ BJIO- 
CKOCTL 

'=* d'f df 

i=idUidxk dxh 

Ta HMeHHO n.iocKocTb V, KOTopaa cooTBiTCTByeT^ M no ypaB- 
HeBiaMi, onpe/tijiaiomHMTi conpaiKeHHHĔ KOBBeKCt, TaKBM^ o5pa- 
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30M'B KacaTeJiEiHHS KOHHeKr,!., cooTB'£TCTByiomiK 9jeMenTy {x,u) 
sanaaro, noaiHHJier^ SjiejienTy (x,ii) tott, ajieMeHTi (?/,«;}, uo- 
ToptiH cooTBtTCTByeT^ aToiiy BjieMOHTy Bi conpaateHHOMi koh- 
HeEci. MoJE-Bo ii03TOMy CEaaaTi., mto b^l cociACTB^ gjieMenTa 
(3;,«) roMorpa^niecKoe npeoSpaaoBaHie, ycTaHaBJHBaewoe KOnneK- 
coM^ a3;'^~''ii3,'^^'a^Wa. = o BOCnpOHSBOjiHTii BsaHMEoe cooTaoHieHie 
jiaHHaro KOHHeKca h ero conpaateHEaro; 5e3KOHeqno SjinsKie kt, 
(!S,u) BJieaenTnt 9to roMorpacfiHieeKoe npeoSpaaoBaHie nepoBO^iaTt 
BS sjieaieHTH, GesKOneino 6jin3Kie k'6 cooTBtTCTBennoMy ajieMeHTy 
coupaiKeHHaro KOHHeKca. TogK^ x bt> itacaTeJi&noiui KOHHeKC^ 
cooTBtTCTByeTi TOiKa npaaocHOBeEia n.ToeKOCTH u s.t, noBops- 
nocTH U H HJiocKOCTH i( — n.iocKocTt, KacaTc.Tijnaa kt. npHKaA- 
jieatameS u noBepxHOCTB X nb ToiK'i x. TaKHMt oRpasOM^ 
KacaTejLiitiH KOHHeKCi onpe;5'fijiaeTL coGohd roMorpa^^niiecKoe 
npeoSpaaoBanie, HsoSpajKaiomee Bt coc^^ctb^S ojieMeHTa {x,u] 
KOHHeECi {m,n), coBepaieHHo hojioSho TOMy, KaKt EacaTeji&Haa 
HSOopamaeT^B KpHByio bSjihsh toieh npHKoeoOBeHia. MoatRO no- 
9T0My npejiCTaBJuiT& ce6'6 KOHHesct cocTaBJieHHEiM'6 KacaTeJibHHMii 
KOHoeKcaHH (1,1), KasiKpHByio MH npejieTaBJiaeMi ot^pasoBaHnoH) 
9JieMeHTaMH es, npHHaweJKaiiiHMH paay nocJi'fej[OBaTeji[iHHxii Ka- 
ca^rejiLHH^^B, — ornSaeMoio ea KacaTeJiLHHMH. Hcxoji;a nst ypaBne- 
Hia KacaTeJiF,Baro KOHneKCa, mh Moatein. HSyiaTL ocoGenaocTH 
KOHHCKea, — noTOMy hto Kaa:.iaa ocoSeHHOCTt, OTJiHgaiOEiiaa ^jie- 
MeHTt (x,u) OTL npo^a^^L 9JieMeHT0Bx KonneKca, jroJiaiBa OTpa- 
ataTLcs Ha xapaKTep'Jfe roMorpa(|)HqeCKaro npeoSpasoBaHia, oiipe- 
S^i^JiaeMaro cooTBiTCTByiouiHMt 8T0My ajieMeHTy KacaTOJitHHMt 
KOHHeKcouTi. ycTaHa8JiflBaa paajiBiHHe ansapiaHTH nocj^ĔjiHaro, 
MBt noJiyTOM^L KOBapiaHTH aaHoaro KOHneKca (m,«), h oto jio- 
cTaBHT^L naM-L B1. TOKe RpeMA reoMCTpHiecKoe sHa^eBie nojiyga- 
eMHXi EOBapiaHTOBi. lIooroMy jtcrajihHoe H3yieHie KOHneKca 
(1,1) noJiyiaeT^ SoJiLuioe SHaieHie jiJia Teopia odni;aro KOHneK- 
ca (»j,«). 

OTJiaraa jio rJiaBH IV 9to HByienie, a BoenojiLsyiocL 3ji4c& 
H^^KOTOpHMH posyjiLTaTaMH SToro HSCJi^SjiOBaHia wa HJiJiiocTpaHiH 
BHmecKaaaHHaro. HHBapiaHT^E i=aa=-^«,Ei KOHneKca (1,1) yan- 
^TOHteBieMi CBOHMT, noKasnnacTi, ito onpejiijiaeMoe KOHHeKcoM-L 
roMorpacjiHiecKoe npeoSpasoBanie HasojiHTca b% TaKi HasHBaeMOe 
BOHcaHHOMT. noJioateHiH TCTpaejipoBT. ^), a raKate, ito toikh 

') HassaHie, nBejeHUoe M. namuiH^E, EjrBKaAmiiE JiuiepaTypHUa yicasaHia 
o KOHHeiceasi (1,1) cji. bi rjr. lY. 
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0,1,2,4 Ha.Joflarcfl bi ojeoS njTocKOCTii. JI,jiz KacaTGJibHaro koh- 
HeKca 3Tors BHBapiaHTi ecTL 

dY dy d'f dY _ ^_, „- 
dx^dui dx^d%ij ax^du.j dx^dUi 

CjtijtOBaTejiLHO, ccjih KOHneKC^ (m,,n) Bi.inojinjieT^ AHi}*$6P6n- 
niajiLHoe ypaBHeHie 

d-'f , d'f ^ dY ^ dj ^^ 
dXidu^ dXjdu, dx^du^ d^^dUi, ' 

T. e. ecjiH OH^ ey^eTi HOpiaaJitHaro BH^a (a no TopjiaHy ypaB- 
BSHie Kaatjiaro KOHHCKca Moajei^ SuTb pasjioateHO bt. pajn, no 
BospacTaioHiHMT, cTeneH^MT. Ux TaKi, qTo K03cfii|>Hi^ieHTH Sy^iyrt 
KOHHeKCR nopjia.iii>Haro BH;ta bjih HopMajibHne KOHHeKCH ho Stu- 
dy) To Ms Ka^Kjiaro ero gjieMeHTa KacaTe::iiiiHfl kohhckcti onpe- 
ytJiaeTT. roMOrpaiJiHiecKoe npeoCpaaosaHie bo BHHcaHHOMi hojio- 
aieHia TeTpae;ipoET,. Bi hpothbhomt. cJtyia^Ĕ aJieMeHTH, oSjia^taio- 

mie 3THMI CBOHCTBOM^, oGpasyiOTl KOJIJlHHeailiH) 

ci sapaitTepHCTHKaMH m{m — 1), n{m — \)-¥m{n — 1), n{n — 1). 

CoBepHieeHo aHaJioragHLiMt oCpaaoMTi MoatOMi BocnoJiB3o- 
BaTLcs .npyrHMH nHBapiaHTHHMH ortpasoBaniaMH KacaTeJir.Haro 

KOHHeKca. TaK^L HesapiaHT^ i^ = J^ananai^i ajih KacaTCJiLHaro 

'^ dj dY d'f 

KOeHeKca npHeHMaeiT. bhji;t.: i- — '— . — '- — . - — '— 

i.k,idximt dxiduk dxmui 

EcjiH (JopMa f yaOBJieTBopHeT^ ypaBHeniio 

i,k,ldxidui dxidui dx}cdui 

TOateCTBeHHO, TO BC4 9JieMeHTH {x,1l) KOHHCKCa /■(3:,tt)=o OHpe- 
A^jiaioTT. KacaTCJiLHHe kohhgkch (1,1) HpHBo^iamie Kt kojjihh- 
eariia b^ onHcaHHOM^ no.iioa[eniH TeTpaejipOBT., Boo6me ate ho- 
;[o6Haro pojia 9JieMeHTH npHHajiJieataTi K0HHquAeeiiiH 

f{x,u) = ^=a^'"Vx"' H = ffli"'-'hj,'"~'c^'™~'Ma''~'%"""'%''^'a^-fCa 
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CB sapaKTepneTHKauK Bm{m — l),3(m — l)n+3m(n— 1),3«{« — 1) 
OcTaeoBHMCa eme na sBaMeHiH ycjioisia i"' = o. Bt, stom-b 
cjiyiai KOJjiHHeariia AyAeTii BupoJKjienHOH). JI,}ia KacaTCJiLBaro 
KOBBeKca aTOTt HBBapiaHT'& npHHHMaeTi. bii;it>: 

ITpHpaBHHBaa 3Ty ijjOpMy ayjrro, nojiyiHjn., ito 3JieMeHXM 
KOHHeKca, KOBSt KacaTeji&iiHe KOBHeKcu onpes'6j]fliOT^ TaKia.ro- 
worpat[)HiieCKia npeoSpaaoBaHia, EOTOpua Kaaisyio TOiKy npo- 
CTpaHCTna nepeBO;iHTT. mi TOiicy H^KOTopoH ocoSeanoH njiocKo- 
CTH, n KaiKjiyiO nJOCKOCTL — BT. BjroeKoCTi., apoxojaiiiyio ^epeai 
EiKOTOpyio ocoGeBayio TO^Ky, oGpasyioTTi EOHHHiijteH^iio 



C'h sapaKTepHCTHKaMH 4m(m--l), 4m{n — 1) + 4j*(m — 1), 
4n{n — 1). Koop;iHKaTH to^kh h iijiockocth, o kotophxt. ynoMa- 
ayTO HEiaie, onpeji-^JiaTCJi hst, ypaBaeHiH: 

i = t .,1r Jf=4 JS^ 

-Wi^o (^"=1,2,3,4),— 

B^ pascMaTpHBaeMOM-B cJiywĔ Kasjiaa Ha^ 3thxt. CHCTeMi 6y- 
^eTt coBM^hcTHOio. OyeunjHO, qT0 oco6eHHue 9JieMeHTH KOHHesca 
npHHafl.sea:aT% yKasaaHoS KOHBiiHjieHn,iH. ITpH tom^l ccjih 9;ie- 
MBHTi (x,u) TaHreHiiiaJitEo-ocoiieHBLiH, To To^Ka X ^Y^eTi. ta- 

KOK» TOHKOH), KOTOpoA Bniue lajia p4lB, — h60 OHa BHHOJIHaeT^ 

ypaBBeaia 

EcJio aie {x,u) ecTL sjieMeHTi ToieiHO-ocoCeHHHS, to ero 
nJiocEOCTL BHiiojiaaeT-B ypaBHeHie 



H 6y;je'rx tok njiocKOCTi.io, o KOTopoH BHiae mm p4ib. 

yKasaHHHB nyTL MOMterL npnBOiiHTb h kt. yCTaHOBJieaiio 
Gojiie cjioatHHST. KOBapiaHTHHXi oGpasoBaniii. TaK-L cocTaBJiaa. 
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ypasHenie KOJinjiCKca npauLis^, coejiMBAiomnsT, KaKyio m6yjib 
TOiKy ^ npocTpancTBa ctj TO'iEOEO |', eooTB'hTCTityioineio ert lit 
EacaTejitHOMT, KOBHeKcIi, nojiyiHUi. ypauueHie 

Oj.'"-'6j,'"-'((i5:rr7r)(a/?/ip)MB''-'if^''-' = o, 

KOTopoe onpeji^JiJieTi reoMeipH^ecKoe oSpaaoBaeie, HirLwmee cbo- 
HMt sjieiieHTOM^L coieTanie (TOiaa, npaMaa, n.ioci:oeTt.), nopa^iKa 
2«i — 2, Kjacca 2n — 2 n panra 2; %j\a K,a.TRH0& jaenoa npsMOH ^ 
9T0 ypannenie naoSpawaeTi. RM'fecrf5 ci. f{x,u) = o coiiOKynHOCTt 
BcSs^ T'txi BJieMenroB^ {x,ii) cooTBiTCTByiomiH kotophm'Ei Kaca- 
TejibHuii KonHeKCT. AaeTi. Hanajio TeTpaejpaJiBHOMy Kosmjieijcy, 
coflepH;ac;eMy wiinyio npauyio p. TaKnnT. oOpaaoMi ;ijim KaatAO^ 
^iaiiHori npHiiOH p coBOKynHOCTi. 9JieMeHT0B-B, o5.iasaiomHXT. bh- 
uieyKasaHHHMt cbohctbomt., coCTaii.oeTt KOiraiiHAeHiiito 

aj''i{j!'' ■= a/"-'fei'"^'(fl5.Trr)(af5'pj3)wa''-'M^''~' = o, 

CB sapaKTepHCTHiecKniwu yaciaiiH 1m{m — 1), 2m{n — 1) + 
2«(w— 1), 'Jm(»— 1). 

EcjH Eci np0H3B0flHHH — ^paBHH Hyjiio, YpaBHCHie Kaca- 
dXiduk 
TOJibHaro KOHHeKCa oSpamaeTCJi TomecTBeBHo bt, nyjit, h njia 6.ih- 
ataiiuiaro HayieHia KOBHeKca b6.tii3h no,nooHaro 9jieMeHTa mu Aos^si- 

HH oCpaTHTbCJI KT. KOHHeKCaM^ (2,1) H (1,2): a,'^'~^U,x''~'a/tVa. = 0' 
H a^~'''Ua"~''azWai' = li T. A. 

CKaaaHBaro socTaTOWBO, itoGu noKaaaTi. BaatHocTb Kaea- 
Tejitearo KOBBOKca jJis Hsyienia cboSctbt. KOHneKca (w,m) bSjih- 
80 3jieMeeTa (x,u), a mh bh^^jih, mto jijia oco6eHHaro ajieMeHTa. 
KacaTeJibHHS KoeBeKCb siiJijieTCa BHpoaijieHBHHt (ausgeartet). 
OrpaHEiHBaeMca cKasaeHHMT^, itoSh ne nojii>30BaTi.ra enie 60- 
jr'fee CBoBcTBaMH KOHHeKca (1,1), KOTopaa Sy^yTT. MKasanbi TOJib- 
Ko BHate. 

§ 7. OAHOSHaHKoe npeodpaaoBaHie h poAi> KOHHeKca. Ilepe- 
xoib OT^ AaHHaro KOeHeKca {m,n) kt, ero conpaiKeBHOMy npe;t- 
CTaBJiJieTT. lacTHwii CJiyiaa oGuiaro o^HOSHaiBaro npeo5pa30BaHiH 

{') IlayieHiio reomeTpn^ecKn^^ KOH(|inrypanift aioro rnna, aocHsi nopt 
He couTaB.iiSBiiis>:i npeAu^^i iiscjitAOBauiS, a uajitocL nouuJiTHTb ocoGyiO' 
paSoTj". 
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itoHHeKca, npeo6pa'30BaTiifl, y;OT0poe SioateTT, 6aih iiaoGpaaieHo 
ypaBHeHiiiMH 

(*■?/( = 5" A^i^); '^■^'i = '/'i(^i^O (*'=li2,3,4). 

SaicL (p,- = o ^eTHpe KOnHeKca {p,q), tpi = o leTupe kos- 
seKca (f,s), ypaBnenie F{y,v)=o npeoSpasoBaHaaro KOeeOKca 
nojiyHaeTCa HCEJiro^eHieM^ BeJTHiHHi q,(3,x,u mi. 8 ypaBHeeia 
npeoCpasoEaBia h nai ypaBHema f{x,ir)==o Aannaro KOeeeK- 
■ca {m.n). 

IIopaji;oKT. npeo6pa30BaiiHaro KOHHeKca onpea'ĔJiHTCfl no 
^iaHeHMt nopa;iKy h itJiaccy HCSo^Haro KoeeeKca h KOHHeK- 
-coBi npeo6pa30Banifl, KaKt hhcjio sJieMeHTOBi (?/,*), bt, koto- 
pHXT. njiocKOCTi. V eCTL j;aHHaa, a TOiKa y jieatnTi ea aaHHoS 

npHMOa yy = 0, Sy = 0, T. 6. KaK-B HHCJTO 05lHHXl p*IiIIieBii 03- 

CTeMH ypaBBeHiS, 

f{x,u) = o, yy = o, (Sy = o, pyi = <^f, d.t^^^-yp-, 

Bi KOTOpuxx Vf pascMaTpiiBaeMTi jiannwMH h KOTopuH 3aM'fiea- 
lOTca tekhmh: 

f(x,u) = o, Syi<Pi{x,u) =0, l^^(p-{x,u)^o, 

hhhmh cjoijaMH HCKOMoe gscJio paneo yHCJiy ajieMeHTOB'6, o6niHXx 
KOHHiiHAeen;iH Syi^p^^o, ZSi<pi = o, — KOTopoS sapaKTepn- 
CTHKH cyTL p^ , ^pq, q', h napt. nOBepsHOCTea f(x,u) = o, 
■V tp^ — v^tp,=o, v^ip^ — "^itp^^o, Wji/i, — v^ip^=o CT. xapaKTepH- 
■CTHKaMH ms'-f-3»rs*, 3mrs*+3j?sr', nr^ + ^msr''. 

^HCJio 9T0 Ha oceoBaniH paH^Ise BtiBefleHHEixT. «Ijopiiyjii 

paBHO 

m' =^'(ms'-i- 3«rs') -J- 1pq{^mrs'' + Snsr^) + g^nr' -i- Smsr^). 

CoBepuieHHO aeaJiorHHHiJMTi oCpaaoMi, KJiaccL npeoCpaao- 
BaHHaro KOHHeKca onpeaijiHTca, KaKi ^bcjio 3JieMeHT0Bi, 06- 

Sl\llX-b ItOHH^HJieHIliH 

SCitpi = o, Sd.yp-^o 
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cx napoio noBepxHOCTe0 
/"(a^jM^-o, y,g:'—y^fp,=o, y,^p,—y.,<p,=o, y,<p—y,<p^=o, 

H Cy^eT^ Ha ocHOEaHiH npejirJAymaro 

n' '={^npq^-¥'mq'^)r''-\-2rs{2'mpq'' + %nqp^) + B''{^mqp^ + np^). 

Ho ({lOpMyjiii 9Tir nuRe^ieEra is^ npejtnojioiKeHiH, tio koh- 
EeKCU npeoSpasoBaniji <pi h yji iic hm^Sioti naitaKoro oco6eH- 
Haro OTnomeHia k^. npeoCipa^iyeJiOMy KOHneKcy f{x,u) = o. Bi. 
cjiyiai cyHiecTBnBaiiui Kaiioro-.iH6o OTnomeiiiH ao-i^RM 6HTb 
cji'lijiaBH cooTB'fcTCTBennua npHBeAenia. 

^onycTHMi., HanpBM'ipT,, •jto KOiineKrti. rp( = Q hm^Siot^cb 
KOHHeKCOMT. /'=0 oSniyio napy iioGepsnocTeB ci> lapaKTepHCTH- 
sasJH d, e, h, a KOHHeKCi ic,- = y nsipj' noBepsHOCTeĔ ci xapaK- 
TepHCTHKaMH S, s, ip. Bi 8T0M1. cjiyiiat TaKin napLi noBeps- 
HOCTeS ;ioja;HH 6HTt HCKJnoieHu, noTOMy HTO BHmenpHBe;(en- 
Hwa CHCTewH ypaBHeHiH y;iOBJieTBopfliOTCJi gjieMeHTaMH stoS na- 
pH H0BepxB0CTei}, KaKOBH 6h hh (jHJtH AanntiJi yi hjih ^j-, A 
TaKi KaK% HOpjijioKi napn HOBepxHOCTeS ecTL ^hcjio ea ajieMCE- 

TOB'& (3;,M), KOH^^B TOHKa X JipHnaweatHT-L ^iaHHOii HpHMOH, TO- 

HSt noJiyieEDHXT. BHmo xapaKTepECiH4ecKHXS inceJiT, Ha;io ot- 
EaTB 3T11 iHCJia d, e, 7i, (5", £, 90; TaKHMi oSpasoMt sapaKTepH- 
CTHiecEiH iHCJia napH H0BepxH0CTe2 

f=o. Wji/jj — y.yi^") %V3 — '"3^^^=='') ^8'i"i — ri^^^p^^o 

CyjiyTT. B-b AaBHOMT. CJiyia-S TaKOBH 

ms^+Znrz'' — 8, 3mrs^+3nsr' — s, 3msr^ + nr^ — 93 

H cji^jOBaTejitHO nopaj^OKi npeoSpaBOBaBHaro KOHneitca 6j,i\,ei:-h- 
B-h 9T0MI cjiyMai 

■m^P^^ims^^ + Sns^r — iS) + ^pq{5mrs^ + Snsr^ — e) + 
^^(dmsr^ + nr' — 50) 
To'iHO TaKate xapaKTepHCTHKH napii noBepxHOCTeH 

/=■0, y,^^ — y^<p^=o, y.^<Ps — y,9^i=o, y^<p^ — y^<p^^o 

(SyjiyT^L lenepB 

mq^+Mpq'—d, %mpq^+Znqp' — e, Zmqp^ + np^ — h 
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H uoTOMy KJiaccb npGof)pa30BaHHaro lionEeKca uapaadTca (f)up- 
jiyjioio 

n' = {mg" + Snp^' — d)r''-i-2rs[Smpq' + 3nqp'—e} + 
(Smgp ' + np " — h)s \ 

IIpHMtHiia arn t|)opMyjiL! kt, cJiy^aio npeoSpasoBania jstn- 
naro KOHHGKCa b-b coiipaaieniiLiH, Kor^ia KOHiieitcu nptoCpasoBa- 

Hi^ gD.^y-^o HMiiOTi cjh f=o oSmyio napy noBepxHOCTeB ci 

sapaKTepncrHKajiH 4ot(w — 1)", %m\n — 1)*, 4w'(« — 1), a koh- 

HeKCH T/ij.=--^ = o oSmyio napy noBepxHOCTefi ci xapaBTepH- 

CTHKaMH 4(ot — l)n^, 6(to— l)'n°, 4(m — 1)°«, h Kor^ia p = m, 
q = n — 1, r = m — 1, s = n, 6y;teMi. uwhih: 

m' = m'n' + &m(m — l)n''{n — 1) + 3(m — l^^n^n — 1)', 
n' = m'n^ + Gm''{m~\)n{n-~1) + 3{n~^l)''m{m — 1)', 

y^MT. II noATBepHt^iaeTCH pe3yjit>Tai%, no.iyqeHHLiii pan-ie^ipyraMt 
nyTeMi. 

JI,aahHiiiuiee usy^eHie o^nHOSBaiHu^t npeo6pa3oyaHi3 koh- 
HeKca npHBojiHTt ki Bonpocy o saonCBMocTH oco6eHeocTeĔ 
upeoSpasoBaHRaro KOHneKca oti ocoCeHeocreii acxoAnaro. Mo- 

atUO yCTaHOBHTb KaKT> JlJia KOHHeKCOUl , TaKT> H ;iJIJi KOHH- 

i;K;;eHi(ia h t. ji. H'&KO'ropoe xapaKTepHCTHqecKoe ihcjio — pods 
KOBijiHrypariiH '), — KOTopoe ocraeTCa Oes^B nsMhHeuia npH BCts-B 
o;(H03HaiuHXi npeoSpaaoBauiji^i , h paneHCTBo KOToparo jiJia 
Aiiy^t KOBt|)HrypauiK jiE-iiieTca Heo6xo;iHMtiMi ycaoiiieM^ bo3- 
woatHocTH BsaHMuaro paniouaJibBaro ojtHoaiiaiHaro npeoCpaaoBa- 
nm. Ho npH aTOMt cjii^yeT^B saM^^THTb, ito Bt to BpeMa KaEi 
jlJia napu {icpueaa deoiiKoA Kpueusubi, pa3eepmbieimui,aHea no- 
oepxHocmt) cyutecmoyemh odm mome hucao — po;it KaiKAot! oco- 
6h Hapu — oaHuaKOBoe ;iJia ouohs^b, ii0o ou^t Baxo;iaTCa bt, ojho- 
aua^HOMi cooTBiTCTBiH sieiKAy coSoio, hsh napu noeepxuocmeii — 
CHCTeMH co' sjieMeHTOBT) — cymeCTByeTi, KaKi uoitaaajii jiJia 
noBepxHoCTeH, KjieCm^L — f)sa TaKH^i lucJia; f}U7coimuudemiiH-—CK- 
-CTeMa co' 3JieMeHT0Bi. - no;^o5iio TepuapHOMy KOHHGKcy — iiM^teTi 



') BBCteHi) PjiMaiiHojii.. Caylcy iiaBniiaen. bto ^iicjro 
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TaKHX't HRces-h mpu, KouHUudeuiiiii — Hemupe, a KOHueKGs — tutmb 
no;to5HHST. ^acejn,. Pesy.itTaTH, ^^anHHe HoTepOMTi (NSther) ^), 
HSMtejirOTM 3jiieb bt, tomi orHOuieiiiH, 'ito HMiew^ ne boccmb 
nepeMiHHHx^, a jb^ĕ rpynnH no 'jeTHpe nepeM^HHH^^. 

B3aB-£ 3a iicsoAnHa KaKoS-JiHGo BJeMeBT-L {x,u) KOHneaca 
f{x,u) = o, MOBJCM^ wh 9T0Mi nocjiljOTeMi, KaKTi t^Hryp'S naTH 
n3M£peHig, RuSpaTb nHTt He^aBHCHMH^t HanpaiijreHiH nepeM^- 
nieHia npn nepexoflr& oti sjieiieriTa {x,u) K'E GesKOHeiHo - Cjibs- 
KOMy 9.ieaeHTy {x+dx, u + du). OsHa-iaeMi cooTBiiCTByromia 
9THM'L HanpaBJieHiiiMi HpHpaH^enia djd^,d^,d^,d^i. ByAeat hm^Stb 
Torjta nHTb ypaBneniS 



iV,,. 



.^, 



. coe^HHeHm ex ypaiiHeHiJisiH 






' dui 



onpe^C^JiaiOTT. BeiagHHti y- e -y- nponop^ioHaiiLHL.Mii cootb^t- 

CTBeHHUMi OHpe^^JinTeilliMl MaTpHHH 

dx^ dx^ dv, dr^ du^ dii dii^ du^ 

d^x^ d^t^ d% d^x^ d^u^ d^u^ d^u, dhi^ 

rfnj, d^x^ d^t^ d^x^ d^u^ d^u^ d^u, dnu^ 

d^x^ d^x, d^x^ dnij:, (^hm, ^"IWj dniM, d^^i^ 

(^ivr (^iTj d^^x, (Zii z. d^yu, d^u. d^m, (?" «, 



noJiyqaeMtiMT. BKt'iepKHi.aHieM'B Toro cTOJiSiia, rjii ctohti to x- 
HJiH Ui, no KOTopoiiy npoQ3Bo;iHTCfl aHi|)(|iepeHi;HpoBaHie 

IIoaTOMy ecjia AoSaBHMi eme ojiHy CTpoKy hst. npoH3BOJib- 
HHSi napaMeTpOBT. a^a^a^a^^^/S^^^jS^, to nojiy^aeMna TaKHMi 

') Matb. Aiiii. II p. 293—316. Znr Theorie des eindeutigen Entsprscliens 
algebraisuher Gebilde Ton lieliebig vielen Dimensionen. (1869). Cn. ero-mo 
CTaTtH) Bi Matli. Ann. TIIl, s. 495—533. 
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(■^1 «a",- ,--1 diij 

ji,d,GTi> ^aCTHoe, He3aBHCaii],ec ot^ npOH3iiOJH.na:xt nocTOsnniiist 
a- H /?,-. 

Cji^sOBaTejiBEO, ecjiH osaa^HMi oanopojiHyio AaKBaTep- 
aapRyio (J)yHKn,iio CTeneHn m — 4 OTBOCHTejbHo x h « — 4 otho- 
CBTejiiiHo ■u, TO BHpaiKeHie 

] [Za^; d'x- d"Xf d'^'^; d'^'x^ t^ o a^ L._, ^ o .\ 
0.\ dn- dMj d^Uj f|m% dPiUj o u^ /g,- \v'-^-'^^^^^> 

i=i daii dui' 

ecTB 9JieMeHTx naTepnoro HETerpajia, KOTopBA coBepmeHHO ne 
3aBHCHTi oTi sHaieHiS nocTOHHHList a n j3. ECJIH Koa(I)(|)Hi;i- 
eHTH & onpea^ĔJiHM-B TaKX, itoSh arOT^ HHTerpaJiTi ne o5pa- 
ma^ca Bx GesKOHeiEOCTi. hh Am o^Horo ^JieMenTa KOHHCKca 
/=0, T. e. ^ToSn EOHHeKCi = o co^ep^ajii nci ocoCeHHtie 
ajieMeHTu KOHneKca f=o, to ihcio K03i|)4>HiiieHTOBx, ocTaiomBx- 

CSI BT> HpOHSBOJIBHBIMH, H JiaCTTi HaMl. pOA^B KOHHeKCa. ECJIH, 
HanpHMtpii KOHHeKCB f=0 Ee HM'ieTT. HH JIBOHHOi KOHHIlHAeH- 

j^in, HH ocoSeHHoS 6HK0HHi;nxeBaiM H T. A., To ne noji^HHe- 
Eo HH o^HOMy ydOBiio, a nOTOSiy 



n — 1. n — 2. n — 3 m — 1. 



m — a. m— 



^ 6 ■ 6 ■ 

9to nepsoe hst. naTH sapaKTepHCTHrieeKHxi ^ncejii itOHHeKca, 
KOTOpBixT. 6bijio roBopcHO BHuie. OcTaiBHRJi oape;i;'!&JiaTCH, KaKt 
TaKOBBijj ate iHcsa KOHHi^Hji;eHi(iH /'=o, Q=o, KOTopoA, oie- 
Ba;[HO, npaEaHiJiesKaT^ bc§ ocoCeHEtie 9JieMeETtr KOHHCKca f=Q. 
B^B npejiHjiymeM^B cHpanieaiH mh MomeMi wa ynpomeHia npH- 
HaTB ^Ba HST. naTH nepeMiEieEiS d, d^, t^", d^', d^^ TaKi, hto- 
6bi npH o^HOM^B 0CTaBajiHC& Ces^ nepeM^HU ^^, npn jipyroM^B «,.; 
npHMeMX HanpHM^Sp^ 
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dl"x^ = d"'x^ = d"'x^ ■= d"'x^ = 
(7iv^^ = rfn-M^ = /pYti^ = (iiV((^ = 

H KpOM'1 Toro, MoareMi npHn£T& paBauMH Byjiio hjih bcS a^ 

TaKHMT. o5pa30M'j. dJ npMMeTi oshht. hs-b HHatecJ!^;i;yio- 
miixt ji;Byx^ BHjtoBT,: 

j(?3;; t?'% ^"a::^- o d^'^'^^ x- o a-\ /■_ ■■ 90,, 
,r 0xkw,- '^'m/ i^"w,- rf"'«,- oi/yor- "~ '"' '^^ 
'^'^^— ^- .^/' ^ 



|(f% (f':E,- d"x^ di'''^^^-^ o\ .._-. 004-) 
-, j- ®x\dui d'Ui d"Ui d"'ti- Uili}\ ^ ' > ; ' 
dJ=— ■ h--. ,if ~ 

Onpe^cijiHTe-iB, crojimia ei nHCJiHTeji'^ nepnaro nst 9Thx^ bli- 
paj-KeHiS, MOmEo npej^CTaBHTb m> Bnji:'!li cyMMLi Tpe^t npoH3Be- 

{d^^d^^^^^^^a^^.ld^u^d^u^d^^u^uj — 

— (d'x^.d^"x,.x^a^){du,.d"u^.d"'u^.uj-h 

'i-{d"x^.d'-'^'x^.x,,a^){dUj.d'u^.d"'u^uJ, 

a cTOJimii! b^ iHCJHTerĔ BToporo BMpamenia nos^B mj^omi,: 

{d'x^ d"x, diT«j x^ ) {du^ d"'u, m, j? J — 

— {dx^ d"x^ rf"'a;, x^ ) {d'Uj d'"u^ u^8^)-v- 

+ {dx^ d'x, dP^x^ x^ ) {d"u^ d'"u^ «f,/5^ ) . 

no;5o6HBiMt o6pa30MS onpeA^JiaeTca poa^ KOnnnH;ieHi;iK — 
nepeciieHia asysi KonHeKCOR^ (m,«) h (m',w'). J[HHe0HO-Hesa- 
BacHMHXi HanpaBJieHJR nepeM'i!u,eHia sa^cb leTHpe d, d', rf", d"'. 
^jiH jtaaMro H3t HH^t EMieMi: 
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(=1 iixi ' dui 

IIpHCoejtaHaa ciosa ypaBHeaiji 



mu. \^Q (fe = o,l,2,3). 



' du_ 



=nqi = o\ 



noiyTOMi, 1T0 12 ypaBneHii oupejiJiHiOTt MHHOpn MaTpniiH 

df_ dl <}t ^ M. Ĕi Ĕ- K. 

(/i, dx^ dx^ djc^ du^ dUi du^ du^ 

Sq> dcp dtp dfp d<p dep (lf d<p 

dr, dr^ (?r, i/a, du^ Su^ du^ du^ 

nponopu,ioHaJiBHHMii ft)OTBi,TCTrenHHMx MnEopaiu'& MaiptmiJ 

(?(, (7r, t?(, d<^ du^ diij dii^ du^ 
d'x^ d'x^ d'x^ d'x^ d'u^ d'u^ d'\ du^ 
d"x^d"oc^d"\d"x^ d"n^ d^u^d^^^d^u^ 
d"'x,d'"xA"x,d'"x,d'"v,d"'-u,d"'u d"'% 



: 0, o;iHopo;tHyK) c^ynimiio CTeneHii m+m' — 4 
OTHOCHTeJiiHO % H cTeneHH n + n' — 4 0TH0CETeJii.no a-, Oy^eM^ 
hm4tl, iTO ji;H(|)$epeHrtiajit 

I dx- d'xi d"Xi d"'xi x- o a- a^ 1 (t^-t o q 41 
, r 0,1 dUi d'ui d"Uf d"'u- u^ b^ ^- | *■ > > > ) 





Sa 


dx, 


+ Zl 




i-^ 
i=i 


dxi. 




dui 






i=4 




■i-'S's, 


iu,' 


Za 


d(p 


(=4 


dv 
dui 





cOBepnieHHO ne saBHCHT^ ort snateHia napaMeTpoBi. a, h,aa^. 
3to 6yflera ;(H(j[)(Jiepeni;ia.T'& leTBepnoro iiHTerpajia. Ecjih ko3$- 
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.t|)imieiiTii Bi> 0, nojiEiepeMT. raKT., htoCu 3tot^ nocJi'fe;i;HiS oc- 
TaBaica KOHeien^ nna BcsKoa KOHeiHoH oCjiaern BHyTpH kohh- 
HH^ieHtiiH /^o, tp = o, TO ocraiomeecH aa.rhwh hucjo nponsBoJib- 
HHSt K09c[)4mn,ieHTOBT. BT, 0, H noitaaieT]j Haut pods n kouh- 
uudeuiiiu. TaitnMt oopasoirt, ecjia KOHHniH^eHiiia SyjieTi caiiaa 
o6maH, T. e. He CyaeTT o5jia;iaT& ocoSenROio SHKOnnitH/teHnieio 
etc, TO UHCJio 9T0 5;'AeTt hm*Lte. raKoe sHaienie: 

^ ^ (m-hm'-l}(>» + m'-2)(m-^m'-3) («+m'-l) (m-^«'-2)(m+«'-3) 

6 ti 

(»^-l)(m-2)( m-3)^^ («-))(«-2)(«-3| 

6 ^ 6 

(m'-l}(ffl' - 2)(,» '~3) (»'-l)(»'-2}(n'-3) 



6 6' 

nOTOMy MTO im^tCTO 0, MLI MO/Kent HSJlTb 

0,+ilf/+JV.9:>, 

rjii J/ = o— KOHeeKCT. (m'— 4,k' — 4), a iV=o — KonHeKci. (m— 4, 
n— 4), H CT. nOMOuibio npoaauo.ttniast Kos^i^HaienTOB^ Mb N 

ynHyTOatnTE. COOTBljTCTBeHHOe IHCJIO R09(|}{J)HIlieHT0B1i 0,. 

^pyria xapaitTepECTH4eci;ifl incja KOHni];HjieHn,iH f = o, 
<p == noJiyiaTCiij KaKi TaKOBaa 6HK0HEii,H;ieni],iH 

/ = o, 9? = o, 0, =0. 

Ji^M ynpomenia MOHteui npRRart bi. iipeiiHjiyuteMi, BHpa-.KeHiB 

d!"x^ = d"'x^ = d"'x^ = d"'x^ = o 

d"u^ = d"u^ = d"u^ = d"u^ = o 

-E KpOMi Toro 

a. = a--=o (i=I,2,3,4) h.ih ate h.^/S^ = Q (i=l,2,3,4). 
lioJiyyHMs npn 3T0jrji 



dJ"=- 



-0,X{a;j(?"a:,B,«J(di(,(i"M^(?"'%wJ 



^r. 



, <"P 



df 



dxi dxi dx; ax, 

= /.> {dx,d'x^d"z^x,){u,d"'u^b^^J 






dU: 
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Po;ii 6nK0Hnr[Hjteoiiin oape,Tfi-!iaeTCJi anajtorHTno. IIpe^iCTa- 
BHMTi ce6'6, 1T0 Amu rpH KOHEieKca {m,n), {m',n'}, {m",n"). 
TpH B03M03tHHa nesaBHeHWHii nanpaB,TeHifl nepeMimcHia nycib 
6y?.yT-h d, d', d". Tow nMteMi pa^t ypaBHeHii?: 



(^'*-'a;,. 



s,f- cph, + s;- 









dlll 



KOTOpHB Et COeAHHeHIH Uh ypaBeeHiSMH 

Sx,^-o Sxf^-o, Sx,it,. 
dxi dxi 'ilxi 

u,S^-o, SuiL^o, SuS'- 

iltii '-'ui diii 



saiort ]i,]in onpe;^t>JHTejieit TpeT&Jiro nops.nica, cocTaBJieHeLixi h3t> 



<if 



dxi 



d^i df df_ dlli 
dxi ' dui ' dui ' dui 



BWpaaieHi)!, npOHOpniioHaJiiHija cooTBiTCTBenHHM^b 0Hpeji;'5jiETe' 
jiaMT. H3i dx, d'x, d"x, du, d'u, d"u. TaKnsit o6pa30M'i, oKa- 
SHBaeTca HesaBHCJiuiaMt otl nocTOaHHHKt a,h,c,a._fi,y BtipaKeEie 

I dXi d'x^ d"Xi Xf a^ h^ c^ 1 
,, _ 0J du^ WU} A"ui Mj- Ui ^; Yi ' 



Sa 


clXi 


Sa 


ĔL 


Sb 


dx, 


< 


Sc 


df . 
'dxi 


^r.1, 


Sa 


ilx, 


Sa 


dcp 
'dtif 


St 


*5^ 

dXi 


^a| 


Sc 


'dXi 


'yrl 


Sa 




Sa 


d<jj 
dii. 


Sb 


dxi "*" 


< 


Sc 


dx, 


'yi 



BH^npaji K09(|)(^jHHieHTH 0^ — 5HKBaTepHapnoii iJiopMH ctc- 
neHH in + m'-i-m" — 4 oTHOCHTe-iMio x u CTencHH n + n' + n" — 4 
OTOOCiiTejibHO M — TaK'i-, ito6h TpotlHoH HHTerpaJiT. ocTaeajica 

KOHeiHHMl ^Jia BCaKOi! oCjiaCTH BnyTpH OBEOHHHHHeBHiH 
f=(p = -ip = 0^ nOjiyiHM^b TIHCJIO OCTaBHIHXCH HpOHSBOJIbHH^^b KO- 



yGoosle 



69 - 



3([)i$BitieHT0B'& paBniJin. pody )? Stucoumr,udemiiu. TaKt ecra 
9Ta 6HK0i)nnn;ieHii;ia He oSJia^taeT-B ocoSeHROio napoio noeepsHO- 
CTefl, HHCJio 9T0 6y;{GTi pasHo ijicjiy K09^)[[)nii;ieflT0BL 0^, ko- 
TOpue ne JioryTi Omtb yiiH^TOKeiiu ce iiOMomiiio ypaBHenia 
/'-=0, fp=o, ^) = 0i n (>yflCTb nosTOMy pasno 



1.2.3 

{ n+n' + i^'—i]{n+n' + m "-2)(M + «' + ra"— 3) 

(m'+w"-l)(m' + w"-2)(m'+»i"-3) (»'+w"-l)(«'+«"— 2)(»' + w"-3] 



()„■' + ,),— l)(„i"+)M— 2) (m"+m— 3) («" + w— 1)(V^ + »— 21(m'^+»— 3) 

, K-1) (m'- 2) (m'-3) _(,;'-l) (^-2) («'-3) 
+ 5 X g 

(«+«/-!) {m+m'-% (m+m'-3)_(n+w'-l)(« + «'-2)(»i+«'-3) 



-a,(^"-3)_(»'^-i)(r."-2}(,/'-3; 



OcTajrLHUJi jiBa sapaKTGpiiCTH^ecKia vHCJia nojiyiaiOTCJi, 
saKi TaKOBBia napti ironep^HOCTeH, onpea^^JieHHoJt ypaBHeHijiMH 

/■=0, 95 = 0, l/J^O H &.,=o. 

IIpejiLiAymee BHpaateHie moikho ynpocTHTt. Xot;i He.ibSJi 
ya;e npnHHMaTii paBHbiuH nyjiio hhbcĕ^t, d'-^^^, hh bcSs^ ^'■^''u 

HO Sa TO MOateM^ OAHH^ pa3'B IIOJIO*rKHTb 

H. = &.=c. = (,(z = I.2,3,4) 
3pyrOH 

ff.=^.=^. = o (1=1,2,3,4). 

TaKHMi oSpasoMt 6yfleMT, HMiTt: 
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O^ . idx, .d\ .d"x, X, ) . (tt, a^^^ y, ) 








S:a,f- S/lS. Sy,^ 
'dui ''dui ' 'dui 

'dui ''dui ^Hui 


&^,(du,d\d"u,uj {x^%\c^) 



Ea,^ Sh,~<- Se,^ 
'dxi dxi dzi 



'dxi ' axi 



^dxi 



Po,tt napH nOBepsHocTeS, o;{nHaKOBHvi, itaK^ ynOMaeyTO,. 
jja ToS H ^ipyroH noBepxnocTii uapn, — noioMy ^to TOyKa o^hoS 
H KacaTejr&Htia e^ apyroa HasoASTrii B'& oaHOsnaynoMTi cooTBiT- 
CTBiH, — onpeA'fijiHTCfl no ESBicTBHM^ npaBKJiaM'L. TaKme onpeA^- 
jiHMt H pojit napH (KpHBaa AsoaRoB kphbhseli, paaBepmBaKi- 
maaca noBepsH0CT&). 

ITocJii 9THxi oHpe^i^ljieHiS BepEeMCa ki nepBOMy noJiyieE- 
HOMy HaMH BapaiKeHiio, KOTopoe ;iaBajio Hawi ^OKb KOnEeEca. 
Mh yiGe yHOMBHajiH, ito gHCio sto flB.ifleTca EHBapiaHTOMt no 
OTHOuieHiio Ko BciMT. o,HH03Ha"iHKiri npeoSpaBOBaHieiui KOHHeKca. 
Jl|oKa3aTe,i&CTBo 9toK reopeMH npeACTaBHrL jihuil BHjiOHaMiHeHie 
fl0Ka3aTeJii.CTBa HoTepa (1. c. CTp. 306 h c.ii,), Koropoe in ex- 
tenso .aaeTca hmt. s.iji iJiopMH «p(x^...x,^, n npaMo pacnpocTpa- 
HseTca 6jrarojiapa HojiroTOBHTeJitHHsi^ pascy^jieHiaM^ bl oSH^eMi. 
BHji;* Ha cjiyiaS npoH3BOJibHaro ^HCJia nepeM:feHHHx%', BHWHSMi- 
Henia, npejCTaBJiaKJH^iaca ba^cb, npoHCsOjiHTi ot^ Toro, ito hm^- 
eM^ He BoeeM& OABopo;iHHX'b nepeMiHHUK^, a jBi rpynHH no ^eTu- 
pe ojHOpoj(Btax'L nepeM4HHHxi. /(oKasaTeJiBCTBO 9to b^ cataTOMi 
BHA'fe saKjiioTiaeTCJi b^ catjiyionieM^b. IlycTb dJ, — iiOTOpoe, npeji- 
noaaraeM^L, ne npHRejteHO k-b ynpomenHOMy BHjiy, — ■ nojiBepraa 
OflH03HagHOMy HpeoGpasoGaHiio, onpej^^ĔaaeMOMy ypaBHeiiiaMH: 

Q3:i = g)i(y,v), Su- = n^'-(y,v). 
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Ot^b 3T0ro npeoCpasoiiania iJyeKniji f[ii:,u) Jie^exo}(viTh b'5 
M.F{y,v), TK^ F ecTB BenpnBO,iHM]ii0 linoiKHTejJb Bt. pesyjiL- 
TaTT. nojtcTaEOBKH. MHoacHTeJiL M, KaKi saMti^aeTi HOTepii, b^ 
npeoĕpasoBaHHOMT, ypaBHeelH ;i;ojiJEeeB^ 6HTb OTKHnyTi,, h6o F 
ne MoateT^B 6htl cfiyHKitiei5 95 h i/j, ecjin ^ioJtiKHo Shtl bosmojk- 
HLiMi oSpaTHoe OHpejiijienie y e. v paHioHajibnuM'6 oCpasoMt 
^epeB^L a; H M hsi ypaBHeEiti Qx-=q.)-{y.v), iJUj^="^i{yii}) ci. no- 
MOmLio ypaBeeHia F{y,v)=o. Mh EM'ieMTi: 

' j^Adyj ^■^ dvj J)' 

1 „ dxi 1 r. t?^; 

Xi='i: r— V / •" -2^ 7 — -V i , 

j) Jdyj J q Jdvj •/ 



W,- = -i. ,■ -%l i = ~M i—Vi. 

' r Jdii-i-^J s ■^di',- ■' 



„ rf«(; 1 ,, d 

IIoacTaBjraH 9th SBaieHis b^b dJ nojiyqHMX 

e.D. 



clJ=clT^ 



dy^ d'yi rf'V,- ^'"yi '^'^^yi 1/i ^,- 
dvi d'v- d"Vi (f"v. rfivfj- Vi li 





[p^-ww{ik,'£-^ 


dUi) 




dx,, dx^ dXi du, dti^ 
dy^ ' dij^ ' dy^ ' du, ' dv^ 


du^ du, 
dv^ ' dVi 




d{!/t'Pi,V,,y,'i!^^v,,v,,vJ 





* J •' dxj ■^' ■^ du/ ' ^ -^d^j -^ ■' duj 

Bt. cnpaBejiJiHBOCTH STOro y6'Ii;iHMCfl BenocpesCTBeBEHsrt 
nepeMiio^KeiiieMi _D h jtpyroro onpeA^SjiHTejis, CToamaro b'& ih- 

cj!HTe.ifc CT0Ji6nu 5-3 E 6-fl GynYTi: ^ '^ '" 8aM'£BHMX CBa?aJia 
' ^ ■ ■" rUj^su- 

5-fl lepes^B , 1"-'; ' H Eo^EMeM^L r-{-'hs = o\ 3aT'£MX 6-11 sa- 
^ {r+f\S)Ui ' 
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MiBmji ^epesi ('1+ li- — ]^i h BosLMeiit q + /i^ --= o; 

TOr^a H npa^eiii kt> nepuonaiiaJiijHOMy nupa^eHiio dJ. 

BeJTHiHnn k^ h /,. ocTaiOTCa 6e'iT> Bxiams na pesyjitTaTt 
H noTOMy MoryTL 6litl paaCMaTpaBaeMLi, RaKi panie a^ h /?j-, 
npoH3BOJ!LHMMU uocTOJiHHHMB. BHpanieHie dJ coxpaHHJio upeai- 

HJH BHAIi, H TGHepL OCTaeTCA HOKasaTL, ^TO OCJIH COOTB^iTCTBie 

Meat,ny fix,u)=o h F(y,v)^o o,iH03HaiBo, to m> iHCJiHTejit 
npeoSpasoBaHHaro BHpaitieHia 0.D cctl TaKaa i^ijiaa t[)yHKi;ia 

OTTi y y. V, 1T0 -^ MOJKeTi Chtl cA^Jiana ci. nOMOii;iio 

F{y,v)=^o litbAOJo i^jyHKiiieio, KOTopaa npn tomt. ajis KpaTHUS^B 
(oco5eEHLixT.) o6pa30BaHiS, opHHaji.ieffiamHxi. F= o, oSjiaiaeit 
t£mh jse CBOilCTBaMO no oTHOmeniiO ki dJ', KaKHMH — no ot- 
Homefliio Ki dJ. ^aa 9Toro HyatHo HOKaaaTL, qTo &.D = o npo- 
sojiBTt repeBT, ajieMOHTLi, o6ntie M=o r F=o, cooTBtTCTBeHeo - 
CTOJiLKO ace pasi, KaK-L caMO M, ito h ;iaeT% npaso 3aKJiioq0TL 

^TO CT> nOMoniMo F=o -^ Mo^eTi 0litl cA^SJiaHO i^ijioiot^yHK- 

ilieE. IToKasLiBaa saT-JiMt, ito jji^ KpaTHH^-L oBpaBOBaniH F=o 

8Ta it'ljiaa cfiynKii,iH -~ oSJiajiaeTTi OTHocHTeJiLHo dJ" TiMH cboS- 

CTGaMH, HOMOmLIO KOHS'L }lijlB,GTT, <IJ HOpMHpOBaHnHMt BHpa- 

atenieM^, noKa/KeMi TtMX caMUMT,, ijto Hpu oAHosHaieoM^ co- 
OTB^TCTBiH HSi icaatjiaro HopMHpOBaeearo m^ f^o ELipaHteHia 
(fj HOJiyyaeTca BnpaiKeHie dJ'^ HopMHpoEaenoe jjia i^=o, h CJi^- 
jtOBaTejiLHo iHCJio p — pojii EOHHeKca ojiHnaKOBo AJia o5ohxi br- 
paiKeHJH. 

Jijis ^OKasaTCJi&CTBa nepBO0 hojiobhhh, CJr*;iyji HoTepy, jio.i^- 
HĔi pasoSpaTL BT. oTAiJiLHocTH t4 cJiy?ae, Korjia Kaitoĕ HH^yjjL 
KOHifiHrypaHiH, npnnajiJieHtameii /'=0, cooTii^STCTByeT^ ni. F=o 
KOHiJiHrypaiiia ee Toro ate ^acjia Hawipeeiii, ho 6oJiE.niaro hjih 
MenLuiaro, Bt KajKjiOMi. m% 3x^x1 cjiyiaeB^L paaCMOTpiTB, Ka- 
Koro nopiiAKa MaJiocTH 6yjieTT> D, 3Z h h HOKaaaTL, hto bo 
BC'ixi cJiy^aasi HopaAOKT. MajiocTH Q.D no KpaiiHeii M4p'fe pa- 
BeBt HopajiKy MajiocTH M. CjiyiaH, KOTopLie npo^icTaBJisioTca 
npH 3T0M^ cyTL cjiliiyiouiie: 

V. 3jieMeeTy {3;,«) KOHHCKca f{x,u) = cooTBiTCTnyeT-L 
KOHeHHfleHn;jji b^ F=o. Torjia c^opMyjH npeoSpaaoBaHia npH- 

BOAHTCS KT. BHJiy 
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px- = A.gi-, Gu-^A.tp- {(=1,2,3J 

D OKaauiiaeTca nponopiiioHaa&Ho A^ n TaitHM^ oCpaaoM^L 
yHHHTOstaeTM ko nirraro nopa^iia jtJia BC'6xt ajieMeHTOBi KOHn- 
HHAeHrtiii A = o, F=o. 

2". SjieiienTy /"=0 cooTBbrcTByeri bt. F = o CHKOHHi^Hjien- 
nia: TnnoMii TaKoro iipeoSpasoBania aE.^sei-ca: 

px- = A<Pi ■+- B(p'i, 6u- = A.^tpi + B.]/'',- (1,2,3) 
p^^=5f^, (Tm,, =1/)^ 

II J> ECiesacTi jo iieTBepTaro nopa;i;Ka m^ BchsTj 9joMeHTOBi 

6HK0HHI[B,HenD,iH 

A = o, B = o, F = o. 

Jifi leTBepTaro ate nopji^Ka nciesaeT^ D ii bt> tomx cjiy- 
qai ecJiH napb (itpEBaa Jtis. kphb., pasisepT. noBepxH.J, BX0Aa- 
nieH BT, cocTaBi /'=o coOTB'BTCTByeTi> bi J^=o iriKOTopaa ko- 
nHi(H;iefln,ia. 

3°. /1,0 TpeTbsro nopaiKa yHaiTOiKaeTca D, ecjns hSkoto- 
pOMy sieMeHTy KOHBeKCa f=o coOTB'£'rcTByeTTi bt, npeo6pa30- 
BaHHOM-s napa n0BepxHOCTeH, hjih nap'£ (itpHBaa ^b. KpHBaa, 
pasBepTHB. nOB,)— 5HK0HHi;HjieHn,ia hjiii HaKoiieii;^ nap^S noneps- 
HocTcM KOHHi(Hji;eHi;ia. 

]{}ia o0paTHHXTi ciyiaeBi sonycTHM^L, Kaui 9to j^JiaeTi 
HOTep^Lj HTO ne bc4 cp-, i!'^ ynHiToataiOTca ojtHOBpeiieHHO no 
uopa;iKa Eijiue nepBaro. Ilpn. stomt. mo^o paajiHiaTb cjiyiaH, 
KOrjia g)^<p^(p^(p^ hjih ViVa^3Vj mm^Siot^ o6mHMH ne napy no- 
BepxHOCTeff, a 6nKOHHii,Hj[eHiiiio hjih KOHHHHseHiiiio, HJiH ;iaate 

EOCeMB KOHHeKCOBT. gC, yj KM^IOTTi oSmyK) 0UEOHHII,HJieHrtilO HJia KO- 

HHii,HjieHrtiio. 

&.D A0.I3KH0 yiiH4T0KaTE,ca jiJia iicixi, sjieMeiiTOBi, (y,f), 

yHH^T03!aioui;Hx-L M, K npH TOMi jto TOro aie nopajiKa, h ~" 

ji;ojiffiHO yHH'iTo;EaTBca ji.ia BC'fexT. ocoSeHHBST. ajieMeHTOBi koh- 
HeKca F = o, nce CBOAHTca TaKHM^L o5pa30M% k^b Tony, hto6ej 
■noKasaTi, ito O.D ynHiTO^KaeTca BcaKi0 pas^B, KaK^B BtmOJiHaeT- 
■ca Ta H.1H ,!i;pyraa W6i. jtBy^^b CHCTeini ypaBHeniH 
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M^- .'i'^. ^+l'^. * (4-1,2,3,4) 
dyh i=idXf dyh £=idtii duh 

jy.,lF_ ^ Jl'il_ pjl-dL^ *i- (i_i,2,S,4) 

dv/i i=4^(fi dvh c = idui dvh 

njiH o6i OAHORpeHeHHO. 

Ec.70 gjreaeHT^ {x,u) KOTOpOMy Bt F=o cooTB'iTCTByeTi 
KOHHii;H;[eHH,ifl, OHKOHHiinjieHnia, napa noBepxnocTeft hjtr napa 
(KpHBas, pasEepTtiBaiomaara), ecTb npocTOii ^JieMeHTi. KOHneKca 
f=o, To M MomeTt yHH^iTOHtaTbca ;s.ra ^JiejieHTOB^ 9T0ii kobh- 
ilHjieHn,iH etc. ao nopasita ne Baire nepBaro; D npii dtoui, 
yHHiTOJKaeTca ji,o nopajiKOBT. cooTB'fcrCTBeHHO 5-ro, 4-ro, 3-ro h 

2-ro, TaKt HTO jz — AO nopaAKa 4-ro, 3-ro, 2-ro bjih nepBaro- 

resp. EciH jiJia DJiemeHTa {x,u) yHa^TOjnaiOTca bcA npoBSBoaHEia 
f AO jU — ro HopAjKa BKJiiognTejiLEo, to hq jli — ro nopasKa yeii- 

iToataiOTCJi M—, M — -. a^s kohcihocth HHTerpajia jojiiK- 

dyh dvh 

HO yHniToKaTLca (Bt cooTB'fcTCTBCHFifc]xi. Ciiyiaji^t) jo nopAAita 
{U' — 5)-ro, (« — 4)-ro n t. ;i;., I) so 5-ro, jo 4-ro h t. h., h 

-=r^ yHniToaiaeTca TaKx, hto a-J oy/ieTt. nopMnpoBanHLiMT, b&i- 

paiKeHiewL. 

ECJIH O.HHOBpeMeHHO yHHITOTIiaiOTCn BCi fpf HJIH BC'£ l/Jj., 

HJiH T'i H .apyria iiMicT'fe, to M ynmiTOHiaeTca lo nopsAKa 
m, — 1, w— 1, mH-w — 1 resp. — jio nopjijKa m — 4, n — 4, 
m + n — 8; no npn stomt. D o6paH],aeTCJi b^b ao nopa.^KOBi. 

3-ro, 3-ro hjih 7-ro, h -^- KOBe^Ho; TaKnwx fleTaji&HHM'L pas- 

CopoM'!> BC'fexTi Moi7H],HX'L npeji,eTaBHTiiCa MacTHKt^^B cjiygaeBi h 
jtOKaaieMT. TeopoMy cospaiieHin po.na Ee MoaiHO Ghjio 6h nojiy- 
1HTB npome HOMomtK) TaKnx^ cooSpaJKeing '), EcJia nwieM^B. 
OAHOSHaiHoe n oanosHaHEO oSpaTBMoe npeoSpaaOBaHie 

Qx- = >Pi{y,v), Gug^yji^y,^) 
Q'yi—*Pi{x,u), (i'V;= Wi{y,v), 



') Cp. Clebsch. b Gm-dan. Tlieorie (kr Al)elscheii FuTictioiien. 1866. S. 53. 
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TO KamAOMy 8,neMeHTy {x,u) KouneiiC3, f(x,u) = o eooTB'KTCTByeTT, 
no 3TiiMi ypaGHeHijiMi BOoSme o^hht. coBepaieeHO ODpeA'ijreH- 
HHa aaeMenTii KOHHGKCa F=o, b'6 kotophS upeoSpasyeTca f=o 
H KaHtOTMy ojieMCBTy F=o — coBCpraeHHO onpe^^^ijieiiRHii BOoSme 

9JieM0ETX (a;,«) KOHHGKCa /=^0. ECJIM lIOaTOMy COCTaBHM^ HHTe- 

rpaji-E BHmeyKasaKHaro TEna m npir tomt> nepBaro B!-t;ia,--T, e. 
COOTB'£TCTByiOH[iS ^'i.TOH iJiyHKlliH 0, TO KaatsoMy TaKOMy hh- 
Terpajiy b^ nepeM^iHHHSt {x,u) coOTB^tTCTBycTi coBepraeHHO 
0Hpejt'l5JieHHHS HHTerpajii bt, nepeM^iHHa^^B {v,i/) h TaKaie nep- 
Baro BBAa, h o6paTHO KaHtRHit HCTerpa.it ncpuaro unjta b-b ne- 
peMiHHUKt (y,f) npHBojiHTi Kt TaKOMy iKe HHTerpaJiy bx ne- 

peMliHHH^^B {X,U). IHCJO STH^l HHTerpaJiOBT. JIOJIKHO HOBTOMy 

Chti> ojiHHaKOBO m> o6ohx% cjiyiaflxi, a TaBi KaK^ ihcjo sto 
coBna;[aeTi ct. ihciiomi. npoHSBOJibHH^^B KO^^tCnni^HTOE^ b-l 
MH0iKHTeji'Ĕ O HopMHpoBaHHaro GHTerpa.ia, to a saKJiro^aeM^B, 
iTO pods KOHHeKca ue MrbHRemca npu ecrbxh eio odH03HmHuxz 
u odH03HmHO-o6pamuMbixh npeo^pasoeauia^s. 

npHiwtHaHie H"b CTp. 53. /l,Ba cjiOBa ornocBTejrtHO yitoTpe- 
5jiiieMHXi. MHoro Koop^HHaTT- npaMoa. Cji'6Ayfl Boji&iiiy (Wien. 
Ber. B. 9e. Abt. Ila S. 5128 h Matli. Atin, B. 37 S. 141) 
a noJibsyioci. cbmbojihkoio rpaccManHa, nojiaraa Koop,tHEaTH npji- 
M0(5 Pii = Xiyk — ^iiji paBHHMH nponaBejteHiio rpaccMaHBOBHST. 
aJiBTepHaTHBHHX'!) KOMHJieKCHH^^ HHcejiT.: pi!i = p^pa = — P/:Pi, 

TaKt 'ITO ^jj- == p^p^ = 0. Ho CHMBOJIH^eCKie MH0;KHTeJIH BHJia 

iahpp) coxpaHJiio nojiT. bh;^om'l onpe^i^SjinTejiei! n hc CBoaty nxT-, 
KaKT> 3T0 ^'tjiaeTT. BejiLuii, kt. jiHHeiinHMTi MHoataTejiJiM^B ho- 
MOHiBK) BBejienia hobhx^ aJiBTepHaiHBBHST. chmbojiob-b. IIpn 
aTOMT> Ha^o HM'ĔTB BX BHAy, ^TO Eanp., {abpp)"^ osnaiaerB npo- 
HSBejieme m MHOiKHTeJieH, Kaai^tmtt est. kotoph^^b fl0.iaiHo 3aM'Ji- 
HHTB qepe3:& ^(o^)iiPik H TOrja yate nponsBOjiHTt. nepeMHOHtenie 

H BOTOM^B aaM^Hy CHMBOJIOB^ a, b ^SSCTBHTeJIlHHMK K03(|l4>HIli- 

eHTaMH. ycJiOBiti, ito TOiBa X jteatHT^B na npaMoH p, hjih hjioc- 
KOCTB u HpoxoaHTi lepesi npAMyro st, HaHnrayTCJi 

11 x^ x^ x^ x^ II l| «j w, u^ u, 11 

I P\ fi Pi Pi H"' 1 ^i ^^ ^^ '^t r'^''' 
I Pi Pi Pi Pi W II ^i ^2 ^3 -^i I 

3T0 SHaiHT^E, UTO HyjIK ypaBHHBaiOTCJI OHpejttjIHTG.lH, Hojyiae- 

MHO BHiepKHBaEieMi KaatAaro cTo;i6na ^th^-b MaTpHi^^B. 
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rJlABA II. 

rjiaBHan KOHHUHAeHuiR KOHHeKca. 

§ 8. Odiuia aaBtsaHiA o BOHKHHfleHuiHXt. Ji,Ba ypacHeeiii 
f(X.u)=o, <p{x,u)=o (1) 

on^eAi-iaiOT-L K0Hf[)HrypariiiOj KOTopyio nasHBaeM^ KOHHn;Hj[eii- 
i^ieio. Ejj ocoSeHAue ^jieMeHTH cyTB rh, d^ kohxi hjih To^ita 
X ecTb ocoCeHHaa ToiKa ephboA, npHHaAJieataoieS ii.!iocKoeTn u 
B-h KOHHi];HjieHi;iH, ejis. u ecTL ocoSeHHaa KacaTeJiBeaa paaBep- 
THBaiOEiieHca noBepsnoCTH, npHHaji,ie3an];eii to^k4 x. ^jia oco- 
CeHHHKt ajicMeHTOB^ HMioMT, iiosTOBiy niJin ypaBiieeia 

AL ^ ^ j£ 

dx, dx.^ dx, ^_-\ /n\ 

dxi dXj dXi (tej 

Bupaaiaioiiiia, ito ii.wi, eoBepsHOCTB f{x,u) = o h ^(!r,M)=o, co- 
OTBiTCTByiomis HJiocKOCTH «, KacaiOTca MeaiAy coSoio bt, 'roiK'£ 
X, HjIH jrc ypaBncHiii 

ĔL M. ^ ± 

du, du, du, dUi . 

l^^l^^^d^^"^^^' '^ 

dWj du^ du, dut 
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BHpaaiaKimiji ito jib'ĕ noBepxHoeTH, cooTBiTCTByiomia ToiKi x, 

BMilOTT) oCmyiO TOIKy npHKOCBOBeniH Kt n.10CKOCTH u. 

EpOM'6 aTH^Ti OCoJeHHHKl BJieSieHTOBS, BT. KOHHI^njieBUiH 
BIJflijIil!OTCfl eUte t4 ea 9JleMenTH, KOTOptlSt TOHKaMt COOTB^tT- 

CTByeTTj He paaBepT&iBaromaaca, a Kaiiaji-jiHSo nOB0pxHocTB, hjih 
HJiocKOCTii — He KpHBasi, a n0BepxB0CTb. IIpHMipt noAoSnaro 
pojia TOieKT. npejiCTaBJiaeTT, K0HHH,i:AeHn;ia, onpeAiMeMaa ARyMa 

KOHHOKCaMH: 

{o = q^^{x).6^{u)+(p^{x).6^{ti)+(p^{x).6^{u) + <p^{x)£^{u) 
^^> \o = Y», {x).6, {u) + % {x).6^ («) + 1/;, {x).6, {u) 4- yj^ {x).6, (u) 

rni <p- (JiyHKi;iH x^...x^ CTeneaa m, i/'» <i^yHKitiH a:,...»:^^ CTeHeHn 
m', H 6i — (JjyHimin u^...u^ cTeHeHn n. Dcĕmt, TOi]i!aw'&, KOopflH- 
naTU KOTopHX'B BHnojinaiOT'c ypaBHeBia 

9r ix] _ % {x] ^ % {x] ^ (p, ix] ^ ,,, 

'PA^i ^M ^M) ^A^) ^' 

9!),.i/i^— 99,-1/', =0, yi^.ip^ — ^^.y>.^=o, go^-ip^ — ^^.yj,=o (5') 

C0OTB'!&TCTByeTi. Bt o6oHSi KOHHeKca^i, ojina h Taaie noBepxHOCTB 
O^ :E<p.{x).6i{u)=^S<Pi{x).6i{u) 

H Bt KOHHitnjteHiiiH cJi'Ĕ;i;oEaTe.TEHo He pasBepTHBaiomaaea no- 
BepxHOCTi., ODpe;i'ijiaeMaa anyMa ypaBHeniaiHH b^ hiockocthhst, 
KOopAHHa^rasi,, a oSmaa HOBepxHocTB. IIo aHaioria ch ochob- 

HHSIH (rJiaBHHMH) T04EaMB KOUHeKCa, KOTOpUa MOryT^ 6HTb co- 

ejtHHaeMH B'b a.ieMeHTT, ero co bcjikoio njiocisocTtio npocrpaHCTBa, 

H 3TH T01KH SjJieM^B iia3MBaTI, OCHOeHUMU {l/taSnblMU) mOHKaMU 

KOHHn.HjieniiiH, 

noHSTHo, 1T0 jiBOHCTHeHHHiT cjiyyaS KOiieii;n;ieHH,iH 

'^6^ (m) .rfi.{x) = 0,2. -/.{u) .<p-{x) = (6) 

HpHBOSIlT^B KX OCHOBHUM^B nJIOCKOCTaM^B 9T0fi KOHHH;HJieHn;iH, — KO- 

TopHa onpe;i'ijiaiOTCa hs^l ypaBHeHiil 

9,.(!«),Xi-(a)-a.(i.).Zi(«)-o (»,K~ 1,2,3,4) (7) 
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ne3aBacHMHXi Meaiay kotophiuh Tpn. 

He TpyjIHO OnpeA^JlHTS WCM OGHOBBtlSi TOiert K0HBr(O- 

^eRitia onpeaijieiiiioS EuuienpHBeAenHEiMK soHHeKcaMH (m,«), 
(m',n). ypaiiHeHia f5') cTenenH m-hm' msijioe jaioT^ uooSme 

(m + m')' CHCTeMi, UO Hl qHCJ'6 9THX1( nOWllAHHXt eCTL HOCTO- 

pOHHia, J^tacTBHTeJibHO, (5') yjiOMeTBopsiOTCa Bt npeAnojioateHiH 



HO onpe^Ji-^iieMHa p'Sineijia aiHMn CHCTejiaMH ypaBHeniil jo^ijehh 
6mTE oTSpomeHH, nOTOiiy ito ohh ne ech K09f|)(|inu;ieHTH npif 
diiu) Bi (4) a'iJiawTT, nponopn,ioHa;iijHiJMa. 3th cHCTeMH saiOTt 
i(aat;iaa mm'(m + m') pimeiiiS , h CJi'fe;(0BaTejii>HO ^jih lacjia 
0CH0BHiJXT, TOyeKi uoJiyiaeM^B 

M={m + jn'} '— 2mm'{m + m') = (m ' + m' ') (m + m') = 

(8) = m^ + m'm ° + m' % + m' ^ 

IIoAO^HEiMT. oSpaaoMB nailjeMi incJO ocHOBinjst ujiocko- 
CTeii KOiiniiH,ie:iii,iR (6) (m,n), (m,n'y. 

N= [n + n') ^ — 2nn'(n + n') = (n ' + n' ^) (re + n') = 

(9) =n'+K'«'+«'^re+n'^ 

EcTH ooa EOHneKca, onpea'6jia!om,ie KOHHHaAenni», OAHoro 
nop;i,aKa jw n K.uacca n, ro oSniaa hmb KOaHmiseniiia CyjoTt 
.iipHKaweiRaT& h bcSm^b KOHHeKcaMi., ypaBHeflie KOTopusi mo- 
.-.lieT:^ Cbit!, npeACTaBJieHO ypaGneHieM'L 

(10) A^i^) + '^''pi^^M) = Oj 

r^t A — npousBOJi&Haji nocTOaHHaH. Onpe^iJiaeMaa sthmt. ypEB- 
neHieMT, coBOKynHocTi. co^ KOiuieKCOBi (m,n) woatei^B 6hti. nas- 
Baea nymcOMi KOHHeKcoBt. ric'& sJieMeHTn upocTpancTBa noMon;b!o 
9Toro ypaBiieHia pacnpeaiJiaiOTCa na co^ kohhokcobb (m,n), 
KaiK;iHf[ no co° ajeMenTOBT,. Jt^SHcTBHTeJiLHo, KaKoS 5h hh b31i- 
jiH a.neMeHTT. npocTpancTiia (3;°,w°), napaMeTpy h MoaiHO ^aTb la- 
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itoe aiiaHeHie, hto cooTBiTCTBeHHHS kohhokcr CyjieTh co^iepntaTt 
9T0TI 9JieMeHTT>. J^tScTBHTejii.HO TO^itt^ ^" npHHaaJieatHTD nygeK^B 
noBepxHOCTeil /^a^^jM^ + Ags^a;'',^)^», HMtiomsK-i oSmyro oraCaK- 
myH) - passepTUBaiomyEOca noBepxnocTL /(x",m)=^o, rp{x°,u) = o. 
EcjTH BJiocKocTt u" KacaeTca 3ToS pa3BepTfciBaioine3cz noBepxeo- 
CTH, TO ajreMeHTT. (»;'',«•'') uaarLiS HaMB, ()yfleT'j> npHna^jieaiaTb 

KaMtJtOMy B3T> KOHHeKCOBT. Hyica (10). Bt> npOTHBHOMT. cjiyia^ 

aocTaToyno onpejijiHTB A iiai ypaBHeHia /\iC°,M'') + 7i.9:)(x°,M") = t>, 
TaK'b qTu /(a;,M).95(a;°,M'') — ({^^u^^.rp^^^u^^o 

ecTb ypaGHeBie KOHHeKca ny^Ka (10), KOTopoiiy iipnna;tJieacnTTi 
BaaTbiS HaMH ajieMenTi {^^^u") npocTpancTBa. 

EcJtu KOiiHeECbt, onpe;i;'tjraiomie KOHHmi;iean;iio, ire oanoro 
nopajiKa h KJiacca, lo He.3B3a yase coejHnaTL 0x1 ypaBHeHia, 
KaKi. BUiue. KoHHn,nfleHn,ia, hmh onpeji;ijiiieMaa, SyjteTi TOrjia 
npHHaAiejKaTb BciM'6 KOHHeKcaMi 

M.f{x,u) + N.g^(x,u) = 

rji'!fe M bN CHKBaTepHapHwa iJiopMbi nopaaKOB^L w„ — mism^ — m' 
n KJiaccoB^ n^ — n, n^ — n' cooTB'feTCTBeHHo— r/ti m^ an^ cootb. 
HaHOoJibHiia hsi. iace.ix m,m' h n,n'. 

Ho Teiiepb y?Ke He;tocTaTOiHo BSJiTb jtBa KaKHXT.-jiHGo koh- 
neKca otoh CHCTeMLi jJia onpeji^jieHia KO0Hii,ojieHqiH (Mm', jmw' + 
wm', nn'), — HyjKHo b3sti. TpH pasjiH^inHST. KonHeKca, ito^bi ne 
BOuiJio nocTopoHeHX'b KOHniiH^ieHu.iS, h uioCTb, ijToiJLi He Boni.io 
HH ojiHOro noeToponnaro 9.iieiienTa. 

MeTO.^i noJiyieHia coBn^icTHLjs-b HHBapianTOB-L h itoBapiaH- 
TOB^ ^By^^b ^iopwL, npHwIiHaeMHi^ bx cjiywfe flByxx KBa^paTHrt- 
HEi^^b c[iopMTi, — Korjia cocTacJiaeMTi HHBapianTbi ijJopMbi ^+^ktp, 
H K09$c[)nii;ieHTiJ npH CTenena^^B 'K jiaiOTb HCKOMTje HHBapiaHTM 
npHM'ljHHMT. HOOTOMy B^ eui,e Ĕioji^Se orpaHHieHHOM^b iHCJii cJiy- 

•laeBTi, ^^Wh B^b TeOpiH KpHBbIX^ H HOBepSHOCTeiJ, HiJO Sa^CB 

TpeSyoTca paBeaCTBO jiBysi gnceJii — nopajiKa h ijjiacca. Ecjih 

aie »i"Owi' MH w^^n', to ocTaeTca npHM^ĔujiTb jipyrie MeTOAH h 

npeatjie Ecero dphm^ĕhhtl pa3JiH>tnHe HHBapianTHbie sac^iJ)epeH- 
niajibHHe iipoii,eccLi, HanSo.i^^Iie BawHbiM^b hsi KOTOpH^^b an- 
jiacTca npoiteccT. cocTanJieHia nojiap^ ^opMU cp oTHOCiiTejibno 
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iJiopMii f. TaKoe EasBauie ') npnsaeTM Cjri^iyioi^eS cocTaisjiaeMoB 



f' =(f,g)), = aa.>'''a'a''"a^"'''''W~"'' {11) 

(npe;tnojiaraeMX, ito m'~n^ 

IB0T 

BTopyio nojapy 93 oTRocHTeji&iio f. 

a!».''''a'a'"'a^'"'b'ei,"'-a3:'"'~^"'tCa^'~^'"' 

H T. ;(. EcjiH nepBaa noJiapa (/",50) yHniToiKaeTCn TOateeiBenHo, 
(JtopjiH f w (p HasHBaiOTca anoAapmiMU, — -110 TepMHnoJioriH 
Pefle (Crelle's Joiirn. B. 78 etc. F. Meyer's Berieht, s. 180, 
258). Bt. laCTHOCTH upn m = n', n = m' noMpa oCpainaeTca Eii 
HHBapiaBTi affi''"a'a", yHHiTontenie KOToparo ecT& no PoaaHecy 
H IllTyjiH ycnoBie „conpaaieHHocTH" jiByxT. ^iopMi aj"-u^ w 
di^Ua^"'. nocji'6aHiii TepMHHT. npe;ieTaBjiHeTCfl ngiHniHaMi, raKTi 
j<aKX TaKia „conpflHteHHHH" c[)opMbi fl™a:«"a u fl'3,"Ma''" cyTt ({)op- 
MH anojiApHHa ^). 

§ 9. rjiaBHan KOKHUHfleKttifl. .To3/cecmeeMH6;i( KonneECi. i(a,= 

SUjX^ = EH.Il'£jIfleTI. HSt CO' BJieSieHTOBl (X,U) T^, KOTOp&l^t 
lOIKa X JIPHtHT^ B'l) nJlOCKOCTH ff, H IiaKAO0 TO'IKi HOJllHe^eT^B 

ee ate, KaK^B i^eHTpi. cuiisKS iiJiocKOCTea, Ka;KAO0 hjiockocth — 
caMy HJiocKOCTb, KaKT. ocHOBaHie aeaiamH^T. bt. neS TOqeB'L. H31. 
^HCJia 9jieMeHT0BTi KoeneKca (JW,*?), onpea'I;.tieHHaro ypaBReeieMi 
f{x,u)=o T0a;ecTBeHHHH EoeecKci BHJi^&.naeTt i^t co* BJieMee- 
TOBi, Bi KOTopHxi ToiKa H njiocKocTb naxo;iflTCfl B^ coeAHBe- 
HiH. CoBOKynBOCTL 9THS7. 3JieMeHT0B'i. o^pasyCTT. lAaenym kouh- 
UudemiiiK aaHnaro KOHneKca, KOTopafl TaKHMT. o8pa30M'& oiipe- 
^['ijji^eTcs napoio ypaBHeeig 

f{x,u)=o, u^^o. (12) 

') no Stndy (Ternare Pornien). BojiieynoTtieiJHTeJitnMit TepMHiii Cel)er- 
schiebnng iioiiaaerea ei ropasjio Gojbiiibiii Tpyaom nepejiait Ha pyocKiil asan. 

') Boupocy oOi. OMOMpHOCTH bi reopiK kphbhki Boeiiflin.ena KHHra $p. 
MeEepa: Apelaritat n. rationale Curven (IS83). Ki Bonpoey pacnpocTpaHeHia 
ea peayjitraTOBt na Teopiio KOHHeKeoB'L a Hajitioct BospaiHTLCa BHoejitseTBiit. 
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KaataoS toijk^ x nosiHHaeTca b% rjiaBHoa KOBHii;a;ieBi;iH 
KOHH^ecKaa noBepxHOCT& KJiacca n, oraCJaeMaJi uJiocKOCTJiiwH, co- 
OTBiTCTByiomaMa TO^Ki, B HMiiomaji no9TOMy BepuiEey b^b 3to8 
TO^K^ X. KaacAOS n.ioCKOCTH n no^tinHneTca njiocKaa KpHsaii 
nopflftKa m, Jieatamaa ii% 9Tofi ii.iockoct0. ^lepesi KaHisyio npa- 
iiyro HpocTpaHCTBa HposojnTi m + n ajieiaeHTOB-B. BosEMeiis Ka- 
Kyio HH5y;ib npjiinyio, JiyieBUJi KOopAHnaTH ROTopoS cyTt pii, a 
oceBua 7Ti/i H BooSpaaBMt pflji,'b KOHHijecKBXT> noiiep^HOCTeii, 
cooTBiTCTsyiomHSi. pa8Jiii'iRbTini TOHsaMi 9T0i! npsMoS. 05ep- 

TUBaiOmyiO 3THX^ KOHHieCKHXT> HOBepSHOCTGS HOJiyiHMl, HCKIIO- 

laa KOopAHHaTH % H3X (12) h H31. ypaBJieniH, BupaiKaiOHiB^T. 
iTO TOHKa X JiejKBTT. Ha HpsMOil. UsT, Tpex^ ypaBHeHlH 

KOTOpiJil MOiKHO HHCaTt TaKaSG 



X- = {tirrTT). 

H no,iCTaBJiiiJi Ei ypaBnenie itonneKca, npHAeJii kt, ncKOMosiy 
ypaBHPHiio orB6aK)HieS 

ia-U7T7T)"'U,j." = (13J 

TaKHM'E oOpaaoMT., ecAU moum x npoSmaemd npHMym 
ch oceeuMU KOO^^duHamaMu 7Tfj., mo ea Kouycs iJiasmu kouhuu- 
deuiiiu otuSaemd noeepxHocmh {m + n) -w luacca, u npaMan tt 
6ydem^ m-Mpamnom npaMoio noeepxHOcmu. 

ypaBHenie (13) onpeA'iJiJieTT, KOBHpiaHTBiaS paacMaTpHBae- 
MOMy KOHHeKcy {m,n) KOHneKCi c'i> BJieiieuTOm (npHMaii, njioc- 

KOCTL), BT) KOTOpOAIi KaiKJ^OB npjIMOS HpOCTpaHCTlia C00TB'St- 

CTByeTi. iiouepsHOCTB Utz, ornSaeMaa KonycaMH KOHHi(HjieHi(iir, 

Ka^AOii HJIOCKOCTH DpOCTpaHCTBa COOTBtTCTByeT'Ii KOllIIjeKC^ Hpji- 

MiiixT>, Kaaijaa na^B kotopkixt. npoxoAiiT^ ^epesii ojHy hs^ to- 
iGKi, KpHBoii rjTaBHOii KOBHii,ii,ie[min, cooTB'feTCTByion];e3 mockocth, 
itaK-B 9T0 BHjiHo Ho caMOMy ccoco6y HOJiyieHia ypaBHeBia; — cji4- 
SOBaTeJibHO 9T0 ecTb ypaemme Kpueotl iMonoii K0UHuudeH%m as 
AUHeitmmuxs KOopdummaxi, — h6o BOoSme ypaBneHie KpBBoS jiBOJr- 
Koa KPHBH3BH EX JiHHeiigaTij^i. KOopAnnaTax'& nOJiyiaeMT, BHpaataa, 

6 
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iTo npawas LCTpiiijaeT^ Kpnuyto {cp. G. Salmon. Geom. a 3 
dim. n" 316 (D). P. 11. 1892). 

Uos.o6ETsmi, oSpaROMt itoCh noJiyiHTB reoMGTpH^iecKoe m4- 

CTO KpHIJIJXT> r-iaBHOFl KOHHItHaeHIliH, COOTB'tTCTByiOmaXE njtoc- 

KOCTJiMTi ny^Ka, HMtromaro octio HiKOTOpyio npJiMyio p, hckjiio- 
laeM^ nepeMinHHa u^Uj^u^u^ h3% ypaBiieHiB: 

Hsi Tpes^ nocJitisnnxi, naHaeMT, Vi={xpp}i h noaCTaBJiaa 
Bi nepBoe, noJiy^HMi ypaBHenie HCKOMaroreoMeTpH'iecKaro M'6cTa: 

(14) a/"{axppY =0. 

TaKHM^ oijpaaoMi, ecJiu nAOCKocmb u opauiaemca okoao 
aeowauieu e^ ueu npHMou p, mo coomeibnicmeeHnaa Kpueaa iJiaa- 
HoH HOUHmdeHiiiu onucttmemz noeepxmcmb nopadKa m + «, 
UMmKUiyK p n-Kpamnoio npRMoio. OocjiijiHee acBO nai Toro, 
1T0 onpett'ijiHTe.ib {axpp) = Sa-{xpp)i nM^eTi MimopaMH {xpp)i 
BHpaaieHia, o6paui;aKini;iara bi hojiIi, ecJiH ToiKa x jiestHTi ea 
npaMOH p. ypaBBeHJe (14) iipejtCTaBJiiieTi KOHHeKCi ct aJieMee- 
TOMTi (Toiaa, HpsMan) [B'feKO'iopHJi ciioBcTBa KOToparo 5b]jih nsy- 
lenH Boncaop^OMt '] uopaaEa m + » o paera n. ^anHoa npo- 
H3B0.II1.H0 npsMoa p Bi. HeMi cooTB^tTCTByeT^L BHuieynoMaHyTaa iio- 
EepxHocTi,, a Ka^^ioH AaHHoS to^k4 x npocTpaHCTBa — KOMHJieKci 
Jiy^eA w-aro paara, Bci npaM&ia KOToparo Jie^arL b^l hjiocko- 
CTa^i u, ornĕaioma^-L EOHycB rjiaBHoA KOnHn;HjteiTiii[i, iipnnaa;- 
jieataniiS TO^Kt x, h c.iijiOBaTe.BLHO BCTp^igaioTi- ero peSpa. 

JI,jia cJiyiaa?rt = 2, m = 1 (|)opMbi 9TH noJiyieHLi P. Kpayse '). 

'dKhcb yM^tcTHO 6y.neT'L jiaTb eme o^tHH^L KORapiauT-L koh- 
HeKca f', co,nepffiami5 HepeMiunHa Bci^T, Tpe^^L poaobts. Oupe- 

;t'l!JIHM'L UJIOCKOCTL tl yC.lOBiCM^L npOXOHllTL 4epe3X TO'IKy y H 

^) Ueb. eiii uenes Connos im Raiiiue, Bnll, Acad. S.Petersbonrg. SSYII p. 5fiO, 
') Ueh. ein Gebiided.analyt. Geometrie desRiaraes, welolies dcm Coniiex 

2. Ord. n. 1. Ciasse entepriclit. Matli. Ann. X1Y. 8. 294 — 333. lii lo 3ce BpHMa 

9T0— pacnpocTpaHCHie Ha HpocrpaHeTBO TeopeM'i JTHHaeaaHHa (Le^ons de Oeom. 

III, 389),— ^TO Jierge yEHjtTt saaiHas KoopanHaTH HpsHoA oHpea^tJiHTejiHMa 

swh EoopAHHaTi flByxi ea TogcKi y a n. 
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npaMyro ^, — TOrnita no npe/tuayineiiy yi = {ypp)f: To^icy x ycJio- 
BJeMT. JiemaT^ iia iiepeciieHin HisoTopoa njiocEoeTa v ct toio 
Hce npjiMOK) p, KOTopoii KOOpjHHaTiii E036MeMTi TenepL oceBua tt; 
Tor;ia qxi=[u7TJt)^. Mto6h ajieuenrj. {x,u), no.iyieniira0 TaBHMi. 
o5pa30Mx, npHeaji.aeiKajTB /laHHOny KOHHeKCy, toikb ?/ h n.ioc- 

KOCTt V He MOPyTT. OlITb BailTH npOHSBOJltHO, 00 flOJI!KBII BHIIOJI- 

HJIT& ypaBHeaie 

{a^Trjr^^laypp)''^^. (15) 

XaK't KaKi sjieMenTi {x,u) npH siowh Heo6so;tHMo npnHa- 
;[JieacnT't rJiaiieoH KOHHiiMieHiiiii, to STy cfiopMy n yM'icTHO 6ujio 

BMBO/IHTI, HMCHEO 3;i'fiCb. TaS^L KaKT, V H J/ TeKymiS KOOpaHBaTH 

TO MH HMieMt npaeo nncaTi. EjjrlscTO hhxi u ii x, h i|)opMa 

npHMeT'1. BHaTi 

{auTrTT^^^oT-pp)"- = 0. (15a) 

npeanojiaraa, ito {x,u) BjteMeHTii jtaBBaro EonneKca, mit 
no^y^aeMi TasHM^L oSpasoMt cji'iAyK>ui,iS peayjiLTaTi: npnMbia 
npocmpaHCmea, oSAadawu^ia, mtbm ceoiicmeoMz, nmo sadaHHuH 
dMeMenms {x,u)- npocmpancmm daemz oa nepecmeHiu cz mmoio 
npnMow 9JteMeHmz lAaono'^ KOUHtiudeuuiu «OHueKca {m,n), o6pa- 
symmi KOMnMKCS pama m + n. (llepec4qeHie npjiMoti p cb gjie- 
MeHTOM-L {w.y) ecTb 9JieMenTT., cocTaBJieHBU!! im toikh nepecii- 
^enia njiocKOCTii u Cb npaMOio p h n.i0CK0CTH, coeaHHaiomcS 
npaMyio p CL toikok) x). 

CaMO no ceSJi ypaBHenie (15a) onpea^JiaeT^ KOHneKCB ct 
gjeweHTOM^L (Toiita, npawaa, n.iocKoeT&) nopajiKa n, K^sacca m 
H panra m + n. Bt> 9Tofl KOH^nrypaniH Ka^AOMy SJieMenTy (3;,m) 
!io,iiHHHaeTca KOMHJieKCL {m + n)-TQ panra m Kas/ioii npaMoS — 
EOHHeKci {n,m). Ecjih cocTHBiiMt wa cooTB'tTCTByiomaro EaRoii- 
HHSyjiL npaMotS p KOHDeKCa {n,m) ycjionie ero anojiapHOCTH ot- 
HOCHTejii.iio Hn.xo;[naFO KOHHeKca, to uoJiyiHM'L ypaBHeaie 

{ab^^TTT^^^^a/Spp)" = 0. (16) 

SaM^THB^, 1T0 3A'ScL caMiiOJiH a,a h b,^ coBOpnieHHO paB- 

IIOSHaiymH, H 0SM'feHX MCaiAy HHMH UBOaHTT. MHOatHiejIL ( — 1)'« + ''^ 

3aKJiioiaeMX, wo npii m + n HeieiHOMi eia <J)opMa ToatecTBeHHo 
paBHa Eyjiio, KaKoea Gli hh Gijjia npaMaa p. TaKnux oOpasoMt 
ecdu pams ijtaemii «ounmdeHtiiu KouHCKca {m,n) ecmb uucao 

6* 
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wiemme, mo ecmoii npaMoH npocmpaucmoa npnHadAeoicum-5' 
cocmameHHuu ebuueytcaaaHnUMi cnoco6oMs kohh€kcz (KOTOpaB 
KaaoBeMi. esauMuuMi saHHOwy) anoMpubiii omuocumeMuo ucxod- 
uaio. EcAU iwce tmeHaa KOUHuudeHiim Gydem^ HemHato pama, 
mo ano.mpHUMU daHHOMy 6ydym^ moMKO mn eio esauMUue 
KOHueKcu, Komopue npunadM<Hcam^ npnMbiM^ «OMnjieicca, onpe- 
dthJteHuato ypaenenieMs {16), 

IIpH BHnoai KOBapiaHTa {au7T7T)'"{axpp)'* mohcho 6ijjo 
ne npesno-iiaraTi,, qTo :T,i h p^^ oanaiaEOTTi coOTBiTCTBeHHo oce- 
bhh h jyieBbia KOop;tnHaTH OAnoil n to3 jko npanoH; — jHOiKno 
cinTaTi., HTo 9T0 KoopjHnaTu ji,Byx% pasjiHiHLi.^T. npjiMHsi, Torjta 
yaie 3totii KOBapianiT. se SyAeri. npnnc^iMTb ki. SjieMeHTaMi 
rjiaBEOii KOHHi],HH!ieHi;iH, ho HOBapiaHTHaa no oTHomeEiio k'l oa- 
MOMy KOBEeKCy CBOHCTna cospanjiTca. Haate wu BOcnojiLSyeMCa 
3THM1 saMt^aHieML. 

~Ea!K;iowy EOHHeKcy cooTiiircTByeT^ coBepmeHHO onpeA^- 
jiennaJi rjiaBnaa KOHHHH;ieHi(ifl. Ho ;iaHHaa rjiaBHaa KOHHitHjiee- 
Hia npHRaAJiejKHTi. ho o^inOMy TOJisito KOHHeKcy f{x,ti)^o, ho h 
BCAKOMy spyioMy, KOToparo ypaBHeuie hphboahtch ki BH^y 

f+M.u.^-=o, 

rfl'S 31=0 — ypaBHeHie KaKoro ^1160 KOHHOKCa (m — 1, n — 1). 
npo03BOJiLHOCTi.io DOCJi'fcM)iro MU womeMt B0Cn0J1.30BaTtCa JlJia 
ynpoiueeia KonneKca, KOTOpiiii KJjaaoMi bt. ocnoBy npn HsyieHin 
saHHori rjiaBHofi KOHni^H;?eHi(iH. Mu MoateML, Hanp. ynHiTOJKHTL 

m.m-^ 1.m!-f2 n-n + i.n + 2 



Kogt^^u^ieHTOBt KonHOKca, TaKT. ito r-iaBnaa KoiiHn;n/tci!D;ia aa- 

BHCHTt TOJIbKO OTT. 

w+l.w+2 » + l.» + 2 ffl+M + g 

- TT) X T-^_ X 5— U'; 



nocTOSHHLisi; mojkho HOCTaBHTi. H ;ipyria TpeSoBaHia. 

Mea;;iy KOHHeKcaMH f + M.u^. Ecer^a cyii!,eCTByeT'L ojhh-l 
HopwaJiijHaro Bii^ta. /i^^ScTBHTejiLHO, KaK^L noKa^aj^L rop^^an^L 'J, 



') Deb. Combinauteu. Hath. Arni, V. s. 95. S/tJci $ i a cjita. 
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BCJiKaa ijjopsia f{x,u) noiKeTi 6aTi> pasJioateHa Bi ims.T» no a,^- 
jUMii H no.iontnTejibBtiwt cTeneHAMi m^, TaK^ iT0K03$ij)H!i;ieu- 
TH pas^aoHieHia cyTb ({lopnH f„/^,--. HopitajiE,Baro Bnja; TaSHMi 
oCipasoMTi, ecja /^^ — nepnui! 'ijiem, 9TOro pasjioateoiE, to 

f-=f„^M.it^, 

H paaejiaTpnBaa rjiaBHyio KOHHmi,^eHniK) KOHBeuca f=o Moaten^ 
onpeA'£jiaTL ee ypaBueniaMH 

iix =o; f^^o, 

Tni^ f^ yxe (|iopwa HopiiaJitHaro uojta 

§ 10. CBOab r^iaBHOH UOKHUHASHUiH CL ypaBHeHmMK Bl} HaCT- 

HbixT> npoH3BOflHbixt 1 nopflflKa. OcodeHHHa nnTepect H3yieaiio 
rj7aEHEixTi KOHH^HseHiiiS npnaaeTt to oGcTOSTejitCTBO, ito ci 
EaiKjioio rjiauHoa KOHBii;njieun;ietS cBHGaHo H'iKOTopoe aa^^epee- 
iliajibaoe ypaBHeHie bt, laCTHHKs np0E3B0HHHX'i, 1. nopii;tGa, 
KT> KOTOpOMy npa^eHi c.Tfi;];yioui,HM% oSpaaoin.. 

IIocTpoHMT, BTi ToiKi X DpoCTpaHCTBa npHHa^i.ioaiamyio ea 
BT, r.iiaBnOH KOBnii,i!AeHiiiM 

/ = 0, tt.c = 

KOHngecKyio nOBepxnocTr,, — oraCaeMyio Hpoxo,naiHHMH lepesi 
ToiKy X njiocBOCTaMH, KaeaiejibiibiMH kt, noBepXHoeTB TJ, npnoa;!- 
.leiKaiHeii TonrĔ x ex KOHHeKci; f=o, — a BOSiMCMT, itaKyio-HH- 
Cy;(L ESi i0CJia9Tax'ji co'njioeROCTei5. BosbMeMi w-T^e 9JieMeHTT. 
{x-\-dx,y, + du), 6e3KOHeiHO-0jiH3Kig k^b {x,ti) h BLinojiHaioui,iS 
ypaBHeHie {u+du)xi.dai=o, 

IlycTi, ToiKa x-i-dx jiesiHTT. b^b njjocitocTH w, TaK^, ito 
*'ar-M/x = <'- TorAa npefliJ.i(yHiee ypaBHeHie, EOTopoeMomio nncaTi> 

^x*dx + ■^'^w^(% + <i^i} = 0, 

OpHMCTl BlUli 

Sdui{Xi+dx.)==o, 
H.iH ecjia OTGpoCHMii HJieoLi BTOporo nopa^Ka MajiocTH 
S^-du^^o. 

TaKB KIK^ #^=0, TO OTCIOJta HM'LeMT> 

= M^ + Sx^clu^^S{u. + ^uf)Xi 
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T. e. nJiocKOCTE, u-hdu npo^oAiiTt iepe;ix TOUKy x. Z[i]a TaKie 
deBKOHe^BO 6jiH3itie 9JieMeHTEi Has. coedunenHbmu hjio 3.ieMeH- 
Tajin Bi coeji;HHeHiB. 

Ecjin B03i.MeM^ jtpyryio to^ky iJC + d'x, 6e3K0HeHHo-6jiH3KyK) 
Ki a: H Jieatamyio Bi nJiocKOCTH u, to Tpn toieh x.x + dx,x + d'x 
MOCEOCTi. 9Ty Bnojiu'£ onpei^SjiaioTi, 'raKi ito Koop^iiHaTH ea 
BHpaBATCa: 

<j.ni=={xdx(l'x)-. 

YcJiOBie, titoSei iijiockocti. 9Ta 6tiJia KacaTejitHOio e'& KOHjcy 
rjraBHoli KOHHiiHjieDHiH, 6y;iert: 

f{x,{xdxd'x))^^a^"' {axdx(fx)"- = o 

nepexoAa OTi TogKH x R-h cociJaHea c% neio To^i&ix+(lx, 
jiejKanieH b^ hjiockocth n, h onpe.n'ijias 5e3KOHeqHo-6jiH3Kyio kt. w 
n.ioeKoeTi. u+du, nposoaamyio iiepe^^B x + dx TaKii, iTodu 9Jie- 
MeHTH {x,u) H {x + dx,u + du) 6ism bt. coejtHHeHiH, h sjieMenTrt 
{x + dx,u + du) opHHa^tJieHiajiT. paaCMaTpHuaeMoB rjiaBHoS kohh- 
nHMeHiiiH, n noBTOpaa Tome nocTpocHie jtJia BC'fcxi SeBKOHeiHo- 

6jH3KHXt Kt X TOieKt HJOCKOCTH U, BaT^iM^L HJIil BCilXT. TOICKTi, 
0e3KOHeHHO-6jln3KHX3 K'^ 3THMI TOIKaM^B H JiefflaniHX^ 8t HJIO- 
CK0CTJ1XX, GeSKOHeiHO-MajlO yKJ10HflK>mEXCa OTT^ tt h t. j,, ho- 

CTpoHMT. DocTeneHHo noBepxHOCTii Ho 6e3KOHeqHo - MajiHMt es 
gacTjiMT, no;to5RO Towy KaKi KpHByio orH6aeM%, nepexofla OTt 
ii'iKOTOpoit ToqKH ea kt. apyroR, AesKOneiHO Kt neii f5jiH3K0if, 
no HiKOTopoa npHMoS, — KOTopaa 5y,ieTT. KacaieJiBHoS Kt Kpn- 

BOH B^L UepBOH T01K'i, HOTOMI. OTt ETOpoS T01KH KX TpeTBei! 

no npiiMOH, OesKOHeino-Majio yKJiOHaiomeHca otti nepBoA h npo- 
x0Aiin^ei} lepea^L BTopyio ToiKy h t. ;i;. 

Toiua H SeaKOHeiHo-MaJiaa niou;ajKa na npoxojiaHie3 ie- 
pesi nee hjiockocte o6pa3yiOTX „3^16^01311 noBepsHocTH". Eoop- 
SHHaTM x^..x^, ToneKT. HOJiyjaeMoii TaKHM'B oGpasoMt noBepxHO- 

CTH CyTB ij^yHKItiH ^ByS-B He3aBBCHMtlS'& nepeM'i;HHHxx, — 03Ha- 
iJHMX 0X11^,^3, 9T0 OyjiyT^L H^iKOTOptlJl (|»yHKIliH OTt Xj..X^y 

BHji^B KOToptJXT. o6ycJioB.5HBaeTca TpeSoBanieMi npHHa,i;jieaiHOCTH 

3.iieMeHT0B't nOBepXHOCTH Kl KOHHeKCy. 
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TIpO03BOJii.Hociriio BH6opa npnpamcHiH dx ii d'x BOcnoJit- 
syeMCa, 'ItoOh BsaTii 

odx- = -^d^, , pd'Xt =- '~rdi\ : 

M; oitasLiBaioTca nponop^ioHajBHa oiipes^SjiHTeJiaMi. waTpBi^a 



dx, dt. 



dr, 



di, di, di, di, 

ds, dr^ dx, dr^ 
dE df, df, df, 

dx dx 



YcjioBie, iTo6u gjieiienTt ( x,{x 



dx \\ 
dij) 



KoaneKcy, HanaureTca. 



„, , dx dx \\ ™, dx dx •. 



■ di, di. 



di, dh' 



npHHasJieaiaJit 



(I) 



Bt qacTH0CTH, ecjiH E03i.jieMT. npaMOyro-iLHKJi KOopjiHEaTU,- 
Bcero npome 

X, =S, ^3=y, iT^ =!C, ^:, = 1, 

a sa l^, H ^^ EoaEMeMT, y yix, a osnaiHMi ;i.ia KpaTKOCTH 

ds d2 

■ — =p, -^ = q, 



TO noJiyiHMi 



= 1 : 



-q:-p : px + qy-s, 

H npejtHSymee ypaBHeEie npHMeTi. bha^ 

fis,y,x,l; i—q,-p;PX- + qy—e') = {!'). 

MoatRO 5tiJio 611 ncsonaTL Hst ;iBoScTBeHHaro npejiciaBJie- 
hIh: B3STL npHHa;(JieKamyio niiKOTopoii hjiockoctb u njiocKyio 
KpHByio C„i fla iieS lowy x; saTiMi lepesi nocJiiaHioio ;ib'Ĕ 
6e3KOEeTiEo-6jiH3Kia kt, m hjioceocth u + dti, u+d'n; Tor^a ko- 
opAHHaTu TOHKH X BupasaTca pxi= {tidud'u)i. 
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BepeM-Ei njiocKOCTn u + du etc, 6e3KOHeieo CjrHSKia ki u, 
H Ha jieaiaiH0Xi. btj hhkt. KpnBH^i rjiaBHoH s.oaau.wji.eiia.ia to^kh 
x-i-dx TaK^, iTo6u sjieMeHTU (a;,w), (^+t^a;, M+i?i()HaxoABJiHCb 
BX coesHReHiH; ci TOiKaMH 3!+t?:r noBTopnMii T'fe-a;e nocTpoenia 

H nO.TyiHMT. TaKHMTi oSpaaOMTi H^KOTOpyiO nOBepXHOCTt, KOOpjlH- 

paTH KOTopoH cyTi. <^yHEi:i;ia napaweTpoB^ ^,,57,. IIpoHSBOJib- 
HOCT1.10 Ma-itis^ npHpauieHJS di(, d'u MOatao BOcno-itsonaTiica, 

HTO61J BSJITIi 

().dui = -^dTi^ , 0'd'Uf = -—dr,^ ; 



TaKKMT. oGpayoMi 



dri, 



o'x, -= (u — ■ — - ) 



BHOca 9TH seageaiji Bt ypaBHCHie KOeneKca, nojiyiiJM^ 

(au 1 '"^," = 0,— (II) 

ycjioeie, ito^ei ToiKa iiepeciiieHia n.iocKOCTe^ 



Jiemajia HaitpHBoa C^ ,upHna,i.ieH:ameg n-iiocKOCTaM bt.{12). 

Onpe^tjriieMaa aTHMi ypaBeeeieMi ceMta noBepxaocTe9 
xapaKTepH3yeTca rini-h, y:TO Kaamaa usi KacaTejiLeuxT. ki HHMi 

nJlOCKOCTeĔ U HM'feeTT. CBOeiO TO^KOIO HpHKOCHOBeHia X — OAoy 

H3't ToieK^ JieKameil bi, 9toh mockocth kphbo^ rjiasHOH kohh- 
HBAeHriiH KOHReKca f=o, hhumh cjioBaMH KavKAaa HSi iioBepx- 
HOCTeS 3Toft ceMBH nOKpMTa 9.ieMeaTaMH 9toH KOHBi(Rj[eniiiit. 
Cji'6;iOBaTejbHo, ecJie paaCMaTpnBaTb 9TH noBepsaocTn, KaKi 
MicTa TO^eK^B, to Kaataaa TOiKa x raKoi! nOBepxHOCTH HWĔCTt 
cBoeio EacaTeJibHOK) o-iHy mT> npHeaiJie;Eaa[HXx aioil toik^ bt. 
pascMaTpHBaeMoS KOEHi;H;ieHe;iH HJiocKOCTeti, — KacaTe.iBnti^i k^^ 
KOHycy 9Tofi rjjaReou KOHHi^iijieHiiin, Ho laKHMTi HMeeHO cboS- 
CTEOMi B sapaKTepHSOBaJtacb ceMba noBepxHOCTefl, onpejiijiaeMaa 
ypaBBeHieMt (I); detb smu ceMm nodepxHOcmeii, cji'fesoBaTeJibHo, 
momecmeeHuu, u ypaeueHie {11) ecmb mamMS oOpasom du(f><fie- 
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peHttia/ibHoe ypameme es maH%eHii,iaAmbixh uoopduHam,ax5 moH 
caMoa cejubu nosep^mcme^. ypaaHenie tcomopoU ab mOHemibm 
KOopduHam<ixi ecmh (T). IIoBep^HOCTiiM^ 9tuw& 6y;ieMi iipHjta- 
BaTE no9TOMy HaHMeHOBaeie noeepTuocmeu imem^ Koumiudeu- 
uiu KOHHeKca f=o, \i.m eTo uHmeipamHbtXi noaepxHOcme&. 

Bi. laeTHOCTH, ecaH npHMeMx Wj = l m 2H r;^,7}^ BosLMeMt 

u„ = u, u=v3n030iRUin>u=w, ■ - =P, — = to 

ilu dv 

Xj : x^=x^ : x^=F.u + Q.v — w : — P : — Q : 1. 

IIo^ieTaBJiaii BT, ypaiBHeeie f(x,u) = o nojy^EMi: 

f{Pu + Qv~tv,—P,— Q, 1; 1, u,v,tv)=o {11')- 

ypaBHenie TOHtecTBenHaro KOHHeitca, t, e. yciOBie, hto 
TOiKa {x,y,s) jeKHT-B na njocKOCTH {u,v,w), npiiHHMaeT* bhjii 

s+ux-^vy+w = (i, 

H MLI HM'ieMT. CT> O^IHOS CTOpOHU 

dx 
«X apyroB: 
d\ 

<lu 



') Bx TaKnsiTi Biij,t nepexo,Tt ot^l aH$$ep. ypaBneHia btp lacTH. npoH3B. I. 
nop. B^ To^eiHBst EoopaHHaias-i. kt. TaKoMy aie ypaBHeHiro m, ii.iocKoeTHHst 
jtans ro, ilJTOKKejjojjj^ xoTH Kattt aHaauTBMCKiii ^hcto BCKyccrBeHHHA iipieM^ 
BTO npeoCipasoiiaHie seTpi?aeTCJemey,Jmjja»a";o(ilĕii). Rnr les iiitĕgrales parti- 
euliĕm ete. Meiri. Ac. Berlin. 1774); JlesaHap* npKMiHJiii ero k^ ptraeKiio h4- 
KOTopHKi BonpocoB^ BT.. TeopiB KHHHMaJiBHHii noBepJLHocTei <8nr l'ĕanat. ita 
la moindve surfaee, Mera: Acad. Paris. 1787 p. 30!)), s noToiEy oho uojtyunao 
HasBaHie npaoGpastiBaHia Jle^aHjipai Mohk^, KaK^B yitasHBaeTi HlHJib (Aper^a 
Jiistoriqne Note XSX), saHKMajictt BonpoeoM'& o "BsaaMHHsi noBepsHOCTjtii», — 
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ycTaeoBJieHHaii TaunMi o^pasoMt CBaai. iiestAy rJiaBHoio kohei],h- 
jieHi;ieio u ;iHc[)$epeBitiaJ(tHUMT. ypaeeeHieM-b l.nopaasa Mo^KCTt 
6biti. i|)opMyjiHpoBana TaKi: nycmh dam du0cfiepemf,iaMHoe- 
ypaeHeme nepeaio no-pndKa 



5(^,j/,3;, 2,^) = o (a) 



KOTopHa eBAsaHH neatjiy cofioio ypanHeHinMii x'=p, ij'=q, !:'='px-\-(iy—s 
(3],)/,a— TOiKa nepBoS, a:',!/',^'— lo^Ka «TOpofi), iio 5i0Myap'i. ero oeTajca HeHane- 
^aTaHHHMi,— KpoMi Sttraania nojituieHHaro e'l iV Z3a, Applie. de I' Anal. &. la 
Geom. {1809 r.). UlaJib sautgaeTt npa 8T0JI1, ito reoMeTpniieeKH TSKoe lipe- 
o6ps30BaHie npencTaBJiieTT nepeso^t oti nOBepXHOCiH ds—pda^—^dy^o Kb 
ea BsaHJiHoi nojiapt oTHOCBTejiBHO napaOojioHaa a;^+y=2i:. IIosaHte na 
npHJiiKeHie laKoro npeo6pa3onaHiji «.t, HMierpHpoiiaHiio ypajiHeHia bi «acT- 
HHSi npoB3Bo;iHHsi I. nopaiKa' yKaaHaaji^ J^e-SIopraHi (Cambr. Pliil. Traiis. 
t. VIII. p. 606—613, 1849). Ho «me bi 1831 r. DjiBKKeps jaJii bo II-OMt Toiit. 
CBonrt Analytisch - geoHietrische Entwickelungen (oiji. II, § 4) nepexojit oti 
AHo|i$epeKKiajiLHaro ypaBHeuIn ceiiiH EpHiiHx'j., 0HpealiJicnHo£ jiE^tpepeHiiiaJiB- 
HHUt ypaBHenieiA^B 2. nopajiiia b^e loiie^HBsi EoopAHHaiaKt, wb ypanHeHiio 
ToS xe cenEK K^HBHs^ Bi, TaHreHiiiajiBiiHi^B EOOpjiHHaTaK^, n b'b tOH'& ^e 
rojiy Bi 5 2 CBneJ «Note snr nne tliĕorie geiierale et noiivfllle dea stirfaces 
eourlies (CreUe'8 Journal B. 9.) pacnpocTpauHJit 3to npeoApaaoBaHie Ha ypan- 
nenia bi ^acTHHst upoHaitoaHHsi, 2, uopsaKa et 2-ua ueaaBHeHJiHiiH uepeMi- 
HaMB,— T. e. jiajii Hepeiojti. oii ypaBHCHia vh T05eiHHXB KoopaitHaiasi. 

/■(a;,2/,3.ji,9,r,s,()=o 
Ki ypaiHeHiio e-k HJioeitocTHHs:^ eapyateeTBeHHHST," EsaTHJiT, TOieiirniiit: 

"=f(-^-Q< ^ Q+F>t-^^-^H-^, ^rz^f s^-jij' s^z:ĕj') 

Hcxojia H3I ypauHeHia 



OTBtTHM^ jtaiSe, 1T0 BTi lOMi, MB II otaI Ji* Aual-^eoiii Bntnickelnngen t II. 
IlJiHHEEep-B iiii^Tb aBl TsipeiiH, H31 KnTopiJ'(Ti nepnaa Emh TO^By KpKBoi 
F(\iil a}=f osHaiHMi (y , ') to Bci EpHBHa F(ii',''','" v)=o KaiaioTca ojiho& 
E ToS ace npaMoĔ io=b, v=n — Jlpyraa leopeMa nojiy^aeTia, eiJiH ii,v He 
TaHrPHniai&Hsa a TaR^e To^eiHHa KuopjtHHaiH UepBy» TCOpCMy mojkho 
iiHiaTB nepBiJMi i KaaiHiesii na Ty oOJiaLTE H^cjitflOEaHift KOiopia uTKpn- 
Ta RneoiueBHME yueuieMi o KiHHORtas^, BTfpia Hi^njuTci e-b tikomt ace 
oiHOHieHiH Ki ciaaaHHoi jtpyrniii ^iieHHKOMi ItJiEJKKepa Co^jiicome JIk 
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.IIpedcmaouMs eio nods eudoM^ 

f{z,y,x\ —g, —p, px + gjj—2) =0, (b) 

■Hmo MOMeim 6umb cdtbjtam SesmicMUHUMi Muoo/cecmeoMs cno- 
coGoet ') . Toida oceoff03Kdcuuoe onts 3HaMeuamejieiJi- ypasueuie 



oyaerm ypasueuiCMi moio KomeKca, unmeipaAWbtii msepxHocmu 
mmopaio ydoojiemsopsiwmh ypaeHemio {h), ujiu umo modtce 
ypaenemKi (a). 

TaKoe iipHBeAeHie jiHiJ)cl)epeHi(iajibHfc]Xi ypaBseHiS kt. oaho- 
poAHHM'£ nepeMiHHHMT., ocoCeHiio BaatHoe npH HayieHiB onpe- 
;tijiJieMHXi TaKHMH ypaBHeHiaMH K0H4inrypariiff, HsrheiTi anaieHie 
H j(M Teopia caMiJX't ypaBEeHiii. IIpeiKjiG Bcero oho npHBo;tnTt 
HaCL ecTecTnenHbiJiTi oSpaaoMTi kt. tomj o6o6c;eHiio HOHSTiji hh- 
TerpaJia, KOTopoe nrpaeTi TaKyio cymecTBeHnyio pojii. Bt paSo- 
TaK^E C. Jia. ^'tdcTBHTe^ibHO, ypaBHenie KOHneKca bhojih'^ chm- 

MeTpHHHO OTHOCHTeJIIiHO KOOpJlHHaT^B T01KH H MOCKOCTH, H MH 

MOKeMT. npe;icTaBjaTE ce5'i ceMbio HHTerpaJii.Ha^t noBepxBOCTeri 
ero onpea^^lijieiiHOio ypaiiHCHieMi Bt KOOp^nnaTas^L toic^heiki 
EJiH njioCKocTHLiXT.. Ho Bt nepBOMT. cJiyia'Ii o6tiiHOMy onpeji^t- 
jieniio, 1T0 p'6iHeHie ypaBHeuia (a) ecTt TaKaa noBepxHOCT6 

S = ii{X,y), HTO HpH SaM^^Ht BTi g) BeJIHiIOH'& Z, p 'R q COOTB^ĔT- 

dfi. dil 



TeopiK npeo6pa30BaHiM npHBOCiKiEeHiir, KOTopoft aiH KOCHesica m aaainiit- 
mcMT.. MeiK^ty tSm^b hh niara, hk Hoprair'i., iiB uo3,ui'lie 0. B. Opjios^L iMai, 
C6, T. III, c, 167), Me Cowaii (Proc. Edinburgh. Matli. -Soc. XI p. 3) Aaae ne 
ynoMHHaioni o IIjiiOKKept, a JlHHAesiaHHi yKasHBaeTi tojibko na uoajiKMinyio 
System der analyt Aeometrie des Kauniee, 1846. 

'1 H Lauiont (Ttait^ d'analyae, t. V. p. 104) uoJiaiaeTi, ito saatHaa 
KOHHeKCB f=o KOHHeKcoMi f+M..ux=o, uo.iy^HM'i apyroe aH$$epeHiiiajitHae 
IpiBueHie KOTopoe noKeTi BaHie EHTerpupoBaTtca. 9to ho Bipuo: BctM'ji icoh- 
Hehiani /+Jlf Mj=o npBuajtJieKnTt ndm u mcaice r.iaBHaa KOHHHitaeHL;ia, 
II iitj,OBaTeiiiuo 0flH0 a Toate mnJif|)epeHu;iaaEHoe ypaBueHie BHaa(a), ho tojie- 
10 pasjiniHHsii oOpaaoJii npeacTaBJiaeiioe hoa^b bhjohs (b). 
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atecTBo, Ee iipOTiiBop'ijHHra npcjtnojioHteiiic, ito !)Ta )iORepsnocTi> 
^=Sl(x.y) ecx5 noBepxEocTfc pa3eepTLiBaioin,aaca. ^BoiicTiseeHLiMi 
oCpasoiMi, KpHBHa jiBoaKoH KpHBaaHLi HoryTt jiBHTi.c.ii pliiiieHiH- 
MH ji:Hc|)({)epeBiiiaJtbHaro ypaBHeiuji 1. nopiiAKa b^l njiocKocTHHST. 
KOop;i;HHaTaXTi (11'} t. e, bkoahti, bt. hhcio HnTerpa-itHusi no- 
BepsnocTeii 3Toro ypaBHenia h cJi'ij;oBaTejiLHO ypaBneeia (I'), 
noToay ito no npeAtaAyHi;e.My cncTeiiij HHTerpaitHus^i iioBeps- 
HOCTeR (!') 11 (11') coBna^aioTi. TaKun^ oSpasoiii. uHTerpart 
ypaBneHia 

5D {s,'y,x,p,g) = (a) 

jioffieT'£ 6iin oiipe;i'£jieHi ne o;timM'E ypaBneHieM'^ bt, roiei- 
HHXT. KoopjtHHaTasi, a JiByMs, H jtaiKe Tpeaa — bi tomt. lacT- 
HOMi cjiyia'^, Koraa iiOBepXHOCTb — pirneHie (11') 6yieTT. iiepBaro 
Kjacca, — T. e, GyjieT^B toikoio. Bch Tpn iHna TOieiHHXT. o6pa- 
■soBaHiit TpexM'JipHaro npocTpancTBa noBepxBOCTb, KpHBaii Jinnia 
H TO^iKa MOryTt upejiCTaBJiaThca ct ojtHHaKOBtiM'^ npaBOM^B pi- 
iiieHiaiiH ypaBHenia (a). CymecTBeiintiJii anjaeTCa iie incJio 
H3M'SpeHiS HHTerpaji.Haro liHorooSpaaia pascMaTpHnaeMaro EaK^ 
TO^eieoe oSpasoBanie, eo to o6cTOaTejibeTBO, ^ito bs^l lO^ieKT. ero 
n npoxojwmBXTi yepesi. cooTB'feTCTByioiti,ia toheh MoeKOCTei mo- 
.reeMT. cocTaBHTijC0^9JieMeHTOB-£,upa'ieM'b Kaaiue aBacocIijtnieaJie- 
Meeia HaxoAflTca bi. coejnineHiH. ''Ito6i.i BuuoJiHaTh nocJi^hjiHee 
ycjoiiie, t. e. yjioBJieTBopHTB ypaBneHiio X UidXi = o, Baatjiyio 

HB^L CO' TOyeK^L nOBepXHOCTH MOHteMTi COejlHHaTb TOJIBKO Cl Ka- 
CaTCJIBHOIO K'B HeS B^L 3X01] T04K'6 nJiOCKOCTtlO; Ka'(KJ[yiO HSt co ' 

TOieKi KpHBO^ MoateiiT. coejinBaTb cb KaatjiOK) HS^b co' njiocKo- 
CTeS, npoxojiaoiHX'B lepesi KaeaTe.fli.Hyfo k-b kphboK bi 3T0il 
TOini, H HaKoeerii. jiaHHyK) T04Ky — cl Ka^^jiOH) H3t co' npoxo- 
jiainoxx lepeat eee njiocKOCTeii; bo Bcb^i; Tpe^i. cjiyiaa^t ho- 
jtygaeM-s co^ ajieMeHiOBt ( TOiKa, njiocKOCTb ). Co(]^ycT. JIh, 
nepBua jiaBuiiil TaKoe oSoSnieHie noiiaTia uHTerpaJia, cbojihtt, 
j[ja of5ui,aro oSosHaieeia bcS^-b TpexT. THnoBt TepMnn^s „9Jie- 
MenTHoe MuorooSpasie" (Elementmaniiigfaltigkeit), jia^aa eMy 
TaKoe onpeji'liJieHie: nenpepUeuaii coeoKynuoGmh %4aeubixs SAe- 
Meumoeh nAOCKaio npocmpaucmea Has. sAeMenmHUMi MHOtoodpa- 
-siem, ecJiu cucmeMa ypaeHeui^, onpedmawuiaH smy coeoKyn- 
uocmb, ydoeAemeopnemz ypaeneniio llff}a0<fia 2! u- dxi = o. 
Oeo OyjieT-B g - ro HBM^lipeuia, eciH coctohti na^b co^ ajicMeu- 
TOE'B, H C. :iH osHaiaeTi. Torjia ero 8ieMeBTT,-itfj. 
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JIiiJiiieTca Eonpoci, CKOJitKO pa3JH'mEixt bhjiobi 3JieMeHT- 
HEixi MHorooGpasiS cymecTByeTi Bi anilnljepenitiajibHH^T. ypa- 
memS 1. nopsAKa ct, 3-mi nepeMinnHinH, — HciepnaBaiOT^ jih 
TpH BuuieyKasaHHLie iHna Bch £io3MO}KHKe, hjih MoryTi 6HTb eme 
KaKie-.5u(io HHue thhu HHTerpa-iEHMST. MHorooCpaaiS. OKasu- 
BaercH, mto KpoMTb npueedeuHUTs mpexh munosi uHmeipaAbHuxs 
MHOtoo^pasi'^, dppiux5 ne cyuiecmeyerm, umu ucHepmimiomcn 
ectb e03M03icHhte munu. 

PaacJioTpHMT, jiiCcTBHTeJiLHo cHCTeMy ypaBHeHiti 

W^{x,u)^o, . . . , u^=^o 

YKOBJieTBopaiomyio ypaBneHiro Ilijiaijujia .Sudx ^ o h jaioinyio 
9jieMeHTij, npaHajtJieJKaHiie K0EE^HAeHH,iH f=o, u^ = o. Bia ch- 
CTeMa AOJimHa ^iaBaTb soia ojuio cooTiiomeHie Meat,ny oaehmh x 

H-IH O^lHUMB M. OciaHOBHMCa !i,JS HpOCTOTLI TOJILKO Ba nepi!0M'!> 

CJiyga-t, — BTopoS noJiyiETCa hst. Hero rboectbchho. 

EcJia npHweMi ajia naiaja, qTo h3^ cucTeMH T'F^=o, ... 
noJiyiaeTCJi tojii.ko odno cooTHOmenie 

'P{x^,x.^,x.^,x^) = o 

ne co;iep;Kauiee u^^i^u^u^, Tor^a <Ix^ . . . dx^ cisasaHe o^tEHMi 
jiHmt. cooTHouieHiewi: 



KOTOpoo noaiOMy ;[o.i;kho 6i.iti> TOJKecTceiiiio ct. EUfdx- = Q jiJin 
ccixx sna^jeHiH x,u, y;[OBJieTBopaK)mux'& ypaBHCHiaM^ W^=o,--. 
T, e. BT, cHJiy nocjii;iHHX^ ypaBBeEiii ^ojiaiHO 5utb 

(18) ff.«,-^. 

Ho 81 pascMaTpHBaeMOMT. naMM cJiy^a^S CHCTeMa W^^o,... 
MOKOTi coAepataTE cawoe OojiEuiee Tpu HesaBHCHMUST. ypaBne- 
nia H noTOMy jo.iaiHa 6iJTb aKBHBajieiiToa ipeMi ypaiiHeHiaM't, 
iiojiyiaeMbiMi mi. (18) ncKJiiOHeHieMT) (5 ci upHSanKOio ypaBnenia 
'P^^^ ..xJ = o, — KOTOpoo m> cBJiy sths^ ypaBuenia mo!keo sa- 
M'fiHHTL Tao:e lepesi «^, = 0. KaKOBa Oli hu Oujia 4>ynKnifl •^, — 
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.jiHint ijH ona ne npnEosoact Kt nocTOsnnoR , — ypaBiieiiie 
.2udx = o RunoJiHseTCii. 

9jieMenTnoe MHOrooopasie, HsodpaKaeMoe ypauHeHiaMii 'P^o, 

ffU- = COCTOST^ H31> CT) BJiesieHTOG^B ix,u), KOTOptlKI. T01- 

ita X jieiKHTi Ea noBepsnocTH *P=^o, a n.iocKOCTi. u KacaeT- 
■ca noBepxeoCTH bi stoA toik'!;, — cjaraeica a33 3JieMeiiT0Bi, no- 
KpHBaiomHxi iioijepxHoeT& <P = o. HTao., ecAU ypasHemsi s^e- 
MenmHaM MuotooGpasiH mpexjimpHmo npocmpaucnea dawrm 
moMKO odm coomnoiueme 'P = o MeMdy odnuMU x, mo ums 
' MOMHo damb eudi 

<P[x, ..x^ = o, Su.= fi(i= 1,2,3,4), 
' "* * dx£ 

u coomerbmcmseuHoe s.ieMeumnoe MuoiooGpasie CJiaiaemcn ii3s 
co" dAeMeumoei noeepxmcmu ^P^o. 

EcjiH cHCTeMa ypaBHeeit! W^=o, W^=o,... aaiociaa p'6- 
uieeie saeHaro jH^^ij^epeHriiajibHaro ypaBBnHia n yAOBJieTBopaio- 
iii,aa CJ!'l!;iOBaTeJii.eo "^^&miGEiio Xu-dXi = o, npHBO^iHT^ no hck^iio- 
leeiH u^ wb doyMs HesaBHCHuuMi iie^jiy coSoio cooTnoineHiaM't 

'^,(3;, .'. 3:J = o, ^^(iC, . . xJ=o, 

saBiicjiinnMi TOJiLKO oTTi x^ . . . X,, TO II (?iC; cBasanu TaKaiGABy- 
MJi coOTHomeHijiMH: 

1 — -ax-=^o, i- — -ax; = o. 

^Ba 9Ta ypannenia bt. coc^iEeeHiH ct TF, =0, W^=o,.. AOia;- 
nH npHBOitnTL Kt Su^dXi=o, a noTOMy yiiOMSHyTaa cHCTeMa, 
KpoM'Ii <P^^o, "P^^o jioji/KHa oSnHiaaTB enie ypaBneHiii, koto- 
pHJi noayijaioTca 110 HCK.iioieHiH ^,, ^^ h C h3X ypaEHenii}: 

(19) (}u, = \'^ ■ 



08paTH0 , nyCTb ^anij ^tsa npOHSBOJiEniJKt cooTBOuieHia 
"^1(^1 • ■ ^i)=o, ^'Ja;, . .xJ=o Mejn/ty o;i;nHMH x. Tor^a ee.iH 
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ypaBHeRia (19) cobm'£cthh Meajjiy coSoio e c-l ^, =o, <P^=o, 
TO HCKJiKigaa \, \ hst. 9thxi ypanHeHin nojiy^nMi Heo6xojj,H- 
MO CHCTewy ypaBneHiii, yaoBJieTnopaiomnKt ypaBHeniio II(i>afj)tfia 
J^jtj-ffej. = 0. Ho >]To6iii ypaBneniji (19) Ohjih cOBM'icTEij ch 

^^=0, ^,=0 H B03MOSCH0 6h.10 HCBJIIOyRTL H31i HHKl G,'X^ ^\, 

xOTa o,iHHX mi, onpe;cfcjiHTejieR waTpBrtti: 

d^, d^, (10, d^, 

dx^ dx^ dx, dsc^ 

d^^ rf<P, d^, d% 

dx, dx^ dx, dXi 

AOJiaieH^ ne yHniTOi^EaTbcs Bi CHJiy 'P^^o, <P^^o. Bt cHMiie- 
TpngeoH ijjopMi noJiyiiiMt He^ocTaiomia ABa ypaBneniji sh jio- 
noJiHenie ki ^, =o, *P^=o, npHpaBHHuaa nyjiio KaKie-JiHt5o a?.^ 
HSt <ieTHpexi onpoA^JiHTejeB MaTptmn 



d^, d'P, cW, d'P, 

dx^ dxi dx, dXi 

^ ^ ^ d^ 

dx, dx, dx, dXt 



Oia CHCieMa Bano.snjieTt ypaBHenie nij)ai|)t['* SUjdx-^o h j;a- 

en Meat^y ojihhmh x tojesko a^a coorHouieHia *P,=o a<P^^o. 

Ecjio me Bcb onpe^^ijinTeJiH nepsoH juaTpHn;^ cyit HyjiH, 

TO BCi ■' npOnOpniOHaJIbHH COOTB-ETCTBeHHHMT. ^, HMHHM'B- 

dXi ^ ' ^ dXi 

ewt TaKHMX ofipa30MX He ;tBa HeaaBHCEjJtisi cooTHomeHia Meatjiy 

x,.,.x,, a TOJiBKo OAHO, H BOsnpamaeMca Kt TpeTteMy cJiyiaio. 

He TpyAHO noKasaTS na caMOMi. ;i'.bxi, ito npn BUoieoaHa- 

TCHHHst ycjOBiax'B MH HpH^ieMTi Heo6xo;inMo KT. ^eTBipoMTi ypau- 

HeniBM^. Jt'biiCTBHTejitEO, KpoM'ii ^,=0,^^=0, 5y;(eMi HM^tTt, 

-, d0, -, d(p. , 

TMHo-^Kaa ow,.== A,— i -f A„— ^ cooTB^ETCTneniio na t- h cyMMHpya: 
' ' dXi ' dx; i i f: 



^■.^(j,^ a'. <^, +'^^,^-'P.^, 



T. e. TaKTi Kait^ yjKc 'P, = 
Henie. SaMtTHBi ■id.rhwh 



'0, ^P,^=o, To 'Un^o, — TpeTte ypaB- 
1T0 IiC'fe ICTHpe Koop;^HHaT&i X,.. .x^ 
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d1>, 

ix. 


ilx. 






dx. 


d0, 

dx. 


1«. 



He MoryTT. 6uTh osHOBpoueEEo paRiiH nyjiio, Taira tito oAHa no 
KpaSHeS ia'ip'fe, — ranp., x^ — /lOJiJEea 5tiTi, OTJHiiHa OT'i ayjiii, 
pasCMaTpHBaeMyio MaTpany aiomeMT. npHBGCTn ki Bii;[y 



H;IH BTi CH.!iy ^^=0, *P,^-- 



dx, dx^ dx^ 
dtp^ d^ d0^ 
(te, dx^ dx,i 

EjlHECTiieHHEiH oTjiHinaH OTh nyjiii 0!rpes'feJiETe;ib aTOH Ma- 

„. d0, (f0„ 
TpHi^iii ecTi. 2.±M, -r-^ . — -, H Mia EpE.i^eJiB TaiCHMT. oopasoMi 

KX CHCTeBi'1 HeTupexTi ypaBHeniil 

0=0. 0,^0, Ux = o, D. 



' ^a^a dx. 



1. H T. A- 



9Ta ciiCTCMa ypaBnenia npe;[CTaBjiaeTT. ajieMeHTHoe MHorooopasie 
M^, KaatAuA DJieMeHrt {x,u) KOToparo CJiaraeTCa h3i TOyKn x 
KpHBoS, onpeaiJieHBoH ypaBaeHiaMH 0^=o, 0^=o, h hsti hjioc- 
KOCTH u, npoxo^aH],e3 qepe3f. KacaTeJiBnyjo kt. kphboh bx 9Toii 
TOiK'fe; MOstBO no9TOMy roBopHTB, HTO onpedmeHHoe mnucanHu- 
Mu ypaeuemaMU sAeMeHmme MHoiooSpasie cocmourm uas oo* 
9.ieMeHinoei npueoU 0^ =o, 0^= o. 

OcTaCTCJi onpeA'l')JiHTB Bc*i DJieMeHTHHa MHOrooSpaaiH, ast 
ypaBHeniH KOTopw^^B no.TyiaioTCa TpH HeaaBHCHMU^i cooTHOiue- 
Hia Mes[;iy ohhhmh a:,— KOTopuji cji^iAOBareJibRO ^aioT^L 

QXi = a-{i=l,2.D,A), (T^o. 
OTCio;ia d^-^^o, h ypaiiiieEie Su^dx^ = o TaKiuii oSpasoMi 

BHHOJIHaeTCA. 
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Toate BMieTT. M'£cTO H OTHOCHTOJIinO CHCTeMKC QXi = o,-, 

r7(w^ . .uJ = o, KaKOBa 6u hh 6um ^yss.a,is U oti m, . .u^. 
TaKHMi o6pa30MX, ecAU ypaeHemn sMMenmHaio MHOiooSpoMn 
mpexMn.pHa^o npocmpaHcmea damm poauo mpu HeaaeucuMum 
cooniHOiueHisi Meoicdy odnuMu x, — omnyda Haxodum px,- =a,-, — mo 
smu ypasHemn npueodsmca mjiu ks eudy pT^^a^ uau m eudy 
Q-Xi = a^, U{u^ . . uj ="0. 

Boji^te Tpexi neaanHCHMHKi. cooTHomeHin Meatsy oahhmh 
X ypaBneHiii gjieMeHTnaro MnorooSpasia ;i;aiiaT& He MoryTi, a 
TaKHMi oGpasoM^ pa3JiHHHLixi THHOBi- STH^T) noeJi'fe;(HHXT. cy- 
mecTByeii to.iiko Tpa, — t4 HMeHHo, KOToptie yKasanH Banie. 

3aMtTnMt, iTO KaKT. HOKasaJiTj C. Jl», ne cyiii,eeT8yeTt 
;ipyroro ypaBHenia Kt^acli^ia, KpoM-ls ypaBHeHia Jugd^i^o, ko- 
TOpOMy 6u yflOB.iieTiiop3iJiH bc'6 9JieMeHTHiJ!i jiByXM'&pHiJii wnoro- 
o6pa3ifl. /l^onycTHMT., ;['bHCTnHTejri.Ho, ito iio;io5Hoe ypaBHCHie 
cyn^eCTByeri: 

2^(i/a;,tt)tSc,. -t- Sh;{x,u)dUi = o, 

H nyCTB eMy y^tOBjreTBopniOTi. Bct 9.!reMenTHEia j[ByxM'fepHHii mho- 
rooCpasia, bt> laCTHOCTH cji'iflOBaTeJiLHo h Taitiii: 



KaKOBa 6hi HH 6uji3, cfiyHKH,iH F. .i^H(|ni)epefli(apyji 3th ypaBHe- 
His, HM^ieM^L: 

Ĕ -^d^k^^o, 6.dU:= ^ -- — T—^^ir^ 
h=i dxk -t=i dxidui 

CB iioMOHttio nocjTfe;tHnxT. yeTtipex't ypaBHeHiS cyMMa Z&^(a;jM)(?M,- 
npHMeTx BHAt: 

L dxk E——hiix,u), 
;f-i i=.dxidxh ' 

H TaKHM^ o5pa30M'fi .hojejkhh Cutii liBHOJiHeHa ;(ija ypaBHeniA 
'^~dXi = o' i:\UxM) + Ĕ'-^^6/t(a;,M)]rfa:,. = o. 
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npe;i,CTaBHBt nepBoe ypaBHenie uojiij mnoTAi, 



yMHOaiHB^ Ha A H npH;iaBi ko BTopoiiy, nojyjHMi, ypaeHB- 
Baa Hyjiro K08(|)cEniii,ieHTH upa d^^: 

a + *E'J^{t,^ + >,x/.)=o. {i= 1,2,3,4) 

ypaBHeniji bth sojuehh EirliTb m^cto, EaKona 6a hh dtijia 
c^yHKiiia F, a nOTOMy nOjiyuaeMi 

a;(;r,M)=0, hi{XyU) +'AXi=0, 

H pa3CMaTpHBacMoe ypaBHenie rLj[)a$4ia npHBOflHTCfl k% BH;[y — 
)i.^j;,-rfM,-=o, T. e. no npe^tLi/tyuieMy OKasHHaeTCJi ToateCTBenHEiMT. 

TaKHMi oCpasoMi, ypasHeme 2u^dx^ = o eMthcm^i a moaice- 
cmeeuHO-aKeueaMHtnHUMheMy etcuAy Ux=oypaeHeHieMzI!x^4Uf = o 
cyntb eduHcmseHHUH Il0a00oeu ypamemii, Komopun ydoBAe- 
meopniomai ecniMu aMMeHmHUMU MHoiooGpaainMU mpexMtbpuaiO 
npocmpaHcmea. — tfs moMi Hucjin u ectbmc aAeMeHmuuMU — M^ 



F{x^ . . 3;J = o, ff.M 



ciX; 



Teopia KOHneKCOBi. npnBejia Hact ecTeciBeHHUMi 06] 
Kx TOMy oCoSmeniio noHaTia HHTerpaJia, KOTOpoe cocTaBJiaeTi 
cyniecTBeHnyio ocoSeHHOCTb HSCJiaoBaHia C. Jla. Tlpn sajibHiĔ- 
lueMT. pasBHiiH Teopin 3B$t[)epeHi];iajiLHWXi ypaBHeHiS 1. no- 
psAKa Bi ayx'fe Teopia KOHHeKCOBt mh nojiy^HMt Ti^aie pe3y.aB- 
TaTH, HTo B4 Teopin C. JIh, h pasHHi^a bi tomi., tito 3JieM&imz 
cocTOSH^iH wsh ToiKH H npoxoaflmeH qepe3i nee njiocKOCTH, ne 
6yfleTT. ^jieMeHTOMt npocTpaHCTBa, ho ajieMenTOMi. ToseCTBeHBaro 
KOHBeKca. reOMeTpHiecKoe oSocHOBaHie TeopiH C. JIh jipHsaeTi 
BMi 6ojituiyio Harjia;iHOCTb h npocToiy, a BBe^ienie o^iHoposnHKt 
Koop^HaaTTi HoaBOJiaeTt npHM'6HflTb ki Teopin AH$i|)epeHii;iaJib- 
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■HL]xx ypaBHeHiS peayjitTaTH Teopin RnBapianiOB-B '). B^ aacTO- 
3u\eS padoT^Ĕ, nocBameHHoa reoneTpHiecKOMy Bonpocy. na reopiH 
aHajaTHiecKoH yM^cTHo ocTaaaBJiHBaTtca T0.if.KO bx o6mHxi. nep- 
ia.xi,. OcTaHOBBMCH irpeat^te Bcero Ha o6o6n],eHiH aajaiH hhto- 
rpnpoBaHia. Bi oSuihomt. cmhci^ npoHHTerpHpoBaTE ypaBneHie 

0{x,y,s,p,q) = o 

-3HaMHTt saHTH BeeBOSMOKHEijj ypaBHeHia c}(x,y,s) = o Toro cbo3- 
CTBa, ito6h npH saMtn^S bi fiP = o BejiH^HHi 5^,^,3 H^t aHageniaMH 
d"} d(0 d'a diii . , 

B3X (o^-o, -— + »— = H —■^0^ = 9T0 ypaBncHie oopa- 

' dx ^dz dy ^dz ■'^ ^ 

maJioci. B^ ToatecTBo, KaKOBu 6h bh 6h.ih x vi y, hjih ■jtoSh pe- 
syjBTaTT. aaMiHH p a q !ixt SHaieHisMH hst, aBys'B H0CJii;iHBX^ 
ypaHBeRiA ynaiToataJica b^ CHJiy « = 0; nnaye Moaino sa^a^y 
HHTerpapoBaHia ^opMyjiHpoBaTb eme laKi; bi AOiiojiHeHie Kt 
.aaHHOMy ypaBHCniio = HyatHO yCTaHOBHTt jipyroe ypaBHeHie 
■0{s.y,x,p,q) = a TanT., ito6h naHA<.'Hii"-H OTCK),na SHaieHia p,q 
oCpaHiaJiH ji^Byio Hacit ypaBHeHia 

(fe — pdx — qdy = 

B-L HOJiHuii /iu(|)iJ)epeHii,iaJi'f, Tor^ta hckomhmi HHTerpajiOMi h 
■OyjieTL 

l {d^ — pdx-~qdy)=/S. 

,^jiH 3TOro (j)ynKi^i)] j^oji^Ha BHHOJiHaTB .iHHeSaoe ypaBHenie 
y,d0 ^d^ ,u ^ ,d^ ,^ „J.<P ,,, „,rfa> 

TaKi HMeHHo Haxo;iETCH HHTerpajii ypaBHeHia 0=0 bx 
cnocoSt JlarpaBaia-IIIapnH, c% eotophmi bx stomi cjiyia^ — 



') y C. jIh mh HasojaicB, npaB/ia, («gejiHaHO mwh BJiiaHieiii aaeS 
KjieOraa) upeoOpaaoBaKie ypaBHeHia o=dz~p^dx, — ..— jjnda:^ ki oaHopoaHo- 

My oTHOcHTeasHo p SHjiy, — nojiCTaHOBKojo bm. 



^ejIHaHHIl Xn*i, H4 TO^eSHUH KO0p;iHHaTU OCTltlOICH HOOJIHOpOJIHUMH, B caUHS 

nejiH^Hiiii j>t . •i''i+i He OyAyn o;!,Hopoi(HaMH TaHreHHiaji£HU9iH EOopAHHaTauH- 

7» 
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2-xi He;iaBHenMHxx nepejriHnusi — coBuajiaeTT. h choco5x Hko^h 
MoKHo CKasari. TaKme, "ito nyjKHo naitTH jtsa He3aB!icHMHX'& 
cooTHOHieHia 

TaK^, itoSh HaSjieHHU}! otciom h h3t> /'^o, 5',^,5' yjOBJieTGopuJia 
ypaBHeniio 

ds —pdx — qdy = o. 
IlepBoe onpeji'fejieHie BHpasHMi) bi npoeKTHBHoH iJiopMi TaK'b: 

HaBlH BCS nOBepXHOCTH F{X^..X^)^Q lOrO CBtiHCTBa, 1T0 npH HOA- 

dF 
CTaHOBK'fe 6ii^= -— wh f{x,u) noJiygHM^ pesyjiLTaT-B, npoHopi^io- 

HaJii.EHi1 F{x^ . . xj H c.ii'f.AOBaTejibHO yHHiTOiKaiomiiicji Hpa 

F=o; 3JieMeHTu, cocTaBJieHHtie TOHKawH noBepxHOCTn h coot- 

B'lTCTBeHB£m-n KacaTeJii.HHMH , f5yjiyTt BnnoJiHiiTb ypaBHenie 

StiidXi=o T. e. cocTaBJiflT6 ajieweHTnoe MnorooSpaaie, npaHaji;- 

aeatamee BSaToii BOHniiHji;eHi(iH. BuHOjTHeHie nocji^i&aHaro ycjio- 

Bjji HpejicTaBJiJieTCB cyHtecTBeHHUMi.; bbom BM'£cro noBepxBOCTn, 

KOTOpaji aB.saeTrii tojii.ko lacTHUMT. bh;iomt. ero, caMoe ajieMeHTHOe 

MHoroo6pa3ie, mh npHxosHMT. ki TaKOMy onpea^IiJieHiio aajtaiH hh- 

TerpHpOBaHia (no C. jIh): co* aMMeumoe^ pascMamptieaeMO-^ laas- 

HoU Koumiuden^m uyoicHo pacnpedibjiumh ua co* 9MMeHmHhixs 

MHOioo6pa3iit 3-xz uaMtbpem'^, m. e. cocmoauiuX5 U3z oo' 9M- 

mnmoei moKdoe u ounoAHsmwiU^^ ypamenie 110a(fi0a J«,-drj;^- = o 

UHUMU CAOeaMU uyotcHO HaHmu ecrb dAeMenmuUH Muowo&paain 

dauuo'^ tAaeuo^ KOUHUudeuuiu, — dauuaio du^c^epeHiiiuAbuaio 

ypaeuema. TaK^t HOJiyinMt co6cTBeEno TOJibito iioihhH HHTerpaJi^B,, 

HO 331 Bero noJiy^aiOTca, KaKT, oSmiS Bt npe;iiiojiOHceHiH HpOH3- 

BOJiBBoS 3aBHcHMoeTH Meat^y a VL (i HCEJHoieHieMT. nxT., TaKt h 

ocoOeHHoe p'£iueHie. Bci Tpn Tnna 3JieMeHTHHXT, MHorooCpa^iS 

MoryTi npa STOMt BCrp^ĔTBTBca. BoatMeMi, iianp., ypaBHeHie ne 

cOp^epJBamee npoH3BOflHuxi, HensBicTHoa ([)yHKii,iH h m, osHopo^i- 

HOMT, BHA^ HBoSpaaiaeMoĕ KOHnuH/ieHnieK) 

^{x^ . . xJ = o, Ux = 0. 

Bt TeopiH JTarpan^a TaKoe ypaBnenie coBciMi He pascMa- 
TpHBaeTca, KaKt sH$ij)epeHi;iajiLHoe. Bt. Teopin C. JIh — h bto- 
ocoOeHHO scho c% toibh sp^Snia Teopin kohhckcobt. — TaKoe ypaB- 
Henie, sBJiaaCB jiHific[)epeHqiajit.HHMt, BHjiiJiaeTca tojie.ko CBoeio 
npocTOTOio, laKi hto mh cpa^y MOiKeMi ^aTb bcS ero HHTerpaJiH. 
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.j^'ti!cTBHTe.iLHo KaKT) ymG ynonanyTo, ypaBHCHie 0(x^ . . xJ = o 
MOJEno pascwaTpHBaTE. itaEt ypasHeHie KonaeKea, bii 3.TeMeHTt 
KOToparo KasEaaa TOiKa x, npHBaAJieatamaa noBepsHOCTH 0, iio- 
aien, 6uTh coeaHHaeMa c% Kaataoio ws-h co' iiJiocEOCTeS u npo- 
CTpaeCTsa. rjiaBHoS KOiiHitnjieH^iH aTOro KOHHeKca OyAyTi. npu- 
BaAJie^KaTB no9TOMy co' ajieMeHTOBi {x,ii) nojiyqaeMHxi co- 
■ejiHHeHieMi. Ka»tJio2 hst. co^ ToieK^ noBepxHOCTH ce KamAoro 
H3T. co' npoxo;i;amHxi. lepess nee njJocKOCTeS. 3jieMeHTetiMH 
MHOrooCpasijiMH aTOro ypaBHeeia sbjitch noaTOMy eo - nepsbtx5 
KaaEAaa H3^ co' TOieKt nOBepxHOCTH, pascMarpHBaeMaa, rcaKt 
neHTpT, CBiisKH npo^o/tiiuiH^i lepesTi nee nJiocKOCTea. ^thmt. 
yate ocymecTBJiaeTca npe^ujiyniee TpeCoBaHie pacnpea^hjieHia co' 
3JieMeHT0B'L {x,u) Ha co^ ajieMeHTOBi M^. Ho KpoM^i Toro, 3Jie-. 
MeHTHUM^ MHorooOpasieMi HBJiaeTca 2" BCJiKaji KpHBaji pacnojio- 
aieHHasi na noBepSHOCTH ^ = o, — co^ toick^ TaKoS KpaBoS ^a- 
lOTi aJieMCHTti pascMaTpaBaeMoS KOOHiiHjieHiiiii Bt coejiaHeeiH 
KaiKjiaa cl oo^ njiocKoCTea KacaTejit,HLix'& ki. kphboS bt. 3toS 
TOiK'fe, — T. e. nposojtamHSi lepeai npsMyio, KacaTea&Hyio k* Kpn- 
BoS Bt 9T0ft TOHK'^; H HaKOHeH;t 3" cana nOBepxaocTi. <P = o, — 
T04KB ea HiaiOTi ajieMenTij bx coejiHeeHiH ci KacaTeJi&eHMH m, 

-nOBepXHOCTH B^B aHXT. HJOCKOCTaMH. TpBMa 9THMH BH/iaMH MC- 

lepHHBaKTCM Bct s.ieMeHTHua MHorooCpasia 3Toro ypaBHenia. 
IleTerpajiT. uepBaro BH^a, OHpea^ĔJiaeMHS ypaBBeHiaJiH 

gx- = ai (i=l, 2,3,4) ^(a^..aJ=o, «j: = o, 

SaBHCHTl OT^B TpeXt nOCTOaHHH^I, CBSgaHHH^-B OJIHHM^L COOTBO- 

memeM^B, h aBJiaeTca noJiHHMt HHTerpajiOMi, JTarpaHaja. IlHTe- 
rpaji^L BToporo BH/ia nojiyiaeTca, ocjih ycTaeoBHTi. b^b ^oeojieeHie 
lii, ^ = npoH3B0Ji&Hyio saBHCHMOCTb Meaiay HapaMeTpaMH a^..a^ 

¥^(fl, . . flJ = o; 
OH^B onpeAiJiaeTCa ypaBHeHiaMH 

(?M. = >>^+/^(i= 1,2,3,4), = 0, W^o, u^-^o 
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H aBjraeTcn o^mHMi HHierpajiOMi JlarpaeHia; HaKOHer(i ipeTia 
BHjli, HHTerpaJioB^ eciB ocoGeHHoe p^SuieHie. 

U.Oji,ofmuji'h o6pa30M'ji ypaBeeHie, H3o6paiKaeMoe kohhe;h- 
AeHi^ieio 

0{u, . .ttj = 0, u^ = o, 

HM-fceTT. HHTerpaJitHHMH MHoroD^pasiaMH: I" co' nJiocKOCTeH u, 
KacaTeJiLHBisi eti noBepxHOCTH 0(u^ . .uJ = o; — Kaatjiaa a3i to- 
leKT. TaKoH n.!iocKOCTH o6pa3yert ci. HeS ^JieMeBT^ {x,u), npH- 
HaflJieataH;ia pa3CMaTpHBaeMO0 EORHn;B;ieHn;iH, h cocijHie 3-TeMeH- 
TH Haxoj[aTCj| BX coejHHenin, h6o du-^o, auoTOMy BunojiHaeT- 
ca ypaBHeHie Sx.dui = o, h TaKHM'B oSpasOM^ co^ noJiyieHHHX'B 
9JieMeHT0B'b oSpasyioTi aByswtpHoe sJieMeBTuoe MHorooSpade. 
2° Biopoii THHTi sjieMeHTH&i^^B MHorooGpasiS aroro ypaBHeHia 
npejiCTaBJiJiBJT^B pasBepTHBaiomiaca noBepxnocTH, KacaTejii.HHa Kt 
= 0; co' HJiocKocTeS, orHSaioHiHst TaKyio nOBepxHOCT&, bhh'&- 
ji3H)TCa aST, oCtnaro iiHCJia co^ KacaTejibBU^^t k^ <P = o hjiocko- 
ciea noMOHiEK) KaKoro-HHĔiyjiB ypaBHeHin ^^(m, . .uj^^o; Ka«afl 
Hsi ^TH^^B co' HJiocKOCTea jiaeTT. HaiaJio co' 9JieMeHTaMi (x,u) 
Bt coejiHHeHiH ct, To^KaMH npaMoH, no KOTopoS oea KacaeTca 
cx pa3BepTHBaiOHi;e0ca: 



.-. p^^du.-hS—dUi+uS^du.^yd^+ud^P^o, 
dui diii 

n6o d0 = o, dW=o. 

HaKOHCH^ BX 3-x^ sjieMeRTnUMi MHOrooSpasieM-L aBJiaeTca 
caMa noBepxHOCTB = 0, h6o KacaTeJi&HHa ea u b^b coe;[HHeniH 

cx H^^B T04KaMB npnKOCHOBeHia p%= — oopasyioT^ co' 9je- 

MeHTOBt, HpHHasJie^jaiitHS-B pagciuaTpHBaeuoH KOHEi^HjieBiiiH, b co- 
ci;iHie9JieMeHTHHaxoflflTca b^b coejiHHeHHOMiHOJioateHia, TaKiKaKi 
it-i-dti AOJi^Ha TaKwe KacaTtca noBepxHOCTB, t. e. jiojiatBO Chtb 

2- — dU; = o, a noTOMy SxAu- = o BHnoJiHaeTCii coOTBiTCTBen- 
dui . 1. i 

HHMH ToyKaMH HpHKOCHOBeHia. — Hs^ Tpexi nepe^HCJieHBLI^^B 

BH^OB^B HHTerpajiOBi, nepBHe 3aKjiB3<ieHH B^ ypaBHeHJaxi 

ff.Ui= A^, TaKi HTO ff.Ux^Ax = o, npH ycjiOBiH 0(A, ..AJ=o 
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H npejCTaBJiaioTi. nojiHaa anTerpaJii paacMaTpHBaeMaro ypaBae- 
Hia, KOTopoe eciB hb ito hhoo, KaKt ypaBneeie Kjiepo. Pimeeie 
BToporo THHa npH npoH3B0.ibnoMi. y AaeTt oSH^ia oeTerpaJi-b 
JlarpaBHia, h naKOHeii,^ TpeTiH— ocoSeneoe p^JsiHeeie. 

BonpocoMi, iicer;ia jih neoGsosHMo aBjiaioTCH ocoSeeeua 
pimeHia t. e. p^meHiH, ne coaepjKamia napajieTpoBT. h He aa- 
KJiK)"iaiom,iaca ew b'i. noJinoM'i. na bt. oSnieMi. HHTerpa.Th, 3afi- 
MeMca ^ajite; Teoep& a;e ociaHOBHMCa na jieBeHHUSi. ypaBneei- 
ax%, na KOTopux:B h C. jIh H.MiocTpHpyeTB cboh o6ntie Bsrjia- 
SH ') a KOTOpHMH MH saSMeMCJI Gojlie HOJIpoSHO BT. rJiaB'Ii III. 

jHeeHHoe ypaBHenie b^ o/tHopo^HHsi KOOp^teeaTasi h30- 
CpaataeTCH no npeAtisyHieMy rjiaBHOio KOHe^Haeeiiieio KOHReKca 
(m,l), ypaBHenie KOTopoii mu nanHmeMT. 



Toto4 X npneaMeataTT., t. e. oSpaayiOTi ci Heio SJieMeHTi 
9ToH KOHei];H;ieHi(iH co^ nJiocKOCTeii u ny^Ka, HMiioHiaro CBoeio 
ocBio npaMyio p: 

Pa = XiLk—XkLi. 

Ecjin OTi T01KH X nepeS^ieM^B kt. coc^AHeg toik% x + dx, 
.aeaianteti ea toS ate npaMoa p, to 

^•Pa = XidXk—x^dx-, 

CpaBHHBaa ^Ba BupaiKenia jiJia pa, HJiieMT^ 

idxji — GLji)x^ = {dx-—GL^Xfi, 

OTKyjia 

dXk-OLk = T.X]i. 

EcjiH MeoatHTeJit. nponopi];ioHaJ!i.HOCTH t BuCepeMt laKi, 
^To6a dxj; — rfl;i=f~'rf(ia;jf) t. e. B03i,MeMTi t = —— h osnainMT. 
0? = ^/'" , To npe;iHflymee ypaBeenie npHBC^ieTCa no 



') Theorie d. Traii8formationsgrnppen. B. 11, S. T2. 
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txk lepeat Xk (BOsiioiKtioS BCj'I;;icTiiie oahopo/ihocth Li) k^ BB^y 
dXi = XL/i (/f=l,2,3,4) 

TaKBMt oSpaaOMi otl JiHBeSHaro ypaBJieniJi bi lacTHU^-L 
npoH3B0JtHBiXT. nepeuijin kx CHCTesrS C0BOKynHHX^ ypaEoeeiB 

T,^~L,^%' ~L,' 

EcjiH BOBLMeM^ nponSBOJiLHO KaKyio - HH^ysb TOiKy npo- 
CTpaHCTBa, To 9Ta CHCTejia OHpeK^JinTii nanpacjienij^ nepeM*- 
meHisi, H nepexo/i:a ot-b toikh kt. toik^,, mu nocTpOHMi, HHTe- 
rpaJiLHyio KpHuyio, o6jraAaiOH(yio no OTJiOKieHiio K'!. hcsoahoH 
KOHHH,HaeHi],iH TtMT, cBoHcTBOMT,, 4T0 3.ieMeHTi , oSpaayeMHH 
T01KOH) KpHBOH H JiioCoio H31. HJiocKOCTeii, npoxo;iJimHXT, Hepest 
npaMyw, KacaTejiLHyio k'l hoS b% 8to0 toto'!;, npHHajtJieaiHTi 
uonaHyToa KOHHu,H^eHiii0, H coc-baHie 9,3eMeHTH nasowTca b^ 
coejiHHeniH; cji4;toBaTejiLHO co' iiHmeipaAbUbiX6 Kpueuxh coeo- 
KynmU ciicmeMU, pascMampueaeMbin, nam aMMeHmnun mhq%o- 
oGpasia. 2. usMrbpeHiH, Hemiomca mmeipaMHUMit, MHOiooCpa- 
siaMU Koumtudenmu. Ecjib BHCparb h3x ^HCJia co' kphbhxx 
no KaKOMy-jiH6o aHa.iiHTHiecKOMy uaKony co^, b'l HeHpep&iBHoS 
nocJii,aoBaTeJii,HocTH odpa3yiomHxx uoBepxHocT6, to KaatAaa toi- 
Ka nocJiliABeii ht. coesHHeniH cl cooTBtTCTBeHHoS KacaTejiLHoH 
jiacTi 9JieMeHTx, npHHajiJieatamii pascMaTpHBacMoS rjiaBHOH ko- 
HHi;HAeHii;iH. Mu HOJiyiaeMT, TaKHMi, o(>pa30M^ TeopoMy Jlarpan- 
Kta, HTO BcaKaa noBepxHOCTi., cocTaBJieHHas hst, co^ nnTerpaJit- 
Hu^^L KpHBHXT, coBOKynaoft CKCTeim (ea xapaETepHCTHK^), eCTL 
HHTcrpajiLHaH hobcpxhoctl cBasanHaro C'l cHCTeMoio jiHHeHnaro 
ypaBHenia bl iacTeHX'L npoH3BojiHHX'L, TaKHM^L oSpaaoMii Me^- 
XY HHTerpa:!i>nHM:i ainorooSpaaijiMH jiHHeilnaro ypaBnenij] ecTL 
oo^ TaKH^^L, KOTOpHB, KaKi ToieiHHa oOpaROBania, cyTL KpHBHa — 
HHTerpaJiLHHa kphbkij! aKBUBaieHTHOii jiHHeanoMy ypaBHeniio co- 
BOKynnoB CHCTeMH. 05paTHo, ecJiH Meatjjy HHTerpajiLHHMH mho- 
rooCpasiaMH jiHij)cfiepeHuiajiLHaro ypaBHcma 1. HOpajtKa HMteTca 
od' KpnBHXT., 3anoJiHii(omHXT, npocTpaHCTBo, TO TaKoe ypaBHe- 
nie HeHpeM'iHHO ecTL jiHneiiHOe, Tan^ ^to najiHiHOCTb co'' Ta- 
KHXT, HHTerpa-TOBT. aejiaeTca sapaKTepHOio oco6eHRocTLfo JiHneH- 
Haro ypaBHeeia. B^ Teopin ate JlarpaejKa aTH kphbha cobcSmi 
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lOiJ 



ne cinTaiOTca aa iiHTerpajiti. BosBpaTHMca kx oSmeMy cjyiaio. 
AHaJinTHiecKii sajiaia iiiiTerpHpoBaHia b^ npoeKTHueOH cfiop- 
wk COCTOHTX B-h tomtj, ito^h uaumu em mpe^HAeHHun cucme- 
Mu 0{x,u) = o, 0^{x,u)=-a^, 0^(x,u) = a^, Komopun 6u eunoA- 
HHAU ypasH&Hie J10a(fi0a Su-dx- = o u ez coeoKynHOcmu C6oeU 
oOHUMttAU ypaeHenie f{x,u)=o. Tot',na aai. HeTHpesi ypaBHeHiS 

= 0, 0^=a^ 0^ = a^, u^ = o 

MOHEHo iickjiioihtii hjih u^,ti^,u^,u^ H HOJiriHTii ypaBHeHla 9Jie- 
MeHTHEixi MHorooSposiS BT, To^ie^eu^t KoopjtHnaTax&, HJiH ate 
ECKJi[oq0Ti> x^x^x^x^ H noJiyiBTi> ypaBneHia T'tx't ate neTerpajiE- 
SBXT, MuorooSpasiS pascMaTpnBaeMoĔ KOBen,HjieHi;iH b'! hjioc- 

KOCTHHS^ KOOp^IHHaTaK^. 

ARajlHTHieCKiii yC.!IOBifl, KOTOpaS JIOJIrKHEI BUHOJIHHTb 0,0^,0^, 

HToCu yj^oBJicTBopaTb BHCKaaaHHHM^ TpeSoBaHiaMTi, HOJiy^aiOTca 

TaKi. Jl,Jia BCBSI 9JieMeeT0BX BHHOJIHJIIOH1,BX'L /"=0, = OHOJi.X,- 

HO 6mh 

dxi dui d^i dui 

Ecjh npHdaBHTi. cioaa ypauBeHia coe;iHHeHHaro nojiOKeHia 

COC'iflHHS'i) 9.'ieSieHT0B'B 

2u-dxi = 0, SXidUi = 0, 

TO Ho,!iy^HM'B Bcli ycjiOBia, CBSSbiBaromia jiH((iii[)epeHH;iaJiH dx-,dUi. 
IIosTOMy ecJiH yMHoatHM^L BTopoe ypaBHeeie na A, TpeTte ea^u, 
MTBepToe ea v, to hi, cyiiM'fe K09i|»ij)HH;ieHTH npii jiHt|)cfiepeHi;ia- 
-Jiasi ^[OJiiEHH 5htb paBHH eyjiio b^b 0T;i;'iji&H0CTH, t. e. nojiy- 
MMi: («=1,2,3,4) 

ĔL / —+UU =0 
dxi dxi ' ' ' 

df -, d0 



yMHoataH nepBHe icTHpe ypaBHenia naj^ cooTB'£TCTBeHHo, 



dui 



BTopBia Ha I! CKJiajtiBaii, Sy.ieMi HMiTb 
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>r i^^_K ^ 



aj a'P aj a-i/y , , , 

■/- -, -i- --) +{nu—mv)f=o, 

dUi dxi dxi dui' '( ' 

T. e. B^ CH.Ty f=o ^ioJi^KHo 6aTB, — TaKL KaKX k He paBHO o: 

1 dui dxi dxi dui > ' 
ypaBHeEie, KOTOpoe j^ojiatno 6htl BHnojiHeno a.iji bc'£s'6 co* 

9JieMeHT0B'I, KOHH^HSeHHIH /"(3;,«) = 0, ttj, = 0, ItoCh HagTH BC'fe 

HHTerpajiBHHH iiBorooSpasijr nocjii^HeS, ny^HO naSTH Tpw nesa- 
BHcaMHii. pimenia 3Toro ypaBHeHia, — bi HHcrĔ KOTopHxi mo- 
ateTi j5BHTLCfl H caMO f{x,u)=o. TaKRMi oSpasoMi HHTerpHpo- 
Banie ^taHnaro ypaBneBiA cboahtcs ea HasowcHie AByxi nesa- 

BHCEMHSt piuieHiR COBOKynHOS CECTeMH: 

,,j,, dx, _ _ '^■'^4 _ _^(^^_ _ rfw, 

KOTopyio MoateMT. nHcaTL nponie, bbow naa ortosHa^ieHiH o6maro 
OTHomeHia dt: 

(21) ^_iV, *a__jy(i_i,2,3,4) 

^ dt dui dt dXi 

ecjiH BO H36'£ffiaHie ca^ĔmeHia lacTntTs nponSBOOTW^ osna^HMt 
no SkoCh. 

3to npHBe^eHie HHTerpHpOBaHia ypaBReHiH b^l gacTHH^t 
npoH3BOj[BHX^ Kb Haxoatj[eHiio HHTerpaJiOB^L KaHOHniecKOĔ ch- 
CTBMLi coBOKyHHHs^L ypaBHeHiS BHHOJiHeHO C, JIh (Math. Ann. 

VIII), a B^L 0JtH0pO;iHHXt KOOpSHHaTaS-L, KaKT. 3a'fccb UH BCTp'6- 

^aeMi ^ry cHCTCMy, b'l pa6oT4 G. Darbous (Sur les solutions 
singuliĕres des equat. part. 1. 0. Mĕm. Sav. Etr. XXYII § 42). 
EcjiH nepo§ieMX Ki npuMoyrojibHHMT, KOopanHaraM^B, to ycjiOB- 
Hoe ypaBHeHie hphmct^l bhji^l, npBBeaeHHHĔ paH^e ua CTp. 9& 
H Bi gacTHOCTH, ccjiH jtaunoe ypaBHeHie eCTL 

q = F{x,y,z,p), 
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OHO npBMGT^ Ty ^'opMy, BT. KOTopoB oHo jiaeTcii y ^iIarpaH3ia. 
{Nouv. Mĕm. Ac. Beriin. 1772) 



HJIH Kopoie 



dy dz dpi ^dw ds' 

\dJ {dx> ^U,) ^^></J"''' 



§ 11. XapaHTepHCTHKa. reoMerpH^ecKoe sna^eaie coBoreyn- 
HoS CHCTeMH (20) TaKOBO. IIoiyiaeMHH HHTerpHpoBaHioMi ea 
.BHeniH 
px; = 95,-((,a;/ . . m/), au-^^ip^it^^^" . .u^°) («=1,2,3,4) 



onpeii,'fcjiflH)TT> BeJH^HHH Xj ■ ■ ^i, «1 ■■M^, Kaiti (fiynBH;iH ojho- 
ro BeaaBHCHMaro nepeMiHearo t. 9to ypaBeeeie napH (KpHBaa 
HBOJiKoH KpHBH3etr, paaiiepTHBaiOHiaacji nOBepxnocTi>), ocoSh ko- 
TopoA CBaaaoH Me/KAy co5oio TaK^, ito hjiockoctb, KaeaTejib- 
Haa KO BTopoiS, EacaeTca ea ho npaMoB, KacaTeJLHoB Ki nep- 
Bo3 (oTo cjiiiAyeTt h3S ypaBHenia Wj, = o h ycjiOBiii coe^Heee- 
Haro noJiomeeia). 9th KpHBaa h pasBepTHBaRiHiaaCH cjih xapaK~ 
mepncmmu pascMaTpHBaeMoA KOHH^H;iean;iu. OcHOBHoe cboH- 
CTBO xapaKTepnCTHKH — KpHBoii to, qTO KaeaTe.!rEeoro b^b KaK- 
j^o1k TOiK^ X ea ABJiaeTCa eponBBo^aHiaa npHnajiJiewauiaro ^to^, 
T0HK'i Konyca rjjaBRoH KonBHnjieHiiiH , cooTB^iTCTByioniaa toh 
MOCKOCTH «, KOTopaa OTBi^aeTi TOMy jKe BeaieHiio napaiieTpa 

/, HTO H X. /tBOBCTBenHO, eCJIH BOBLMeMT. KaKyK) HHCyjII. njioc- 
KOCTB m", TO T§M1, caMHMl OnpOJI^ĔJIHMl KaCaieJIBHyiO KTi HeS- 

sapaKTepHCTHKy — pasBepTHBaioinyioca; nycTi. u o^Ha m% co^ 
ornSaiOHins^ OTy paSBepTHBaiomyioca njiocKoCTeS, — Toria epa- 
Maa, no KOTOpoS hjiockocti, u KacaeTca pasBepTHBaromeii, Kaca- 
OTca npHHaA.ie3EameiI hjiockocth u kphboK rjiaBHoS KOHHitniee- 
i^in Bx TOH ea toik4, KOTopaa eooTB'ĔTCTijyeTi TOMy aie anaie- 
niK) eapaMeipa t, ^to tt. 

Jl,ttl cTBHTeji&Ho, ecJiH SyjeMT. HCitaTL ypaBHeeia reoMeTpn- 
iecmxi. wJcTi yKaaanHaro CBoScTBa, to npnieM'!. ni, KanoHH^e- 
CKOS cOBOKynnoH cncTeMt (20). IIjiockocti. u, npo^ojianiaa ie- 
pesi. TOiKy X, BacaeTca npHHaiJieataHteS b-i. KOHHeKct f '^ o 

OTOS T01K'fe nOBOpSHOCTH Ux BT. T01K'i 1J, OTJIHMHOil BOoOme OTS 
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X, H npaMaa xy ecTL npotisBOMmaa KOHyca rjaBHOii kohhiib- 
^OHiiiH, coOTBtTCTByiomaii BSJiTOiiy ajieneHTy (x,ii) KonRi(0Aee- 
njn f=o, Ux = o. Ea Koop,:tHBaTu cyTb: 

, , ilf df 



nepeBaeMi no npaMoH p ot^l toikh x m 6e3K0ee?H0- 

6.1H3KOH TOgrl X + dx; HMtOMl, 



CpaBHBl 



rpik=XidXk — x0Xi. 

, geageeiH p;/^ noJiyiaewi. 

'f j f df 

. ,- dx^]x- = {r-^- 



<'f .1 ^f 

T— — dxi = ^.Xk H.aii —-: 

dujc ouk 



dXk - 



eCJIH nO-!IOJKHM'& 



ToHHO TaKme KacaTCJibHaH wii, to^kh x, JiesameH b^ n.ioc- 
KoeiH u, K^ noBepxHOCTH X, npBeaaJiemameS u bi KOBHeKci 
/=o, oTJiB^ea Boo6me ott, ii.!iockocth m; nyCTb 9to Cyaera hjioc- 

KoCTb V, Torjia ff.v,-^—. IIpaMaa nepectieeia nJiocKOCTea « hv 

6y.jeTi KacaTeatHOK) kt. KpHBOH eepec^Ĕ^eeia nJiocKOCTa w h no- 
BepxeocTB X, t, e. kl npHHasJiejKameA u kpbboH rjiaBHoS ko- 
HHn;Ha;enii;iH. 9Ta npaMaa coBiiaaaeTi npn tom^ ci npoHSBOja- 
jHeK» p npBeajiJieatan;aro toik4 x Koeyca rjiaBeoi! KOBHrtHjten- 
Hi.H, cooTBtTCTByromeH) m a HMieTi Koopi^HHaTaMH: 

df <Jf 

' '(/j/A l/u.- 



'E.csis OKOJio JT noBepHOM^ u Ha CesKOEeino MaJiaS yrojii m 
■uA-du To T'7Ti]c=Miduk~uidUi. CpaBHHBaa iBa BupaateHia, no- 
JiygnMi noaodeo npejiti;(ymeMy 
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Bbo^h bm^Scto X ^ u BejiH^HHU Ca; ii o"m h sasi^i&^aa, ito 
Bi CBJiy Sudx = — ^a;t?M npa m^ = o SjAeM^ hm^ti, f' = — t, 
npHACMi HaKoeeiti ki nojiyieHHoH paH^e coBOKynHOii CHCTeMi. 

TaKHMi oSpasoMT. KOHyei rjiaEHoa KOHnrtH^teBniH ecTt re- 

OMeTpBHeCKOe MiCTO KaCaTejILHHXTi K'E KpHBHMTi XapaKTepHCTH- 

KaMi npo^o^iaiUHMi qepe3't ero BepiUBEy, h KpHBua r.'iaBHoH 
KoaHE,H;ieeii;iH cyTL orHCaiomia npjiMHXTi, no KOTOpHMi hjiockocth 
H^^B KacaiOTca xapaKTepHCTMBi paaBepTHBaEoinHscji. IIpHHa^iJie- 
mauiie rJiaBHoH KOHHn,HReHii;ia co' ajieMeHTOE-B (x,u) paaSHEaioT- 
ca TaKHMi oGpasoMi ea co° cnCTeMi oo' sjieMeHTOBi — Ha co" 
xapaKTepHCTaK%, Ecjih ho KaK0My-jiH6o aEajiBTH^ecKOMy aaKOHy 

BH^epeMt CO' TaRT., 1T06h COCiaBHMH SJieMeHTaMH HOCTOaHHO 

BunojinaJioct ypaBeeeie Sudx = o, to Ho^iyiaeMaH TaKHMi o6pa- 
30Mt noBepxeocTL bc4mh cbohmh sjiPMeHTaMH 6yAert npHHa;(.3e- 
aaTi. pascMaTpHsaeMOii KoaBiiH;ieHn,iH a EunoJieaH ypaBeeeie 
I^udx = o 6yjieT'L ea HHTerpaJiLeoio HOBepxHocTi.io, Ecjih, Hanp., 
BOSLMeMi Bci sapaKTepncTHKH iiposoMmia lepes-E onpeA^JieH- 
nyio ToiKy a;" HpocTpaHCTBa, to nojiyiMMT. HHTerpajitHyio no- 
BepxHocTL, KOTOpym Du Bois Reymond ') nasuBaeT^ HHTerpajiL- 

HUMt KOEOBflOMX H KOTOpaS o6jia,HaeTT. TiM-L CBoHCTBOMTi, 1T0 

aBJiseTCJi orHdaiomeio BC'bx^ ji,pyrHX% HHTerpaii&BHXT. koho[i;iob'l 
KOTopu^i HHTerpajiLHLiA TOHKB paCHOJioatee&i ea ea HOBepxeocTH. 
B5jiii3a iteHTpaJiLHoA toikh ona HsoSpaaiaeTCH HpnCjiHaieeHO ko- 
HycoM^L rjiaBHoS KOHeiiH;ieHiB, h ypaBneHie ea, eciH dojihhS hh- 
TerpaJi^L ypaBHenia ecTL 

rfi{x^ . . x^\ a,fi) = o, 

HOJiyiBTCJi KaKi. pesyjiLTaT-L HCKJnoiema uocTOaHHH^^L «,/? u3'l. 
(p = o, 9:j„ =95(:c/ . . ir,,''; a,/S) = o h 



1) Beitiage zui InterpreUtioii d. partiellon I)ifferentialgleichungen. 1. 
Oi mit 5 Ydriab H I 1604, 8. 13. 1iofiH EpHaaa ^C^i . , a;^)=o, X^iXy..Xi)=Q 
leiKajEa «a LaK0K-Hii6yjti KHTerpajLHoB noBepKHOCia KOHHeKca /i3;,m)=o jioji»!- 

u^)=o v,(m, u,)=o KacazaeB Kai[o4-HH6y;tB iiHTerpajifiHoft noBepx- - 
d/ ih, df__ 
' du^ dus du^ 



ho6htlSMi±3— ^-—=11. EoppejiHiKBHoe ycJiOBie, ^Toeu pasBopTHBaKiuiaa- 



iocTK ai/ii 2^ 
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d(p dfp^ d<p dcp„ _ 
da Hp dji ~da~ 

OhO CllMMeTpHIHO OTHOCHTeJlI.HO X H 3-°. 

J^BoScTBeHHo MoaiHO roBopHTb o6i> HHTerpaJtHOH noGeps- 
•HOCTH — orHOaiojneM pa3BepTHBaiou],HXca nOBepxHOCTeS, KacaTe.iit- 
niaxi Ki OAHoA h toS jkc hjiockocth, — ecjiu no.iBijS HHTtrpaai 
BHpaiKeHi BT, nJOCKOCTErjx't KoopjiHHaTaKi yj(u^ . . tt^; a,^) = o 
TO HHTerpajiiiHaa noBepxHOCTt yKasaHBaro Tnna nojiy^aeTca hc- 
KJiioieHieMT. a.^ h3i ypaBBeaiS: 

i/i(Mj ■ ■ ii^] a,y5) = o; i^„ = i^^^j/ . . «/; a,0} = o\ 
d[p diL^, d^i d^ __ 
da d^ d§ dc- ~~ 

EiMy MOaiHO 6uJio 6u npH^taTi, nasEaHie HHTerpaJibHaro 
njiaHouAa, KOTopuS y Dubois Reymond ecTt lacTHtjii cjiyyaii 
HHTerpa.ibaaro KOHOHjia — npn SesKOHeiHo y;iajieHaoS iienTpajiL- 
HoB TO")K't x°. EcjIh ypaBHCHie HOJinaro HHTerpajia aaHo b^ to- 

leiHHST, KOOpj(HHaTaXX, TO HCKOMylO UOI!epxnOCTb nOJiyilHMl HC- 

K.iiio'iaa 

Cf - , — , ~ , -^ , — , — , a E /S 

us% ypaBHeHiE 

dcp r, dw 
(p(x^ ..x:, af.) = o, <p^^o, <!Ui=^-^ <^^i = ~, 

YK^ 99° GBHa^aeTi pesyjibTaTi, no^CTaHOBKii bt, <p BeJiHgHHi 
a:,", 3;/, aTj", a;/ — noJiyHaeMLisii pimeHieMT> ypaBHeHia 6.^"^= 

-^ OTHOCHTejibHO Xi. KaKws HHTerpaJiEHaa noBepxHocTb ecTb 

reoueTpHMecKoe m'Icto sapaKTepnCTHKi — kphbijsi m orHSaiOHiaH 
xapaKTepHCTHKTi — pa3BepTfciBaiomiixcji. TaK^ KaKT, naiajibHbiH 
gjeMenii (3;",«°) h desKOneiao 5.iH3Ki3 ^^ + d^, u^ + du) bhoji- 
b4 oiipe^t^jiaioTi napy xapaRTepHCTHK7,, to ;ib^ HHTerpajibHHa 
-noBepxHOCTii, HM'6ioinifl oGmie isa cocS^Hie ^jieMenTa napa xa- 
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paKTepHCTHKi T. G. Kacaiomiaca weatAy coCioio no 9.ieMeHTy na- 
pH xapaKTepHCTHKT. ^YAjTT, HMiTb o^Hieio H BCio oapy, T. e. 
CyayT^ KacaTLCa MeiKAy coSoro no bccS xapaKTepECTOKi — kphboh 
iiapH. Oti. BcaKoH apyroa KpHuoH, HaiepienHoS na MRTerpaJii.- 
Ho9 uoBepxHOCTH H HaaiaBacMoo y Dii Bois Reymond'a HHTe- 
rpajBHOio '), KpHBaa xapaKTepHCTflKa OTJniaeTCH rĔMT., ^iTo ecjiH 
lepesT. KaKyro HHSyjb TOiity ^" ea npOBejieMi KacaTejiBHyio u 
Ki KOHycy rJiaBnoS KOHen;HaeHH;iH, npimaaJieHtameMy 3to8 toik^, 
H CyjieMT. nepeM'JmaTt TOHKy bj;ojiij xapaKTepHCTHKH, to KaKT. 
cjii^yeTT. nat caMH^^L ypaBHeHiH (a), djiockoctb u onHuieTT, 
sapaKTepHCTHity paaaepTmiarcmyroca, KOTOpaa itacaeTCA eaiajiii- 
naro coJioateHia u" ojiockocth u ho np^iMoil, KacaTeJiBeoS kt, 
upHeajiJieaiaHteil u° KpHBoit rjiaBeoH KOEH^H^eHrtiR bi to^k^S ic". 
XapaKTepacTHKH soHHitH^eHiiiS alias An^nJiepeHi^iaJiJiHH^^ 
ypaBeeeia 1 nopajKa npHuoAaTT. ki i^ijioMy paiy HeTepecHHxt 
reoMeTpaiecECH^^ BonpocOBi. TaKi bi CBoeM'B MeMyapt Ueber 
CoiDpIexe, insbesondere Linien-u. Kugel-CoHipIexe etc. (Math. 
Ann. y, 145—256) C. Jla nOKaaHBaeT^, uto jta^cliepeHi^iaJibHHa 
ypaBHenia hjib b^ nameS TepMHHOJioriH kohhckch, KOToptiXT. 

XapaKTepHCTHKH CyTb KpHBHH rJiaBHHXL KaCaTeJI.HUKl. Ha HB- 

TerpajibHH^t noi!epxHOcraxi. cyib 1°, KOHBeKCH (m,l), kohst. 
npaMOJiHHeSHHa xapaKTepHCTHKa o6pa3yioTx K0Hrpy9Bn,iK), 2°, 
KOHHeKCH coOTBiTCTByiontia IIjnOKKepoBUM^ KOMOJieKcaMi: n^i 
sapaKTepHCTHKH orHSaroTCa npaMHiwa H^KOToparo KOMHJieKca; 
JIh saHBMaeTca jiaJiie pa3LicKaHieM'& KOHHeKcoBii , KOTopHxi 
xapaKTepHCTiiKH cyib juihIh kphbhshh h-ih reo^eaHieCKia jiHEia 
HUTerpaJibHHXT. HOBepxHocTea. 

§ 12. HMn;ieHCb[. CKasaeBoe bt. npeAUAymeMi. ocBasH koh- 
HeKcoBT. CT. ypaBHeHisMH BT. iacTHHXT. upoHBBoanH^t uepBaro 
nopajiKa a o6-b HnTerpHpoBaeiH nocitjiHH^i OTHOcaTca ko bch- 
KHMT. Ges^ pasiiHiia ypaBneHiaMi aJire6paHiecKEMt sm Tpauc- 
iteHseHTHHMi , Bt> ^ajibeiAioeMT, mh orpaaaHHMca aJireSpaoye- 
CKHMH ypaBoeBiaMu H cjit^tOBaTeJibHo 6y,5eMT. hm4tl jiijo cl 

') l)aibou\<&oliitionsBingu!iei'esetc,) aaer^sio HaaniiHie lim epubhm'*, 
jtejKamuiii Ha miTerpajiSHoi nosepiHocTH, EOiopHH, naKi h japaKrepacTHBH, 
KiciioTii Bi Ka;Kii»ft tBoea To^Kt oApasyKmei npHHaMeKamaro stoS toikS 
KOHyca nasHitt EOHHqHtteHHiH u KOTopns Mohiki HaaHDaer^ pedpOMi soapa- 
ma uuToipa^bHOH hobhpxh]i,tii. 
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KOHHeKcaMn {m,n). Haxo.iKaeHie noJinaro EBierpajia TaKoro ypan- 
Heeia, t. e, pacnpe3:'fe.ieiiie co* SJieMeHTOBi rjraBHOi! Konnitn- 
jieHri;iH KOHneKCa (m,n) na co' CHCTeut bi co' ^jieMeHTOBS 
Kaaijiaji hphboj^ht^ Baci. Ki CHCTeMaMi co' nOBepseocreS, bo- 
oSra,e TpaecB;eHseeTHHx^, ho o6jiaaaioiH,Hxt cBoAcTBaMo, aeajio- 
raiHHMH csoiicTBaM'& cHCTeMT. ajireĕpaHiecKHSi nOBepxHOCTefi: 
noBepxHOCTH TaKoS CHCTeMU, npoxo;[amia Hepeat ToiKy A, orH- 
OaioT^ KOHHiecKyio noBepxHocTL n-ro KJiacca — HpHna;iJ!ejKainiS 
TOiK^ A KOHyci oaBHOH KOnHii;HAenEiin; 

tu = o, f{A,u)^o, 

B T04KH npnKOCHoneeiii pasJiHiHBi^t noBepseocTeit cecTeMH cl 
ojiHoio H TOK) ate iijrocKoCTtio W o6pa3yioTX aJireCpaHiecKyio 
MOCKyK) KpHByio m-ro nopa;tKa— HpHRa;iJieMtaH^yK) aToH hjiockocth 
KpHByio oaBeoa KOHeii,HHieei],iH 

2(x = o f{x,%)^o. 

TaKHMi o5pa30M% nHTerpa.iF.nHfl nOBepsnocTH KoeHeKca 
oCpasyiOTi CHCTCMy ct, jiBysi^ sapaKTepHCTHKaMH {m,n), KOTOpyio 
$yp9 HsyiaJit nojt^ HMeHeMi uMrtMKCa nOBepxeocTeH, HCXo;ta 
HST, aHc^$epeHii;iajii.Haro ypaBHeniH 

F[{x,y,3),r>, {p,q,xp-i-m—^}n]=-o. 

Bt t-k^^h cj!yqaflx^, Kor;ia HHTerpHpoBaTB TaKoe ypaBeeHie 
M£i ee MOiKeMi), npHX0iiHTca nepexoaHTb kt. esy^eBiH) [|)yeKn;iS, 
eMy y;[OBjeTBopaioni,HX%, hjih reoaeTpHiecKH ero neTerpajibeti^-B 
n0BepxH0CTefi no caMOMy ypaBHeHiio. Bt, TaKHXi cjiyyaasT. A.ia 
HsyHeeia HSM^eeeiji HHierpaJibeLi^ii nOBepxHocTeH bSjihbh san- 
Haro ajieMCHTa {x,-u) paBCMaTpnBaeMoB KOHeH;H;(eHi^iH 

f^^aj"%i^=<), Mj: = 

o6paui,aeMCfl ki KacaiejibHOMy KoeeeKcy 

TaKoH MeTOjt^B npHMtHHMT. Bi ocoSeHeoCTH Ki riwh MyiaaMt 
Korw HJiH m=l BJiH ?;=■!, noTOMy ^to Tor^a KacaTejiLHLiS koh- 
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HeKCB OAHHaKOBl RJIH BC'6xT, 3.teiieHT0G1> {X,U), COCTaB.ieBllUKT, 

ToyKOio X H KaataoH) wST> co* njiocKOCTeg, npoxofla]HHsi ^epeat 
npasiyio, coejtHnaiomyio x cb conpaHteHBOio eB bx KoaneKci toi- 

KOio gy- = — — B^ nepBOMicjiytia'6, HcocTaBJ!eHHLixtnjiocKocTLio 

u R ToiKawH X npaiiOH nepeciieaia 9to8 mockocth ct, conpii- 



oSpasOM^ MtiiipH^ojTUMt K^reoMeTpHiecKOMyaHaieeiioMeTojta nsy- 
HeHiK ^tyHKi^iH OHpeatjaeMHjsi. jmneMHLiM^ jiH^iJiepeHiiia.ii.HtiMt 
ypaBHeHieMi, npnMiHaeMaro Poincare bi ero pa5oTaxx: ThĔse 
sur les proprietes des fonctions dĕfinies par les eguations aux 
differenees partielles 1879. Menaoire scr les courbes definies 
par une ĕguation differentielle {Journ. de Mathem. Ser 3, t. 
7, 8, Ser 4, t. 1, 2); Sur rintĕgration algebrigue des equa- 
tions diff. de 1. 0. et du 1. degrĕ (R,endic. Cire. Math, Paler- 
mo, t. Y) H eocTOaiuaro bt, aaMtn^ Aa-Hnaro ypasHeHia bSjihsh 
TO^KH X jtpyrHMi., KOTopoe no.jyqaeTCa npa coxpaHeHin bt. pas- 
jioffieHiflXT. K09$(|iHitieHT0BT, paHcaiaTpHBaeHaro ypaBueHia b^ 
CTeneHHHa cTpoKH TOJitKO nepBtixi. "iJieHOBi. Bt. cii/TyioineS 
TJiaBi MLi ocTanoBHWca H']^CKOJhKO Ha 3i'owi> Bonpoc^i, Tenepb 
ate nepefifleMT, kt, i^mi TeopeMaM^ aHyMepaTHBHaro xapaKTepa, 
KOTopLia cocTacjiaiOTT. rJiaBHoe roAepJKaHie aaMlsTOK^ $yp3 b^ 
Comptes Rendus de I'Acad. de Paris no Teopiii HMHJieKCOBi. 

TeopeMH, ^oKaSHBaeMLiJi ^ypa ;iJia nMnJieKCOB^ c% noMom,bio 
npanHHna cooTB'feTCTBia, Cesi. Tpy;ta BHBo^aTCa hbi. ;ioKa3aHHLix-B 
HaMH TeopeMi o nepeciiieHiH KOHHeKCOB-B. SaniiTnMi, hto KpoM'fe 

SBy^^B BBOflBMHX'B 'I»yp3 XapaKTepHCTHKt, CBCTeM'Ii HHTerpaJIbHHX'& 

noBepxHoCTefi KOUHeKca hjio HMOJieKcy npHcyma eme TpeTLa — 
iHCJio noBepxHOCTea nwuJteKca , KacaiomBxca jiauHoH npaMoS 
HJiH Toisie BCTpi^aiomn^i AaBHyio npjiMyio h HM'£iomBXh bl 
T0iKaxT, BCTpiiH KaeaTe.TbHEiMH njioCKOCTH, nposo^tamia iepe3X 
9Ty upaMyio; ?hcjio 9to paBHO no npejiBiiymeMy m+n jiJia koh- 
neKca {m,n). OSmuiie MoatHO OHpeA^^&JinTL aiy xapaKTepHCTEKy 
KaKX 4HCJI0 n0BepxH0CTeH HMUJieKCa, BCTp^tgaioma^^L ojtHy jia,E- 
ByK) npaMyio h bt. TOate BpcMa KacatomHxcH ci njiocKOCTaMH, 
npoxo;tauiHMH Hepes-B jtpyryto aaHHyio upaMyio. IIOKaHteM^B, EaKi 
p^SuiaioTca na ocHOBaniK 0pe;tti;tyntai'o HonpocBt o Kaeanin hm- 
nJiOKCa CT. aJireOpaHiecKOK) KpnBo3 hjih noBepxHoeTLH). 
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nopaAKa u, h nycrt paBBepTiJBaiomaaca nO!iepxnocTL, ornSae- 
Man ea conpnKacaioiii,HMncfl iiJiocKOCTimH, GjAerh oacca v. 3th 
itpnBaa H nOBepXBOCTL HaxoaaTCfl b-l oaiiosnaiHOMi cooTiiiTCTBia: 
T04ifS iiepBoH nOAiHHeaa onpejiijieHHaa npoxo;iamaa ^epesi nee 
n.iocKOCTt, KacaTeJii.Haa ni apyroK. IloaTOMy coBOKynHocTt (Kpa- 
Baa sBoaKoH kphbhbhh h conpHitacaiomaacn pasBepTHBaiomaaea 
noBepxHoeTi.) MomHO pascMaTpwBaTi. KaK% napy c^ xapaKTepH- 
CTHKaMH /f H V, H ycJiOBie npHHaweKHOCTH 9JieMeiiTa in, 3T0fl 
KOHiJiHrypaiiiH Bupa;KaeTca ypaBHeHieiii ^^ = u.p^e' + v,^'e'. 
Tor,na AJiii onpejiijieHia ^acJia iioBepxHocTefl HwnjieKca, npoxo- 
;iani,HXT> Tiepe^T. toikh 9T0i} KpnBOii h HMtiomaST. bt> 9thxi toi- 
Kaxi KacaTeJif.HfciMR TOOTBliicTBeHHna conpHKacaiomiaca hjiocko- 
CTH, ;ioJia;oo onpea^ijiHTi. ihcjo 3JieMeHT0Bi, o6u;hxt. uapi (KpH- 
Baa, pasBepTUBaiomaaca noBepxHOCTL) k KOHiieKcy {in,n), jiaio- 
mCMy naiajio HMiiJieKCy;— T. e. 9to yncjio pasiio iio npeflEi;tymeMy: 

IIojio6hlim'f. ofipa30M'L BonpocL Kacanin noBepxHOCTeS 
HMHJieKca cx a.ireCpaH'iecKOio noBepsnocTLio nopa;iKa u, EJiacca 
u H panra p (nopji^ioKi. KacaTeJcr.Haro KOHyca hjih KJiaccL njioc- 
Karo ciieHia) CBOAOTca iia onpeA^JieHie SJieMeHTOBTi, o6ihhxi 
KOHHeKCy (m,«) H nap'6 noBepxHOCTefl, o5pa30BaHHO(0 noBepx- 
HOCTtio, pascsiaTpHBaeMoio, KaRi Mt.CTO ToicKT., H pio me, KaKI 
ornOaiomeio n.iocKOCTeH, npn TiewTi Kaac^iuii pasi toikK hojiih- 
HaeTca cooTBtTCTBCHHaa KacaTeJii.Haa. TpeTLa xapaKTepHCTMKa 
napH noBepxHOCTefi, noKa3HBaiOHi,aa, CKOJit.K0 3JieMenT0B'L napH 

HM-SlOTIi TOIKy Bt ^iaHHOS MOCKOCTR H IIJIOCKOCTL lipOSOaaiUeH) 

lepesT AaHHyio TOHKy, h GyaeT-L panroM^ nOBepxHOCTH; h6o 
jlJia onpe;iijieHia nocJi'6AnHro OepeM'E ToiKy npocTpaHCTBa, CTpo- 
HMi cooTii^STCTBeHHLiH KacaTejiLHiji5 KOnyCL H HaKOneii-L lepes^E 
;iaHHyio TOiKy upoBo,HHMT. oiipeA'feJieHHyio hjiockoctl, — ^hcjio npa- 

ML1X^, nO KOTOpUMl 9Ta HJIOCKOCTL HepectHeT^L KaeaTOJILHEIĔ 

KOHycT., ,5aeTx ero nopa;ioK'i. — paHri. noBepxHocTB — h iioitaKeTt 

BT. TOaie BpeMa, CKOJILKO TO^OKT. UOBepXHOCTH JieHtHTt BO BSSTOii 

nJiocKOCTB, KOToptJSi KacaTCJiBHHa npo^o^iaTT. lepesT, BsaTyH) 
TOiKy. CjiijioBaTejitHo OHpe;iijiaji . HepeciieHiii 9Tofi napH .ho- 
BepxHocTeH ct KOHneKCOMt (wj,«), mh nojiyHHMt, KaKX HCKOMoe 
reoMeTpeiecKoe M'ieTo, Kpusyw deonm^ Kpumanu ndpadm 
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vtu + ng u conodmueHHO paseepinhimHiinymca noeepxmcmh Kmc- 
ca om + w, oiuSaCMyw nJiocKocmnMu conpumcHoeema, npueo^ '). 
UocJiijiHee acHO usi TOro, ^to ni KaiKjioS toik^ 9Toi! EpnBoS 
noBepxeocT!> nMnJteKca, Dpoxoj[amaa 'icpes^ ary ToyKy n Ses- 
KoneiHo K'[. HeS 6;in3Kyio, KacaeTc^ ctj noBepSHOCTtH) {u,v,o) 
H cji'fe;iOBaTejitno KacaTeji&niaH kt. roii h jtpyroS cjHBaact ne 
MoryT^L jiaiiaTi. bi. nepediyeBiH o;iHy npsMyio KacaTCJitByio ki 
Kpiiiioii, BO coaepHtart sBt — KaeaTejitHyio b^ ;iaHnofi TOTO-fe h 
KacaTeJiLHyio bi 6e3KOHenHo k^ He3 SjihskoS toik4, t. e. jjbjiji- 

lOTCA COnpiIBaCaiOUlHMHCa IIJIOCKOCTiiJIH, 

JI He ocTaHaB.itiBaiocii SK^Ch Ha iioHHaieHiH nopfl.iiK0B7. bi 

SaRHCHMOCTH OTB Ha.lBIHOCTH OGlIieH BC^Mt nOBepXHOCTSMl HM- 

HJicKca KpHBoS, jieiKameĕ ea pascMaTpHBaeMoS noBepxHOCTH, a 
paBHO H Ha npHJioHjeHJHKii, H nepexoaty k^ apyrHiit cBoĕcTBaMi 

HMH.ieKCOBl. 

ITpeatAe Bcero TeopeMu, B&ipaHiaoMEia ypaBeeHLiMa (14) h 
(15a) Tji. I. jjiH HMHJieKCOBi npHnnMaiOTii bh;i^: 

I. PeoMempwtecKoe MJhcmo Oiu^awuian mocKocme^, m- 
moHeKtnpUHOCHoeemHnacamejth' cameAbmixz ks uHmeipaAhHUMZ 
miXL njiocKOCmeii , npoeeden- noeepxHOcmaMs KOHHCKca (m,w) 
«wxE Hcpesi odny u my oice &h moHKaxi ecmpihHu nocAn,d- 
npHjiiyto p KO iictbM^ immeipaM- uuxs Ch npnMOTo tt ecmb no- 
miMi noeppxHocntHJHZ KOHHCKca eepXHOcmh KJtacca m-\-n, codep- 
{m,n) ecmtt noeepxHocmb no- mamaH npnMym rr, — ecmaa 
pndKtt m-\-n, Koe^ n nojiocmc^ nAOCKoamh Hepe3z n Kacaemca 
npoxodami uepesh npiiMym p. oiuSamuieii e^ m mQHKaxh na TT . 

(Fouret. C. R. t. 79. p. 689 — 693) jiaeTi ĕes^L ;(0Ka3a- 
TCJibCTBa KaKi 9TH iw)i, TaKX H H3atecJiiayH)ii;ia, Eoiopia^i bth 
TeopeMEi cyTii lacTHtiS cjiy^aS: 

II. reoMempuHecKoe Mrhcmo Oiu6aiouiaa nAOCKOcmeA, Ka- 
moneKh npuKOcuoeema unme- cameAbHuxh kh UHmeipaAhHUMs 
'ipaAbmiX5 noeepxHOcmsti koh- noeepxH0cmRMh KOHHCKCa {m,n) 
ueKca (m,n) ch nAoCKOcmHMu es motKaxz uxs ecmpniHU ch 
oiuSamiituMU paseepmueawuty- Kpmom fx-%o mpadKa ecmb no- 
toCH noeepxHocmb K.tacca v, eepxuocmb KAacca ju{m-^n). 
ecmb noeepxHOvmb nopndKa, 

v(m-!-K). 

1) Pouret. Comptes Eendas de l'Acad. Paris t. 82 p. 1497 — laOO; t. 84 
.j. 436-439. 

8* 
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B]wieTO Toro, ito6h nojiyiaTb 9tot'l peay.itTaTi h3t. 0(5- 
m0XT> ;iaHHiJXT. Bi> eaqa.ni nepBOĕ oasH ct)opHyji'&, MoatCMt 
BHBecTH oSi TeopeMH H3'& cjffcflyioiiieS oCiineA reopeMH. Ecjih 
HMieMT, HeTHpe EBaTepeapeHxi (|)OpMH CTeneeee n, n', n", n'" 

OTeOCETeJIBHO nepeMteHHK-B U^U^U^U^, E034»$HIlieHTH kohxi CyTL 

ijiyHKiiiH TaKate o;iHopojiHHfl nepeMienHsi x^ . .x^ cTeeeHeS 
m,m',M",m"' cooTB^STCTBeHeo, to pesyjiBTaTt HCKJHO^enia u 5y- 
AG-n, cTeneHH Smn^n^n'" OTHOcaiej&HO x. 3;iict mh HMieM^: 



, f{x,u) = 



m =0 r. 
m"' = f 



= ^ 

=/^; 



= 1 , . 

juu' = v 



yn^K- -«4) = 



IIoscTaBjraa 9Th SHaienia b^ Smn'n"n"' nojryHHMT. flJia. 
HCKOMaro nopawa BHmeynOMaeyToe ^hcjio v(m + H): 
KoppeJiaTHBeo — rio {JopMyjti Smm'm"n'" 6yAeM't 0M'Ltb: 



m' = 1 , «' = 1 
im" = u' n"- 

^\m"' = ju" n" 



IIoiCTaBJiaa Bii .Smm'm"n"' 

III. IJpedcmmuMJi ceSih dei 

npa.Mym p\ motda SydcMi UMtbmv. 

TeoMempUHecKoe Mthcmo mo't- 
KU, npoeedeuMaa yepess mmo- 
pyw u nepesh p nAOcKOcmh na- 
caemc-n ea ^moH moHKih npoxo- 
dMiiUX6 Hepe3z amy moHKy un- 
meipajibHuxh noeepxmcmeu 
nepeaio u emopoio noHueKca, 
ecmh Kpuean deonKOu KpueusHbi 
nopndKa mm'-i-nm'-i-mn',ecm- 
pmaKUiaa p es nm' +mn' moH- 
Kaxi. 

IIopasoKT, HCKOMaro M^lcTa (ji^b. ct.) onpe^^l&JEOTCa itaKi 
nopa^OKt oCmeS naTH KoeHeKCaMi {m,n),{m',n'), u^^^o^Ua^o 



HOJiyiHM^ /£(m + w). 
KonueKCa {m,n)' u {m',n') u 

Otu§an)UiaH nAOCKocmu, Kaca- 
wute^ca 85 odnoii u mo^ otce 
momtb uumeipaMnuxz no8epx- 
Hocmeu moio u dpyioio koh- 
HBKca, ecmh paseepmueaKUiaa- 
ca noeepxHQcmb KMCca nn'-i- 
nm' + mn', u yepess npRMyw p 
npoxodumz nm! + mn' en Koca- 
meAmuxs. 
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tii, = napH; oacCT cootb. paaBepTHBaioiitetics SyjieTt mm'. 
HcKJiioiaH ti, — npn ^esii Ua = o a m^o, 6npeji.ijiajom.ia npa- 
Myio /', saiiiHHMT. SKBHBajieHTHHMH ypaBHeaijiMH (Mjr:T)^j=o 
nojyHHMh Ui^{xpp)i H TaKnM^B or>pa30M'i HCKOMoe reoMeTpH^e-- 
CKoe M'&CTO onpea^ĔJiHTca Kaitt nepeciieHie noBepsHoCTeH 

a^^^ia^ppY^o, ti'J"\a.'xppY'=o 

HO Bt TOMt H0CJI4 BHji'6jiaTCfl npAMaa p, n — KpaTHaa Ha ojihoh 
noBepxHOCTE h ri — KpaTHaa na jipyroH, TaKT. hto ocTaromaaca 
KpHBas pHBoaKoK KpHEH3HH Cy^eTi nopfl;iKa 

(m' -j- k') {m + n) — nn' = mm' + nm' + mn'. 

"^Ihcjio ea TOHeKi. na p onpe^^iJiHTCs hs-b (|iopMyJiH m(n' + m'} 
+ ti'{n + m), — HO OTCiOAa HyatHo BH^ieCTii ein,e2nn' ToqeKT>, bh- 
S^JiaioniH^ca ci y^taJienieM^ npflMofi p ast cocTaBa reoMeTpn- 
HeCKaro M^CTa, h oCTaeTCa nm' + mn'. EoppejiflTHBBa.fl TeopcMa 
;toKa3iJBaeTca noAoSHHMt o6pa30Mi. 

lY. reoMempuuecKoe jnmmo OiuGawmaR nAOCKOcmeH, m- 

mOHeK6 , fl5 Komopbixz unme- caiouiuxcJi et odHoH u moa oice 

ipoAbUbta noeepxmcmu deyx5 moiKn, nAOCKOcmu A a deyua. 

KOHueKCoed Kacaiomcn odnoU u immeipajihHUMu noeepxHOcmH- 

■moU OKC njiocKocmu, npoxodR- mu KOHHCHcoe^ {m,n), {m',n') 

me^ Hepees mowy 3f ecmb no- ecmb noeepXHOcmb UAacca mm' 

eepxnocmb nopndKa nn'' + nm' +nm' + mn', ujimjouiaa nMC- 

+ mn', na Komopo^ ^ 6ydemz nocmb A mm' — KpamHom Kaca- 

nn' — Kpammio mcmou. mejibHoU. 

HcKOMoe reoMeTpHHecKoe m'ĕcto onpes'iJiaeTCfl ypaBHeHi^MH 

ax"'Ua." = 0, a'aj""Ma'''' = 0, ttj, = «« = 0. 

nepeuHoaiaa cooTB'feTCTBeHHue xapaKTepHCTHiecKie MHoa!HTe.JiH 

HOJiyiHMT, 

l^ = mm'.p^e + {mm' + mn' + nm^^p^e" + {mn'+nm' + nn')pe' 

KOTopoe noKasHBaeT^B, iw 0Hpeji4jifleMa» hmh napa noBepxHO- 
CTefi, — npHBo.iamaflca Bt .lanBOMt cjiyia^ii ki n0BepxH0CTH — 

MiCTy TO^eK^L H TOS SRH HOBepKHOCTH, KEK-L, OrH6aiOUI.efi COOTB. Ka- 

caTe^bHH^i, — 6yAeTX nopfl.iKa m«'-H«JK'+»w', -pmra.mm^+mn' 



yGoosle 



+ nm' H KJiacca mm'. 3aMi?afl, ito npn HCK-nogeHia u^ pe- 
syjitTaTi SyjteT^L cTenena ji?/ OToocBTejiBHO Wj-, saKJiio?aeMi, 
^TO 91 OyaeTt nn' — KpaTHOK toikoS noBepxHOCTH. AHajiorniHo 
;iOKaa:eMT. ^BoacTBeHHyio Teopeiiy. 9th TeopeMH cyTt lacTnHS 
cjiyiaa cji-6Ayiou;HXT.: 

V. PeoMempwiecKoe Mmmo OtuSawmasi mocKocmett, ko- 

moneKi npuKOCHOeema deyxi uu- mopbtxz den, UHmeipaMHbiR no- 

meipaAhHuxhnoeepxHocmeu KOH- eepxHocmu KOHneKcoes (m,w) u 

ueKCoei {m,n) u {m',n') m od- {m',n') Kacatomca Sb odnou u 

HTbMi u mthMOKe nJtoCKocmnMi, moiJi OKe moiKm noeepxHOcmu 

KacameMHbiMs kb nosepxHOcmu u - lo nopndKa, ecmb noeepx- 

KJiaccav, ecnib no6epxHocmb no- Hocmb KAacca u (mm' + nm' 

pRdna v{nn'-hnm'-hmn'). -hmn'). 

/I^OKasaTeJitcTBO coBepuieHHO aHaJiorm^Ho jioKaaaTeJibCTBy 
Teopeiti III H ly, H MH ero onycKaeM^. IIpHBe/teM^ eme CJit- 
jtyiomia TeopeMH, ^aBaeMua $yp3: 

Yl. PeoMempuuecKoe Mibcmo mo- OiuSawmaH njiocKocmett, m- 

HeKz, Si Komopbixd Kacatomcnuu- caKUtuxcn sb odnoil mouKn ks 

meipaAhHUHnoeepxHOcmu mpexs mpeM^ unmeipaAbHUMi noeepx- 

KOHHeKC06z{m,n),{m',n'),{m",n"), HocmHMiKOHHeKCoez {m,n)(m' ,n') 

ecmb noeepxHocmb nopHdua {m",n") ecmh nosepi>HOcmbKMC'- 

nn'n"-hmn'n"+m'n"n+m"nn'. ca mm'm" -i- mm'n" -\- m"mn' 



ripeACTaBHMt ce6'Ĕ Tpa KOHeeKCa {m,n),{m',n'),{m",n").. 
ITapa noBepXH0CTefi oGpasycMaa hmh bt, coe;iHHeHiH ch Tome- 
CTBeHHHM-B KOHHeKCOMi Mj, = CynBTi, uo npeAujtyuteMy Hopa^- 
Ka H KJiacca, onpĕs^ijiaeMH^ii H3t ypaBHema 

^, ={m.p-¥- n.e) {m'.p-\- n' .e) {m".p + n".e) ( 1 .^ -i- 1 .e) = 

{mm'm" -F mm'n" -t- mm"n' -i- ■n^ml'ii)p^e + 

{mwln" -\- mm"n' + mn'fi' -H m!m"n -i- m'nn" -h m"nn')p "e^ -h 

-H {nn'n" -f- mn'n" + »w're"w + m"nn')pe ' 

T. e. 3Ta napa noBepXHOCTeH cocTOHTt nst TOieinoS H0Bepx- 
HOCTH H0piiflEa nn'm" + mn'n" + m'n"n-i-m"nn', KOTopaa a ecib 
MicTO, yKasHBaeMoe bi leopeMi VI (.i^b. ct.), h h3i ornSae- 
MoS KacaTejiBHHMH hjiockoctamh nOBepsHOCTH K.iacca mm'm" + 
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mm'n"-i-mm"n'-i-mm"n, itOTOpaa h eCTt reoMCTpH^ecKoe m^- 
CTo, ynOMHHaoMoe st, KoppeJijiTBBRoS reopeMi. 

Ilojiarajj bi TeopcMi YI (cjiiBa) m" = o, uojyiHMi cootb, 
TeoppMy V, a npH KoppeJiaTHBaoMt upeAnoJtojKeeia w" = 0B^Te- 
opeM^ YI (crjpasa) nojiy^HMtTeopeMy V (cnpaBa). UpBm' = m'' = o 
nojy^HMi TeopeMy, — lacTHHa CJiy^aH Teopeaiu TI: 

reoMempuuecKoe jnthcmo mOHeKh npuKocHoeema nooepxuo- 
cmeH UMnMKca — um uHmeipaAWhix% noeepmocm&U KOHueKca 
(m,K) — c& paamHHhiMU naocKOcmaMU, oGwiUMU KacameJiwuMu 
noeepxnocmeii KAaccoes n' u n", ecmb noeepxHocmit nopadKa 
n'n"{m-\-n). 

Ilojiaraa %K^ch ^^e cnpaBa n' = n"=^o, noJiyiHMi Eoppejra- 
THBHyio TeopeMj. Hojiaraa n = n' = n" = o, nojiyiaeM-B TeopOMy 
Besiy, ^TO Tpn aireSpaniecKia noBepxeoCTH cTeneneS m,m' h w" 
uepeciKaiOTca bt. mm'm'' ToiKaxi. 

IIpHBe;5eMT. eine OAae'j. lacTBEiS CJiyiaS. IIpeji;eTaBHMi> ce- 
6i CBasKH HJiocKOCTeS nopsAKa m,m',m" 

9D-i-^9?i -i-/i93j =0, ip + 'k'^f)^ -b ju'ip^ = 0, X + ^"x. + /*''X8 = " 

Tni (p^, ip- H yr- cyTb iJ)yHKi;iH x^ . .x^ cTeneeeg coOTB^ĔTCTBea- 
HO m,m',m". j,Hc[)$epeHi(iaJii.Hoe ypaBHeme 9thsx CBnsoKTi no- 
jiyiHM^ ;iH({KJ)epeHLtHpya h nCKJiioiaa ff'*','X'^',x'*' m'h ypaBHeHiS: 



.'i^. 



H CyAeMT. HM'llTI. TaitHM^ oCpaSOMl KOHeeKCM 

(3(«-l),l): i-: 
(3(»'-1),1);j:: 
(3(«"-l).l)J= 



(1-1,2,3,4), 



' <!x.i dx^ dx^ 

' (tej dXi dx^ 
d% dt, dx^^ 
dx^ dx, (tej 



rjiaBeua KOHHHHAeeniH KOTopust 5y,iyTi HM'lTb cbohmh hbtc- 
rpajiiieuMiinoBepxHocTaMHBuioeynOMaeyTLiac!!a3KHnoBepxeocTeS. 
lIpHM'£eHa cio;i;a Teopeny VI noJiy^HMT.: Ecjtu danu mpu 
ceasKu nJioGKOcmeU nopiidKOes m, m' u m", mo leoMempuuecKoe 
Mmcmo moueKi, es Komopuxi KacaiomcH MeoKdy coSow mpu «o- 
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eepxmcmii, npunadAeoicauiin ks mpeMZ pasAwiHUM^ csRSKaMi, 
ecmb noeepxHOcmh nopadm 3(m + m' -h m") — 8, npoTodamaii 
nepesi m' + »i"4-m"' ocHoeHbixz mo<(eKe mpex& cenaoK^. OSuiin 
KacamejibHUR otuGamm noaepxHocmh KAacca 

9[(m— 1)K— i)m" + (m"— l)(m— l)m' + (w'— l)(m"— 1)to]. 

AHRJiorH^HLiJi TeopCMH nojiyiHMi Bi KoppejiaTaBHOMi cJiy^ai. 

^toSh noKOH^BTb CL H3Cji4soBaHiaMH $yp9, ocraeoBHMca 
Tenept ate na tomT), mto orn. HastiBaeTi cucmeMaMu noeepxHO' 
cmeu. Ecjin BosiMeMt jiBa KaKHX^-HH6yAfc KOHneKca 

(m,w) B (m',w'): f{x,u)^o h (p{x,u) = o, 

TO r-iaBnna hxt. KO0Hi;HAeHi;iH hm'Iiiott, co' o3mHXT, 3JieMeH- 
TOBi, o6pa3yiomHxi imenyio SuKOumiudemiiio EonHi(HseHn,iH/'=o, 
^ = 0. Kaa-aoS TOiKi npocTpaHCTBa cooTBiTCTByeTi. uoHeiHoe 
iHCJio nn' Hposoa^mHKi lepcs^ nee njiocKOCTeA, h KaataoS 
HJiocKOCTH mm' jie3KamKX^ na neg TO^eKi; TpB ypaBHeniji/^o, 
^ = H Ux = o yCTanaBJiHBaioT^ TaKHM^ oCpasoM^E tepatiioHaJib- 
Hoe cooTB'feTCTBie Meatjiy TonitaMH a hjiockocthmh HpocTpaHCTBa: 

pxi-^<f>-{u, . .wj (i=l,2,3,4) 
G.u-^T-^^^ ..a-J 

ECIH 0Tb TOTOH X HCpegaeMT. KX Ce3KoneiHo - CjIH3K09 
x-i-dx, To HJiocKOCTEi u + dw, cocĔJiHaa Ch tt B oSpasyiomaa 
BM'£cTt 01 x + dx 9ieMenTi, naxo;iami6cfl b^ coeiBHeHiH ct 
{x,u), onpeySjiHTca e;iHHCTBeHnHMi oSpasoMi; — siHCTBBTeJibHO 

1T05lT BHHOJIHBTb COOTHOHieHia 

2u-dx^ = o, Exidu- = o, 
S-'Ux, + I^du, - 0, Ax, + Au, - 



sa dUi nyacHo bsste 

<}du/ = S--^dxi 

dXl Mj' J j. OJ(.i 

nepeXOAH HGHpepHBHHMl oOpaSOMl OT^B OflS03 T01KH Kt 

coci.((Het ci Heio, hoctpohmt, KpBByro— xapaKTepHCTHKy, oOH;yK> 
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jByMi. rjraBHHM^B KonHi],HjieHn;isM^, a cnOTBiTCTBeHHija njioc- 
KOCTH ornGaiOTT. xapaKTepHCTHKy — pasBepTHBaiomyioca. Ho 9th 
o3* ^apaKTepHCTHKTi HCJiLBa BooOme paenpe,n'6jiaTb na co' noBepx- 
HOCTeH, T. e. nJiocKoCTe, KacaTeJitHua Ki sapaRTepncTHKi, Sea- 
KOHeiHO-MaJio yKJiOHJiK)iii,efica OT'b ;ipyrofl, ne ^jiyT^L 80of)U],e npo- 

SOaHTb gepeSt KacaTejItHHa BTj COOTBiTCTBeHHUSl TO^Ka^-L 3T0S 

nocjii^neS, 9to BOSMoatHO Jinnib npn BEinoJiHeHiH BHBejeHHaro 
BLiuie ycjiOBia 

i=SdXi dui dui dx£i ' 

^toBh jiBa KOHHeKca HM'!&jiH co' oSuiH^t HHTerpajiT.Hnx^ no- 

BepSHOCTeS, SeIJH 6h Bt HHBOJIHmiH. ^iHCTBHTeJIIiHO, eCJIH 3T0 

yCJiOBie BUHOJiHaeTCa bcIimh sjieMeHTaMO pasCMaTpHBaeMoS 6h- 
KOHHitHjieHiiiH, To cjttjiaBTi Bi f=o m = no;ncTaHOBKy m,- = 
^,.(3!) H jt0({)c|)epeHu,Hpya no x, SyjieM-i hm§tb'. 

i^ + ^fjl ^^ = 0, #+*f!^ '^J^^o (^ = 1,2,3,4). 
dXi i=idui dxi dXi k=iduh dxi 



cluh ' 

ydf_ d^/dui dui -^ 

duk (hii \ dxi dxi > 



TaKt KaK^L 9T0 ypaBHeuie jioji;kho Shtl BHnoJineHo jtJta 
HHiiajieHi^ii 
dui dui 



Bcisi sjieMCHTOBt GHKOHHiiajieHi^ia, a — , — He Bct paBHH 

dUi duk 



T. e. BupaKeHie 
^^,(x, ..x^)dXi = o npe ycJiOBiH Sx-^i^o 
upeACTaBJiaeT^B coCoro TOHuHi ;iHiJ)(|)epeHu,iaJi:& dH, TaKi ^to 
_ff= const 

HsoSpasKaeTi co' iioBepxHOCTeĔ, KOTopEia h CyjiyT-B hckomhmh 
oSmHMU HHTerpaJiaMe ypaBHeHiS 

f=0, Ux = H = 0, !f^=0. 
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Mh npesiioaorKOJiH, 'ito ypaBHeeiji onpeaijaiomia 6hko- 
HHriHjteeitiHi MoryTi duTt pinieHEi OTeocHTeji&Ho u. Ecjh jne 
OTHocaTeJiino u ohh paspimeHH 6ht& ee Moryr^B, to paspi- 
maiOTCa OTHOCHTeJtteo x^ npH BunojieeHie ycJiOBiH HBTerpn- 
pyeMocTH MH OyjteMi Hu^Tt: 

o = SW.{u^ . .uJdtii^dS. 
. ■ . S(Mj . . uj^^const 

oapeaijrnTT. ceMBio noBepxnocTeĔ bt, njiocKOCTHHXt KOOpjtHea- 
Taxi — co' 0HTerpa.ioBi, o6h;ux^ jiByMX ypaBHeeisMi. Ecjih ate 
ocTaeeMca epH TogeHHHSi KOop^jHHaTa^i, to ypaBHCHie f—o, 
= 0, u^ = o npHBe^iyTra bjih K't CHCTeM^ 

0{x^ ..x^) = o, K{x,u)=^o, Ux^O 

HJH Kl CBCTeMi 

(p^{x^ . . a;J = «, ^a(^i ■ ■ *,) = o, M^ = o. 

Bt. nepBOM't cJiyHai co^ ajieMeHTOB^B (iHKOHHiiHjeni^iH co- 
CTaBJiaiOTca TaR^L: Kaatjiaa asi co^ ToieKt noBepxHocTH ^ = 
aaeTTi co' ajieMenTOB^B Bt coejHHeHiH cb co' HaoCKOCTJiMH, le- 
pest nee npoxo.iianiHMH h orHSaiomHMH KOHBHecKyro noBepx- 
BOCTE K{x,u) = o, Ux = o. XapaKTepeCTHKH cyTL KpHBHs, pac- 
nojioateHHHA na eoBepxHOCTH = o; ho xapaKTep0CTHKe pas- 
BepTHBaiomiaca 6yji;yTt KacaTtca noBepxeocTa (J) = o B^iojt co- 
OTBtTCTBeeeH^t KpHBu^^L JiHiHb Bi cjiyiai BHHOJiBeHia ycJiOEiA 
HHTerpHpyeMocTH, KOTopoe 3ji'6cl hphbo;!htc3 ki 

Bi gacTBocTH, ecJiH K{x,u) = o ecrt KOBHeKcx («i,l), sto 
ypaBHeHie BnpaataeTi, ito npHHafljieatamaa TO^Ki x bi K^o 
ToqKa y JiejKHTi. Et ujiockoctb, KacaTejitHoS YCh(p = o bi toikS 
3;, T. e. upaMaa xy KacacTCa 3toS ii0BepxH0CTH. Bi CJiyiat 
HHTerpHpyeaocTH och nygKOBi, npHBaiJiejKaHiH^i x b-b kohh- 
iIHjieHH,iH K^^o, w, = o, orHSaioT-E co' xapaKTepacTHKi, jieata- 
mH^i Ba = Q npeACTaB.ifl EOmn^^B 00' HHTerpaJiOB^B, oSuih^^b 
paBCMaTpBBaeMHMt ypaBHeHiaM%, PimeHieMt aBJtaeTca CBepxx 

TOrO CaMa H0BepXH0CTb = o. 
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EcJiH ^taeaaH 6HK0HHitajieHn,ia npHBojtuiea Kt 0^ {x^..x^)^o,. 
^^ (a;,,, . ic J = 0, ^fi = o, TO oo^ ajieMeHTOBi. ea CJtaraiOTCa nsi 
CO' CBH30KI Cl BepmHHaMB Ha KpHBOS 0^=0., (P^=o, KOTopaa 
H SBJiaHHca HHTerpajiaMH CHCTeMti. PiineHieMi ABJiaeTCa csepsi 
TOro H Kpauaa 0^=o, ^^=0. ABaJioreqnMH aBJieeia npe^CTa- 

BJiHIOTCa BT> .HBOHCTBeBIlUS^ CJiyTOaSl 

¥{m, ..mJ=-o, /{(^^uj-^o, Ux-=0 s 
T^{u^ . .u^) = o, "SPj (m, . . « J =■ 0, Uj. = o. 

06cT02Tej[bCTBO, ^TO ypaBeeeie bi nojtetiST. ;iHiJii{iepee- 
iliajias^ BHjia Fdx + Qdy+I{ds^o, m BuaoJieaiomee ycjiOBia 
HHTerpepyeMoCTB, uoKeT^ 6hts epoHeTerpepoBaHO h epHBO- 
;iaTca kx CHCTeM'Ĕ ^Bys^ ypaBHeeiA bx iacTeLix't iipoHSBOji:- 
HHSt 3aM'iHeH0 Chjio MoBmeMT. '), yBa^aBuiHM^ n reoMeTpHie- 
CKoe Beaieeie 3Toro pesyjiBTaTa, — hto HOTerpajiaMe aBJiaiOTCa 
SAicb He noBepxeoCTe, a KpeBtta ;iBoaKoS KpeBHseia. 

EcjiH ace ycaoBia HHTerpepyeMOCTe BHnojtHeHU, to cobo- 
KynnocTt co' HeTerpajitBiJS't noBepSHoCTeS KOHHi^HaeHiiia 
f{x,u)=-o, (p{x,u) = o oCJiajtaioTt cJitjtyiomeMH CBoScTBawH: 1" 
^epeat Kaatjiyio TO^Ky npoCTpaHCTBa npoxo;iHTt v = «K'noBCpx- 
HOCTeĔ CHCTeMH, 2° KasK;ioS njiocKocTe epocTpaeCTBa KacaioTCa 
u.=mm' H0BepxH0CTeS e VQ = mn' -rnm' HM^IioTt Bt TOircasi 
BCTp^Hii ct jtaeaoio npaMOio KacaTCJibeoio ajiocKOCTt, nposoAa- 
myio "^epest 3Ty npaMyio. ^42cTBareJiiiHo nepBoe ihcjio — eopa- 
jlOKt ceCTeMH cosnajtaeTt ct laciOMt ajieMeHTOBt SeKOHHiia- 
jteei(in, KOTopust TOiKa ecTt jiaHnaa, BTopoe — ct ^ecjiOMt, ea 
ajieMceTOBt, KOTOptixt njiocKOCTb ecri. jiaHHaa h 3° ecTt hbcjio 
9JieMeHT0Bt, npoxojiamBX't lepest jiaeHyio epaMyio t. e. BU-r 
HOJ[eaioin,Hxt ypaBeenia 

{xpp)^ = 0, (xpp)^ = 

(m:T3T)j =0, {U?T7T)^=0 
f=0, = {u, = o). 



't Ci[. ero Snpplement oii ron fait voir qne les ĕqnat.ions aus ilif(ereu-- 
ces ordinaires, pour I«s gaellea les coiiditions d'integi'abilitĕ ne sout pas sa- 
ti3faites, sout siisceptibles d'iine Teritable intugratlon <t ([ue c'est de cette in- 
tegration que deperidcelle des ĕ^uations aus differpnces partiellea elevees. Hi-- 
stoire de I'Acad de Paris ITS-l p. 50S. 
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TaKHMi. oSpasOMi ODpeji^ĔJiJiiOTea nopa;iOKX, KJiacCL h panr^. 
■9Tofi cucmeMbi no3epxHocnieU {TaKoe HasBaHie npH^raeTi 9toS 
«oBOKyneoCTH co' noBepseocTeĔ $ypa — C. R. t. 85 p. 844). 
Ji^js BoKOHHiiHAeniiiH MH 0m4jih ^eTope gHCjra xapaKTepHCTHKw 
-HO x^ — nopaaOKT. KpHBOH, coOTBiTCTByioui,e3 ojiocKOCTaMi, npo- 
sosflui,HMX 'lepesi. jaHeyio npjiMyio paBno o-(-v, a )>, — KJiaccL 
pasBepTHBaiOHieScH nOBepxsoCTH , coOTBiTCTByionieA TOiKaM'^ 
/laHHOĔ npAMoS— paBHo a-i-p. Bi, Toaie BpeMa oto sapaKTepn- 

CTHKH KOUHIIHJieeH,iH /"=(>, = 0. IIOSTOMy /lOCTaTO^HO TpeSl 

xapaKTepHCTHKX Ajss onpe;iijieeiji cHcieMu noBepSHOCTeĕ nnJis 
piiueeia OTeocaH;Hxea cioaa BonpocoBi aeyMepaTBBeoS reoMe- 
TpiH. TaKi npexfle Bcero Bonpoci. o KacaHJH u0BepxH0CTe3 
CHCTeMK CT. nOBepxeocTtio i'"'^^ nopa^Ka u^ paera p^ h KJiac- 
ca v^ cse^neMi na Boiipoci. o ibcji^ ajiCMeHTOBt eapa noBepx- 
eociett 

F=o, gu,^^ (^ = 1,2,3,4), 

ofiiHHXT, en ch KOHeH,Hji;eeitieio /■{x,m) =o, 0{x,tt)=o nopa/tKa 
u, KJiacca V h panra f) — paBHOMi no (16) § 1: 

JV= «//j + QQ^ + V, V 

Bx opHM^eeeiH k% CHCTeMaMt aJire6paH^ecKHXT. noBepi- 
HOCieB 3Ta TeopeMa, Kart yKastiBaeTi Bnli (Math, Anii YIII: 
Ueber Systeme von Ciirven u. Piachen S. 534} ,naoa BoepBHe 
■de Jonquiĕres'oMi (C. E. t. 58, 81). 

riyCTb i/; = o TpeTiH itoeHeKCi {m",n"), ee CTOnuiiS uh bi 
KaKOui ocoSoMT. OTHOUieeia RT, KOHHeKcaMi BT. HeBOJiion;ia f'^0. 
Ct. rJiaBHOH) ^HKoaHitHjieeitieio nocjiiaHH^^ ohx HM^eTt oCoiyio 
napy n0BepxH0CTeH, uopaAOKT, h K.iiaccx KOTopoS uo iJopMy- 
jiaMt (101, (II) § 1 6yflyTT> eooTBfocTBeeHO n"(v-Hp) -i-m"v 
H m"(t( + p) + w",w. TaKHMi oSpaaoMi: teoMempuuecKoe Mtbcmo 
moueK^ npuKOCHoeeHia uHmeipaMHbixz noeep^Hocm^Ĕ KOHueKca 
(m",«.") {no6epxHOcmeA nMnJi&cca {m'\n")) €z noeepxuocmHMU 
-cucmeMU {^,o,u) ecmh n08epxHocmb nopadKa Qn" + n'/' + vm", 
a oiu6awiiiaa coom-e. oSuiu^^d KacameMHUXh ecrm noeepxHocmh 
KJiacca jum" + m"p + n"u (Fouret, C. R. t. 80 p. 805). Ki sto- 
My MOateo upHSaEHTE, hto ibcjio TaKHXi D.ieMeBTOBt 3ToB napu, 
2JIH ^acJio TaK0XX TOHCKi opHKOCHOBeaia HOTerpajiiiOti^i nOBepx- 
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HOCTeĔ EOHeeKca {m"n") ce noBepxeoCTflMH cnCTeMEi (v,o,«), 
KOTopHS JieataTi wb ^taeHoH n^iocKOCTH, a KOTOpus^ Kacaiejii.- 
HbiJi npoxo;iaTt lepes^ /laHHyio TOiKy, eCTb 

,««" H- <>(m" + n") + 'jm", 

^Bi CBCTeMH iioBepxBOCTefl {y,Q,u) h (v'jp',«') aMiioi^ 
co' o6viUXi sMMeHmoei, Komophi^i moiKU — m. e. mOHKu Kaca- 
HiH noeepxHocme^ 9mttXi cucmeMi — oepasyiom^ Kpueyw deoHKoii 
Kpueumu nopndKa /i'v-i- uv' + v'p + vj>'4-pp', a oiuSawutaa co- 
omeihmcm8eHHux5 ndOCKOcmeii—oSutu^s KaeameMnbixz ecmb pas- 
eepmmaioui,aHCn noeepxHOcmh KAacca uv' -f v u' + g/j,' + uo' + oo' 
(§ 1, (12)) ')• ... 

§ 13. nOBep}(HOCTH OCOlSeHHOGTeH. Oco6eHHbifi ptuieHiR. 
npHM^ssa K'B rjiaBHOi KOHHiiHjteHiiiH KOHHUKca f{;x.^u)^o ;taH- 



') CaereMH nonepxHocTeft MomHO nayiaTj eme ct apyroi io^eh spiHia. 
KaKi MH BiiAtJiH, HBj^eHie hxi oBoaHTca Haasy^eHJe ypaBHeHia bx nojTHHsi 
att$c[)epeHniajiaxi. S*frffl;/=o npii ycjiojiiH 2*;3!;=o. Ci TaKoa to^bh aptHia 
aaHHirajica aTHMii KonijBrypaiiiaMH iocct (Hath. AnnXYI,556— 9, XXIII, 45— 
81, 359—411). 3Haa ypaBHenia f=o, 'i=o, u^—o HaAneKt aH,'=i5; k Ho.iy- 
^HMT. ypaBHenie b'j. hojihnxt. jH$$ept!Hniajiaxt h oApaTHo ot'i. aioro Howrlia- 
Haro HepeiiAejii k-j. ypaBHeiiiaji^ OiLKOHMnnaoHuiH, npHBoiia k^e utaoMy iiHjiy 



ypaBHenia 



iH. il>. 0, 0. 



IIpeji.cTaBHMj oefi e^ ALyrofi cTnp hb KOHHeKCL i/h >ieMeHTUM'6 (ToHKa 
HpaMaa) '/'{x,p)= Bro rjiaBHaa aoHHiiHaHmia BHaiTaeTca ypaBHeHiaiiB 
(a:pp\=o, {xpp)i=o YcaoBia coeflHHeHHaio HoioHteHia 6eaKOHe^H0 6aH3KHX'i 
saeMeHTOB'! cyit ((fa!pp) =o (dxii)^=o TaRi hto HpHnaa j) roejiHUSKiHiaa 
TO^KH a; K x+dx GyjieTi ^pii=x,dx/i -j-idTi. IIoacTaitJiaa b^ ypaitueHie 
0(x.p)=o noayiHKi (fi(x:,{xdci:))^^ax'"[aird.v)''=o. Caygait ypaaHeHiit 1 no- 
pajiKa OTHocHTCJibHO aHcp^epeHHiaaoBT, KoropHi HJiteMi bi> CHcTeMas^L ho- 
BepxHocTeif, anaaeTca ojihhmi hs^ npociiiAinHsi, h Ksy^enie ero aBHica nep- 
BHM1 maroMi b* TeopiH raaBMBss KOHHLjHjieHiiii KOHHeKcoBi ce MeMCHTOM'!. 
(T05Ka. HpaMaa), Bi »H/ty SToro aojiaeTca 6ojiie yMtcTHHMi Ksy^aTt cHCTeMH 
HOBepxH0cie2 b'j. CBasH ct KOHHeKcaHH 'At,,]i)=o, HtKOTopHH CBoiciBa koto- 
paro— HpeHMyHiecrBeHHO aHyMepaTHBHBH— HsejiijioBaHH BoHCj[op(iiOMi, a raaB- 
Maa KOHMttHtti!Huia hoji-b HMOHeMi KOHB^eeEaro KuiiHeKca paaeMaTpHBaeica Ma- 
aoHH.— Cp. S. Lie Theorie de Transforraation9gruppei!. B. II. 
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Hoe B^B § 8 jjia KOHHi],HAeQi;iB ROoOnie onpeAi-ieeie oco5eHHHxx 
ajieMeeTOBi, saicĔTHiii., yTO ecTt ocoSeHHue ajieiieeiH ;(Byxs 
poaoBt: o;[HH BHnojiHaiOT'L ypaBeeHia: 



dl dl dl dl^ 

dx. 



— = — i = (? BJiH (T.M; = -p- (^= 1,2,3,4} 



3T0 — sjieiieeTH Toie^eo-ocoSeeHBie, reoMeTpaierKoe hxt, otjh- 
lie cocTOHTt Bi TOM^, ^iTo noBepseocTL Xu, opHHaMejEamaa 
nJiocKOCTH M, EacaeTCH 9T0fl njiocKOCTH, H TOiEta npHKoeeoBe- 
eia X aBJiaeTra ooaTOSiy jiboShoh) to^koio ea kphboS nepec^- 
genia u ci X„ t. e. na npeea^jieaiameS u EpeBoA rJiaBHoS 

'JXl 

CKocTb 3JiOMeHTa {y,v) coepAiKeBHaro KoeeeKca cooTBiTCTByio- 
maro ajieMeeTy {x,u), to paacMaTpHBaeMiae 9iieMeHTti cyTb Bi 
Toate BpeMH t-ĕ ^JieMeHTH, bt, KOTop&ixx u ecTL oCmaH KacaTCJit- 
eaa nOBepXH0CTH TJ^ h noBepxHocTH Y,, upEeaajieataeieS Bf. 
conpHKeHeoM^ KOHncKci To^Ki y, cooTB^^TCTByiomeA x. TaKi 
KaKT, HOMHO^aa ea x. n cyMMHpya no.iyiaeM'B in.f=(S.Ux, to 

niecTBypaBHeeiH m*j- = — -, / = o, Ux = o cboijitcji k^ mth, a no 

ECKJiiOHeBiH (5" Kh ^eTijpeMi b oepejiiJiaiOTi napy noBepxHocTea 
H3i KOTOpHxi. o^KHa ecTB orHSaiomaa njiocKocTeS ii, KacaTejib- 
HHxi K^ epHHajjieMmHM^ HMi nOBepxeocT3M'fi Xa, a BTOpaa 
M^tcTO H^t TOieKT, HpHKocBOBesin. ypaBaeHie nepBoS uojiyiHTca 
no3TOMy, ecJiH BHpasHM^ ypaBeenie X„ bt. njiocKOCTHLixx ko- 
0pflHHaTaxi H03,t bh;ioiix <P{u,XJ)=o h eanHieeM^, ^to oeo 
y^oBJieTBopaeTCH npe U^ = U;: *P{u,u) = o. TaKX ecjiH 

f{%.,u) ^ a^^uj^ = 0, 

To ypaBHeeie X„ Bi TaHreHiiiaJii.nEixt Eoop;iHHaTaxi nojiy^aeT- 
ca HCKJiiOHenieM-B ^^ h3t. G.XJi^aiaj:%%'\i = \^1,%.^), TaKi ^to 

<P(u,U)^Ua''uf'Ui''{abcU)' = o, H nOTOMy 
'P{u,u)^^u^''ir/'u-{"{abcu) ' = o, 

nOBepxeocTL KJiacca 3n-\-2. M'ieTO TO^eKi npHKOCHOBeeia ossa- 
■^HMl F'. 
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Jl^pyroro pojia ocoCeHiiHC 3JieMi?eTH rJiaBHo3 KOHHi^H^teHiiiH 
onpej^ĔMiOTca ypaBaeHinMH 

rff ^ _rf/; ^ 

X, !C, X, X, ^ ' dui ' > ' ' 

EOTopHii BHpaataioT^, 5T0 HOBepSHOCTb 11x1 npHHa^jieMtamaa 
TO^K^Ĕ X Bi KOnaeKC^, iiM'£eTX toikojo npHKOCHOBeeia ojihoS 
031 EacaTeJi£HLix^ K caMyio TOiKy x, t. e. npoxoaHTi ^epesi 
Hee. 9jieMeHTii 9Toro po^a TaHreen;iaJiLHo- oeoOeHHHe, noTOMy 
^TO sjrici) u aBJiaeTca jiboShok) KacaTejii.HOH) epaeaAJieiKamaro 
X KOeyca rjiaBHOE KOHeiiHaeHHiH, h raKate oSpasyiOTi napy no- 
BepxeocieS, o;iea h3i KOHXi ecTb reoMeTpaiecKoe m4cto ToieKT. 
X, jiesaeiH^^ na npHHaaJieatamBiT. bmi. bt. KOeHeKct nOBepx- 
BOCTflS'& lTx, a pipyraa — orH6aiOHiafl KacaTejiE.HHXi kx U^ e^e 
9THXi TOiKaxi). ypaBHenie nepBoĕ nojiyiBMt noaTOMy, eciH bh- 
pasHwi Ux Bi TOReiHHXT. Koop;tHHaTaxi, — T. e. ncKJiroiBMT. 

p H «(■ HBT. ypaBeeeiH F{x,i,i)=o, oX,- = y^ h HanaineMi, iio 

HOJiyieHeoe TaKHMX oCpasoM^ ypaBneHie F(x.X) = 
pHEOTca npa Z,. =:Bj-, — t. e. HCKOMoe ypaBeeHie ecTt 'F(x,x) 
TaKt ecjia f ecTb KOHHeKCi (»t,'2), to 

F(x,X)=a;,"'b^'"c^'"{ai3yX) ' = o, 

H cji^ĔHOBaTe.ibHO 

J'(3;,a;)=Oj,"'&3,"'Cj,'"(a,?ya:)^ = o, — nOBepxeocTi. aopa^Ka 3m + 2. 

Ora^aiooiyio HJiocKOCie^ m, KacaTeJi&eHxi k% U^ bt, to^- 
KaxT. 3T0Ĕ noBepxHocTH 03eaqBMi ^'. noBepxeocTb F(X:x) = o 
cyHtecTByeTi toji&ko npa w>-l, noTOMy qTO npH«.= l Z7x cbo- 
AHTca Kt TOiK^S H eeJiiiSH yaie roBOpHTb o jtBoSiiHS^ KacaTeJi&- 
EHXi etc. ToiHO TaK^e ^(m,m)=o cymeCTByeTT. tojileo npa 
OT>1. CjiyiaH KOHHeKCOBi («i,l) H (l,n) nyaiHO noaTOMy pa3- 
CMOTptTb ocodo. 

IIopaHloKt H KJiacci CBfl3aHHuxi CTi KoaHiiHj;eHuiea 5Byxt 
napT. nOBepxHOCTea ^,'^' a i^',^ oape^iijiHMi oo oShihmi 
([^opMyjiaMt § 1, KaKX nopasoKi a KJiaccT. napn nOBepxHOCTeĔ, 

ijieaeoA eepeci^eHieMt gerHpe^i KOHHeKcoEi 
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, , ^ df df df df df df 

^ ' ' ^du^ ' du^ du^ m(j au^ au^ 

nopaAOKl H KJiaCCl KOTOpHXl CyTt COOTUiTCTBeHAO {w,)*), 
(m + l,«— 1), (»1+1,»— 1), (m4-l,w— 1); npH 3T0Mi nyiKHO 
OTSpocHTb, KaKS nocTopoHsk, o6ra,ia raKme 9tkmtj leTHpcMt 
KOHeeKcaMt 1° napy noBepxHOCTeH 

,M''f_„ i£_„ it_„ it 



MicTO TaBreHn,iaJiLHo - ocoSeHHHKi DJieMeHTOBi KOHaeKca /'=0, 
E 2" AB'i napH noBepxHOCTea 

f , rf/' df df 

\f=o, x=o, -^- = 0, x,-^ — a; -,— = 

j OM, a!(, ««3 

L '^'/' f'/' '^t' 

\f=0, X=0, -r- = 0, X,-~ — X„-~ = 
y ' du^ dii^ du^ 

noTOMy gio xoTa BHnscaHHaa cecTeMa ypaBHeHiS npH btom-e 
H y;iOB.ieTBOpfleTca, ho hc BHHOJiniiiOTCji spyria ypaBHenia h3i 

^Hcm Xi ~ — a;^— =0,— KOTopm bc4 ^tojiJKHH 6uTb cJii/icT- 

duic dui 
BieM^b HeTHpex^ BHn0caHHHxi. 

nopaAOKT> napn (a) ecTt m{n — 1)'+3(« — l)^n{m + 1), 
Kjracci es (m+l)'?; + 3(« — l)M(m + l)', SJia iiapn (b) nops^iOKt 
im^n—l)" B KJiacci im^^n — 1), HaKOnen,! uapn (c) nopjijKa 
n{n — 1)^ H Kjacca m"(w— 1) + »k(w + 1)(2« — 1) Ka^Aaa. IIo- 
aioMy nopa;[OKi iiouepSHOCTB F ecT&: 

m(w— l)' + 3(m+l)K(«— 1)'— 4m(n— 1)'— 2«(n— 1)' = 
= (3m + «}(n — 1)^, 

a KJiaccB iioBepxeocTH ^' 

(m+l)'»+3»i(m + l)'(» — 1) — 4m\M — 1)— 2m^(« — 1) — 
2m(TO+l)(2« — l) = m'+3m^« — 2m^ + 2mK+« — m. 

riopajioK^ noBepxHOCTH F momho 6hjio 6ti iiojiygHTL eute 
TaKHM^B oOpasoMi: (nopajoKii} ]ioBepxn0CTH n-vo KJiacca Oest 
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ocoCennocTeB cctl n{n — 1)*, h ypaBHeHie ea b-l TOie^easT. 
KOopAHHaTaxi CTeneHH 3(« — 1)^ OTHOcaTejbno KOBiJ^^a^ieHTOBt 
ea TaHreDHiaabHaro ypaBHCHia. KamjiuS h3i kotophx^ cTeneHH 
m OTHocHTejHiHO x^ . . x^, TaKHM^ oCpaaOMi nopajiOKi nOBepx- 
HOCTH /■' paBeHi n{n — I)^ + 3l,n — lym = (3m + n){n — 1)^, 
KaKi H naSjieHO Ebime, 

B'i ^BoScTBeHHOM^ cJiyiai HopajiOK^ a KJiaccL napa no- 
BepxHOCTCH F',*P onpe^ĔJiHM^, KaKi. Hops;[OKX H KJiaccx napH 
n0EepxH0CTe3, KOTOpyM noJiyiHMi oTKEatiBaa ott> napLi 

cJf <lf df df 

^~—u^~=o, u—- — u r- —0 
dx, II x^ (tx, aw^ 

nopa^Ka m(n+l)"+3(m — l)n(«+l)' s KJiacca (m— 1)^« + 
+ 3(m — l)'m(«+l) napH noBepxHOCTefi: 1" napy 

' K^ jH^ AL^ ĔL = 

dx^ ' (?a^5 ' i},x^ ' dx, ' 

m4cto TO^eqHO-oco6eHHLixx ^jiCMeHTOBs— nopajiKa 4(m — l)n' n 
KJiacca 4(w — 1)'«; 



f = o, u,=o,—~-^o, u,— — u„— = o 
dXs dXi dx, 

Hopa^tKa n^(m — ]) + (2m — \)n{n +1) h KJiacea m{m — l)' 
Ea^.;(aa. 

TaKHM-L oGpasoMi Baxo;tHMi, >3to nopasoK-L F' ecTL 
«'+3k% — 'i.n^ + ^inm + m — «, a KJiacci ^(3« + i»)(m — l)''. 
r!oeJi'i,5Hee ^hcjio, KaKt h nopasoKi, F, mojkho 6h noJiyiHTL 
up^MO. B% gacTHoCTH npH n = 2 HMioMT.: i'— nopa;iKa 3m + 2, 
J*'— HOpaaKa 17m — 2, ^' KJiaeea (m+lj^+m^ + l h ^ — KJiacca 
(m— 1) (m + 6). 

noBepxHocTH F H "P HiiiioTi TicHyio CBa3& ci xapaK- 
TepacTHKaMH h EHTorpaJibHiaiHH noBepXHOCTaMa KOHneKca. Pas- 

CMOTpBMt T01KH B6.!Ifl3H HOBepSHOCTH F{x,x) = 0. To^Ka ^ 9T0S 

nOBepxHoeTH JiejKHT^ sa HpHHafljreiKaiD,e3 e3 nOBepxHOCTH Ux, 
H KOHycL rjiaBHoS KOHEiiHfleHi;iH pacnasaeTCa na njiocKOCTi, 

9 



yGoosle 



KaeaTejibeyio Et U_g wh tom;k'Ĕ ,t, h Apyi^OH Konycx. J{B'h no 
EpaSeeH M4pi oopaayiomiji KOHyca rjiaBHoS KOHHiiaseHD;i0 nm 
Taiios TOiKH cji'£aOBaTejii.HO coBna^iaioTi., h hb^ KpaBua xapaK- 
TepHCTHKH, npoxoaarnia ^epesi, to^kj, hm^ioti bi hcA oGuiyio 

KacaTejtHyM. Ho ypaBoenisi xapaKTepHCTHKT. ~,; v ci no- 
womLK) 0Xf = — , oapejiijijiioH^EiSTi ^''(^j^) = n, upHnHMaroTx 

bSjIHSH TOIKB 9T0S HOBepXEOCTH B^li.Ti ^ '= OX^, TaK^ iJTO TOHKa 

x+dx, BT, KOTOpyio iiepeS;teM^ ^BHraacL no sapaKTepHCTHni, 
npHBe;[niefi bti ToiKy x Ha F(x^x)=^o^ HwieTi KOOpaHHaTaMH 
Xi-¥dXi = Xi{\-h^dt), T. e. sapaKTepnCTHKa ae npoAOJiataeTca 

Sa TO^KJ X. BX TOIKt nOBepXHOCTH F(X,X)=0 ;iBi BiTBH HMi- 

I0TX o6iH,yio KacaTejiijHyio, oe npoxoji!i!afle& sa 9Ty TOHKy, koto- 
paa ABjiaeTca TaKoaiT, oSpaaoMi. Tn^Koro BoSBpaTa KpEBOii - xa- 
paKTepBCTHKH. IIoBTopHBi /iBoScTBeHHoe pascy^jteaie WJf xa- 
paKTepacTHKH-pasBepTHBaiouieacji, KacaTeJitHoH kt, <P(u,u)=q, 
HOJiyiHMTi TaKia hb^ KOppejiaTHBHHa TeopeMu: 

reoMempwiecKoe Mn>cmo (huGaioinaa <P{u,u) = onAOCKo- 

F{x,x) = o moHem, pacnOAOotcen- cmeil, KacameMHhtx% kz npu- 

nuxz na npUHadjieoKauiuxz umt. uad.ieoKauitiMi um>. ez KonueKcn, 

es KOHueKcn, f{x,u) = o noeepX' f{x,u) = o noeep^HOcmaMn Xu, 

HOcmaxJi Ux, ecmb ez mo oice ecmb os mo o/ce epeun oiuSam- 

epeMH leoMempuHecKoe M»>cmo Uiaa KacameMHUXi eosepama 

•moHeKh eosepama Kpuebixi-xa- xapaKmepucmuKs — paseepmu- 

pmmepucmuKB amoio KouHeKca. eawuiuxc!i amoto KOUHeKca. 

II.nocKocTH, KacaTejibHHa b% toio^t. F \n> npHHa^iJo^a- 
mHMs HocJiijiHHMi. DOBepsHOCTAMT. Ux, orHSaioTi jpyryio uo- 
BepsHocTL 0', KOTopaa 6yfleTx »■& to me BpeMa orH5aioiH,eio 
KacaTeJibEtixx neperHCa xapaKTepHCTHK^— pasBepTHBaioiHH^ea; 
TORK0 upaKOCHOBeeia KacaTejiLHHXT. « kt. X„ aajiaiOTCB toii- 
KaMH neperHGa KpHBHXT,-xapaKTepHCTHKT. h oCJpasyioTi HOBepx- 

HOCTL F'. TOJILKO Bl 0TA'6jltHLIXT. TOIKa^'!. H0BepxOOCTH F Ka- 

caTejii,naa kt, U^ SyaeTt b% Toate Bpena KaeaTeJiLHoio a ki 
^'(^,»;)^^— jiJia 3TOro ByjKHO ne tojilko, ito5h F b 0' npo- 
CTO KacaJiHCL (oni KacaiOTca no KpBBoS), ho htoSu oh4 Kaca- 
JHCL Bi cooTB^TCTBeHHLixT, TOgKa^i, a iiJiS 9Toro HeoGxo;^HMO 
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^toSh KpoM^ ypaBaeeiB iox-= — , TOHiia x BLinoieajia TaKse 
ypaBeeeia ffU;= ■—. BoceML ypaBeeaiH 



(22) »! 



JL. 


= 0, 


"■'iu. 


-X, 




= 0, 




'^4 


du., 


df 




•n 




<ff 




, '^f 




^- 






u — — 


—u 




= 0, 


J( ■- 


—u 




dx. 




'Ux, 




' dx, ~ 




'dx. 




*rfa?3 



f{x,u) = 0, u^ 



BCJi-SjicTBie osHopojiBOCTH f CBOAATca HT, inecTH H onpea^JisiOTi 
BooSme KOHe^Hoe "ihcjio ajiejieHTOBt (x,m), oSpasycM&iK^ toi- 

KOK) HOBepSBOCTB F H KacaTGJIbeOIO K^ nea BI 9T0fi TOIKi, 

KacaioineacH h 0'. Bcjit^iCTBie no.nHoS CBMMCTpiH oTnocHTejitHo 
X ^ u 9T0 Sy^yTi TaKiHe aJioMeHTH {x.u), kotophxti n^ocKocTK 
u KacaioTCH 0{u,u)=o b^ ToiKax^ X, npnHaAJ[t!a;amHXT, P. 

Bt. H3B'icTetixx cJiyjaH^^L o^eaKo mecTi. ypaBHeaiS mo- 
ryTTi HntTi. co' B ;iaate co" o5mBXX 3JieMeHT0BTi. Bi iioeji'6;i- 
HeiiT, cJiyyai coBOKyHHoCTE. TaKas^ co' SJiewenTOBi rjiaBHoS 
KOHeD;nfleBqiH f^o, u^ = o olipaayeTi BjieiieaTHoe MHOrooopasie 
9Toa KOHH 11^.1 enrtiH, npeACTaBJiaa co5oro KaKt TOie^juoe— noBepx- 
HOCTb, spHByro H.1H ToiKy. JtiScTBHTejiBHo ^Ba cocijHie 3Jie- 
MeeTa {x,u) n (x + dx,u + du) oSpasyioTCa nepBHB toikoio x 
noBepSHOCTH Ux e KacaTejii.Hoio ki eeS u bt. 3to@ tohk^S h 
BTOpoS — ToiiKoio x + dx ToS Hte nOBepXH0CTH, jiejEameS Bt njio- 
CKOCTH u., T. e. BHnojieBiomea ypaBHeeie 2x^du-=o. 

3to p'iHieeie OTJiaiacTCa ott. ;tpyraxi 9JieMeeTeHX'& mho- 
rooSpasin paacMaTpHBaeMoS KORaiiHfleBu;iH t^kt,, ito npHeaa- 
JiewaHiiH ToqK'J 3to2 noBepxBocTH, KpHBOiS hjih cbhbkh Konyci 
rJiaBHOH KOHHu;nAeBn;iH pacaaxaeTCH na jipyrOH KOnyct h Ha 
njioCKOCTi., KacaTeJitHyio m, pasCMaTpHiiacMOMy pimeHiio. KaiK- 
saa npHMan ny^Ka, HM^iiOHiaro 9Ty To^ay CBoew BepmEBOio h 
jie!Kau;aro B'£ 9ToS iijiockocth, eCTb oOpasyioinaH npHHa;iie^a- 
maro tomk4 KOayca rjiaBBOg EOHHHH;ieBB;iH, TaK^B ito ^iepesi 
Eam^iyio TOiKy pascMaTpHBaeMaro pimcHiH npoxOAaTi. iio bc^m^b 
HanpaBJieBiaM'& kphbhh xapaKTepHCT0reH, kx neMy KacaTeJii.B£jH, 

Jl|BO0CTBeHnO H3I KpHBOB rjiaBHOH KOHBI(HaeHB,iH Bl UJIOCKOCTH, 

npBBajjieffiamefi ki paaCMaTpaBaeMOMy p^iuieuiio (KacaTejiLHoA 

Kt 9T0H !10BepXH0CTH, KpHBOS etc) BHfl'fejiHeTCa TOIKB BpBKO- 
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CHOBeHia 9T0@ ujiockocth: npsMua ny^Ka, jreiBainaro bi nJioc- 
KOCTF HMiiomaro npjiMyio Bepnmnoio, cyT& o(ipasyioiB,i3, m ko- 
TopuMt CT, njiocKOCTEK) KacaeTCH sapaKTepHCTOKH pasBepTH- 
Baiouiiaea. 

PiuieBJe, onpe/iijiaeMoe ypaBeeHiaMH (22), sBJiaeTCa orn- 
Oaiomeio n0JiHBXX HnierpaJiOB^ , — oupe;i'ijiaeMEixi. CHCTeMoio 
ypaBHeniH: 

f[x,u)^o, u^ = o, <p,{x,u,a,i3) = o, ^^{x,u,a.J3) = o 

rji§ a,/? npOHSBOJUiHHa noCTOSHHLia 050^,9:)^ p^ineHia (20). /1,40- 
CTBHTejiBHO HCKJiioiaa u^ --«^, noJiyaHMt ypaBaeHJe naTerpaJia 

(I) V{x, . ,3;^,a,/9)=o, 

H orHSaioniaa aTH^i nOBepSHOCTeS nojiyiHTCa HCK.iioqeHieMX. 

a,/8 H3I V=0 H E3% 

da 



-r = 0, ~ii = o. 



Bt ojiHopojiHOMi saai 3th ycjiOBia HOJiyiHMi trki: nycTt 
HBt Tpexx ypaBHeHiH, onpcn^JiaromHS^ HererpaJii HanpHM^pi 
Mj, = o, ipi=o, ^^=0 HaniJiH Ui nponopn,iOHa.itHi)iMH h^koto- 
piiiMt ijiynKniHM^ c^i{x^ . .x^;a,/i). IIo,!i;cTaBJifla b'b f=o — iipn 

HeMT. MOJKBO npHHHTB MHOatHTejIB npOnOpqioeajFLHOCTH paBHHMt 

ej[Hn0i;'i&, — h HOJiyiHM'i. ypaBHenie (I). TaitHMi oSpasOMi., ecJin. 

BCBJI^Ĕ SaM^iHHMTi U; lepes^B (O^, TO SyACMt HMtTh: 

£*fi(>, ^.+), *+5^. '«^■ + ?i.i£V X/ii+ >,.*-o. 

dn ' ' 'dUi diii duiJ ' da ' da 

Mm HOJlyHHM^ TaKHMt O^paSOM-B geTUpe JIHHeAHBI^^E OA- 

HOpo^lHHs-L oTHocHTeJiBHO-r-^ ypaBHeEia; ycjioBia hxs cobm^ĕct- 

HOCTH — o|Ho ToasecTBeHEoe ci ycjioBieMx, uojiyiaeMLiM-B Hst 
ypaBHeHia 

' ap ' ' ' dUi dui aui' ' dp " dp 

cyTB 

^* ' ' du.i du^ du^ ' da d^ rf/5 da ' 
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nepBoe mojkoo nacaTi. TaKaie 

S, x.f-xA (,* p-p- -f^) -0 (aj7- 1,2,3,4). 

*- ^dui dui ' ^ duj dui dul duj ' 

B-B CHJry nepBHSi Tpesi ypaBeeeiS cnCTeMti (22) 9T0 ypaB- 
Heeie BHiio^iiHaeTCa. 

JI^BoScTBeeeo onpeyiJiaa hsi u^-^o, 50,=", 91^=0 Be;iH- 
iHHBi cc, . .x^ Bt iJyHK^iH «,..«., « H ^ H nOflCTaBiaa bi 
/(a;,M)-=o, 95, =0, 9?, =0 H ««=0, 6y;ieMX HMiTL: 

' ' ^a^; dxi dxi 

H aeajiorHiHO /tJia /3. YcjiOBie cobm^ĕcthocth 9TflXi ypaBeeHia 
eCTP. 

dfd9id%_^. df df..d(p, d<p, d<e, #,, 

^ '■^Wk dxi dxj dxi 0x1 dxj 

OhO BHHOJIBHeTCH, eCJIH HMtlOTT. MtCTO BTOpHa TpH ypaB- 

Hema cacTeMH (22). TaKHMT. oCpaaoMT., ecjm cHCTeMa (2"2) 
■BHeojieeHa, y^OBJieTBopaTca n BUHHCaeHHa ycJiOBeHa ypaBiie- 
nis. 06paTHO KaKoS (m hh Bssjia nojiHbii! HHTerpaJi^, t, e. 
KaKia HH BH6pajiH iJiyHKnia 50,, (p,, ycJiOBHua ypaBHeHia soJiat- 
HH yjtoBJieTBOpaT&ca; noaTOMy ^OJiatHH bi OT^iiJiieocTH yBHiTO- 
MtaTbca Koa<|)|iHAieHTH upH 

d^ d% df^ d% dcp^ d% d^ d^ 

dxj' dxi dxi dxj^ duj diu dui duj- 

TaKX TTO OrH^aiOmaa nOJIHHXt HHTerpaJIOBT. JtOJIJKHa BHHOJIHATt 

ypaBeeHia (22) h C0BnaxaeTi ct, pimeHieMt, 0Hpe;i4jiaeMHai 
3T0I0 CHCTeMOK). 9to ocoSeHHoe pibmeme ^Hc[)c|)epeen;iaabHaro 
ypaBHCHia ]. nopajKa, HSoCpaataeMaro rjtaBeoro KOHHiiHAeen;ieS 

/=0, Ux = 0. OeO BOSMOKHO TOJIbKO BT, CpaBBHTeJIbHO HCKJIK)- 

qHTejibHuxi cjiyqaaxTi, — Kor^a h3t. inecTH ypaBHeniS (22) ee- 
3aBHCHMHxi T0.ibK0 geTupe. 

nepBH@ aaJi^ Teopiio oco6eeeHXT. p-lioeeiH ypaBeeHiĕ Bi 
iacTHHXT. upoH3BOaeHxi 1 HOpajiKa JlarpaHati, HCxojifl fl3i m- 
HaTia urH6aioui,ea (Mĕm. Ac. Berlin. 1774). Ecjih He03BtCTeHX 
nojiHHa HHTerpajii V{x!/sa^)^o, to ho caMOMy ypaBHeHiio 
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F{x,y,z,p,q) = o ocoSenHoe piiuenie oape;i'liJifleTca ypaBHeHiaMR 

(23) F-o '4- «,'4-«: 

KOToptia BT. oaHopoaHOMT. BH^t — npH saMis* F(xyspq) = 
f{z^y,x,\\ l;P;q^x—gy — ^) CBo;i2TCfl kt. Tpein. nepBHM^ ypaB- 
HeeijiMi cncTeMu (22). Ho EaKT. saiatieHo 6hjio A.ia oSukho- 
BeeBiJST. ;i:H^(|iepeHitiaJibHBix^ ypaBeeHiH De - Morgaii'oMi> '), 
ypaBHeHiji bth onpejt^liMioTt BOo5in,e reoiieTpHMecKoe m^cto to- 
HeK'i. BosBpaTa. ^to6bi uojiyynTB oco6eHHoe p'iiiienie, HeoO^ojiH- 
ypaBHeHiii 

dF <IF dF dF 



nepesoA^miJi npn o;snopo^HKixi KoopflBHaTaxii bo BTopaa ypas- 
iieHia cECTeMbi (22). 

OjiHH ypaBHeHia (23) ita-najiH 6u Bcer^a ii'];K.OTopoe 3Have- 
Hie jiJis 2. Ho KaKT, yKasuBaeT^ Darboux bt. cBoeM'i. HacJi^AO- 
BaHie '), Haflo pasJiHHaTb ypaBHCHiH, KOTopaa noJiyjaKiTCa hckjiK)- 
^eHJeMT. nocToaHiiHXT> 0S'e HSB^tcTHaro ypaBHenia V(x,y,0,a,S)=o 
H KOToprjji Boo6me niiiioT^ ocoSeHHoe piuieuie, ot^b ypaBHeHii, 

npOHCXOHtJ[eHie K0T0pblX1. HeHSBiCTHO H SJia KOTOpH^l MOaiHO- 

^tOKasaTb MBToiaMH Teopin KOMnjieKCHaro nepeM^Hnaro cymecT- 
BOBanie HHTerpajia, ho EeJiLgji ;toKa3aTb, iio Moatno ycTaHosHTb 
TaKOii HHTerpajii, KOTOpbii? 6h r ho OTHOuieniio kt. BXo;iain,nMTi 

Bl HCrO npOHSBOJIbHblMt nOCTOAHHHM^b oCjiajiajlT. TOH) CTeneHblO 

HenpeptiBHOCTH, KaKaa Heo6xoflHMa ^.ia BosMoatHOCTH HpHM^iHenia 
TeopiH ornSaromBsca. 

Teopia KOHneKcoBi, ne /laBaa lero - HHfiyjib cymecTBeeH& 
HOBaro, ;f£jiaeTi. f5oji'!&e narjia^eHMT. caMbiA ^nKTh HCKJiioiHTejib- 
HOCTH noaBJieeia ocooeHnaro p'£iHeHia '). 



') Canilindge l'liil. Trsiis. IX p. 2 On some painls of Iiitcgral eaiculus. 

'') Sur ies sointions singulieres dee ĕqaations anx dĕriyes partieJles dn 
1. ordre. M&m. 8av. etrang. XXVII. J8S4. 

^j .iHTepaTypa jio 1854 r. cai. Houtain. Des solulions inguiiJres des ĕqaa- 
tions difl'ĕrentiellfls. Jl,aji4e np. A. B. BacHJiteB^L: 06'j. oeotteHHHi['£ p4nieHiaxi. 
1 BsrjtaAaMii na aana^y BHTerpupoBaHiA aQ$^epeHij;iajiL- 
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§ 14. OAHOSHaHHoe npeoGpasoBaHie h poAi> r;ia8H0H kohh- 

l|HA8Hi|iH. IIpEMiHEA KTi oaBHoS KOnei^KjieHiiin oOuiia ([)opMyjiu 
§ 7, onpe^iiJinMi. po/[i. rJiaBHoK KonBi;u;ieni;iH BOHneKca /■=(), KaKt 

IIEI.MO IipOH3BOJIbHIJXl K03(j)cflBn,it'IlTORl. BT. BHpaiKenin: 



©^(du^d'u^d"u^tiJ(c^i:Sid"'x;Sx-Sc^d"'x-) 
= — -- ^j- - ■ — — . 

J!^a.«te4Eiinifl xapaKTepHKfl incia KOHHH,H;ieHn;iH cyTt po^i- 

HCKOMOH SHKOJlBI^HAeHIliH /'=0, U^^O, 0, = H T. R. OhH BG 

BSM^naioTca npR BctKT. paii;ioHa;!&uHxi. o;iH03na»iHtixi e o;iho- 
BHaiHO oOpaTHMux'i. npeo6pa30i!anijiXT., ho hc bcS TaKia npeoOpa- 
30BaHi:i 

p q r s 

HepeBo;iaTX r.iaHnyio KOHHii0;ienu,iio KoiineKca f=o bt. rJiaBHyio 
ate KOHHH;H;ieHii,iK) npeoCpaaoBaHHaco KOEHCKca. IIocJiiiAHeMy Tpe- 
SoBaBiio y;i;oB.TeTBopHTT, T'i TOJitKo npeoSpasoBaHia, BOTopHa 9;ie- 
MeuTi (x,u), BMnoJiHaiomiH ypaneeHie Ux = o, oepeBo;iaTX bt. la- 

KOfi ly,V), qTO Vy = 0, H li^ KOHSl, KpOMi TOrO, SeSKOHe^HO-SjlHS- 
KHMi ^JleMeHTaM^L HT. COC^IHHeHiH COOTlsiTCTByiOTT. GeSKOHe^HO 

6jiH3Kie ojieMeHTH h TaKiae b^ coeaHHeHiH. TaKHMi oSpasoM^ 

BT. CH.ay U^ = H Udx = ;iOJlHiHO ShT!. Vy = 0, Vdy=^0, T. e. 
^y^i^Pi = H S^^-dtp- = 

JtoJiTOHU y;ioB;ieTBopaTf.ca wh cnjiy f=o a Mx = o. 



\m-L-b YpiBHLHiH 1 nc^aaEi CSn. 3au. KaaaH Yh. 18811) h WorkmaT!. Tlipory 
of sin^ulai wlntioR'! Quait I. of Mat. ISII. IS87). CoBpeMeHHue narjiOH ue- 
;iyTJ Ha^aJio ort paOo™ ;iapey (C. R. 187ft, Bull. 8c. Matli. (1) IT. 1873 h 
uni. BHme paeoTa) h LieSma (Math, Ann, B. YI 8. 211, a TaE3te Clebsch-Lin- 
demaiin, Vork3ongen. B. I. Alith. TII. 
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IlepBoe ycjioBie soJiatHO npaBojtHTi. Kt roatecTBy 

Bropoe MOHteTi 6fiTh HauKcano 

(24) ■■sv,frfi<i..+ 'i'?^i«.l-o. 

Ho cymecTBOBaeie paBencTBi 

I,%Auf=o, M3,=o, It%; -^^^m /= 



Be;(eTi aa co5oro TaKoe paBencTBo 



2„ 



Sxi{dii. — ■u.dV — -j— dU)=.o 



npB BCflKHXl O;, — T. e. aOJiJI^BO ()UJh 



ToTOO TaKate HaSjieMi 



iL, 



Bhoca e>th sHaienia j[Hi|)^epeHii,iaHOBi du^ n dx; bi TomecTBO 

^ df , .,-. <^f ., 
df^S -r- dx,. + X -T- du;=o , 



{dU+dU')L -^ . -^ + dV'i: ^Xi + dYS^ Ui=o 
{dU + dU')'£ ^. ^+fimdV + ndV)=o, 
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^TO ch noMombK ypaBBeHia f=o npHBosHTCH ei BHjiy: 

H Taiti KaKT> BOoSine BTopoH MHOstHTejib HepaseH^ Hyjiio, to 

;i;0JI3KHO 6UTB 

dU+dU'=o, T. e. dU'=—dU 

"EcjH noACiaBHMi noJiyieHHHa sna^ieHia du^ h dx- bt> ypaBHe- 
Bie (1), TO 6y;i;eM^ HM^Tb 

' i=i'^' l,k ' \<^xi duk ^uk ^xk) 



HJIH Ct HOMOmblO (24) 

(25) r ^, ip .y-~~^. ^WM'.f + h-M, . 
^ ' ,-,^ ^' \^xj<. <iuk ^xi <lukJ ' 

ToatecTBo (24) moikho saM^HHTt jpyrHMi; — npOHaBeseMi 
sa^t HHMi onepan,iio 

i=i W«i <^3:i <hi ' <ki.J' 
CT. noMOHiLK) (25) nojiyiHMi Tor^ia 

'eo^.A Il^^^li fL]^W'fN".u 

i.k <^Xk' <^Uk <^Uk ^Xh " 

IlTaK-L, dAR moto. umoSbi iJiasHasi KOUHViUdeHiiinKOHHeKcaf{x,u) 
^=0 npeo6pa3oeu6ajiach ypaeueuiiiMU 

oij-=(pi{x,u). OVt=ip^{x,u) (i,/i:=l,2,3,4) 

6s dpytijK ^AasHym okc KoUHiitideHtiim, Heo6xoduMO u docmamou- 
Mo, nmoGbi eosMoywuo Cmo nodoGpamb mhoiohmhu M^N^M^N" 
maK^d, umoSu ebinoAHHAucb mooicecmea 
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TIpH BHuoJiHeeia 9thx'& TomecTBi, cjti/toBaTeJiBHO, cobo- 
KyneocTb HeTcrpaj!i.eii[xrb noBepxHocTe0 jiH(Jic|)epeei;iaatHaro ypan- 
eeBis, CBHsasHaro BHuieyKasaeeHMt oSpasoMi c^ rjaBHoro ttOHS- 
riH;[eei;ieio EOHHGKca /(3;,m)=o, npeoSpaayeTca bi. coBOKyeeoCTi.- 
HeTerpaJir.Hux^ iioBepxeocTeH jiHiJ^^epeeiiiajiiiHaro ypaBHeeia, 
CBHBaeearo TO^eo TaKJne ci. rjiaBBoS KOEHH;0;reHi;ica npeoCpaao- 
BaHHaro KoeeeEca F{y,v)=o. ripn 9tomi. no ^[OKaaaneOMy ne 
HaMteaeTCJi pORi. rjiasHoĕ KOHEn;eaeHi^iH, a 9to npHBo;iHTi eiTe- 
CTneHHHMi oSpasoM^ kt. Kmccu(fiuKanm an$(J)epeHiiiajiLHHXi 
ypaBHeHiS bi ^acTEHxi eponSBOARH^t uepBaro uopajiKa, aeajio- 
TH^eon TOH, KOTopyio KjreSui^ yKasa.ii ajiji oSHKeOBeeeiJSi 
;iHiJ)(JiepeHi];iaJii>eiaxi ypasHeHiH. Kaat;tofl rjiaBnoS KOBeH;HfleHi;iH, 
a cjiij^oBaTejiieo h CBjjsaHHOMy c^ hcio jiBi|)$epeen;iaji[.noMy 
ypaBeeniio npneajiJieTKaTi leTtipe xapaKTepHCTHiecKia ^HCJia, 
He HSMtnaiomiiica npa bc'6xt. OAHOSHaieti^T. npeoSpasosaeia^^B 
KOHeu;e;ieHtiiH b oHpejijiaiomiii pod^ ch, KOTopBiB mosiho nasu- 
BaTi. TaKiKe h podoM?, cooTBiTCTBenHaro duc^c^epeHiiiajimaio 
ypamemn 1. nop. PaBeeCTBO C00TB'lTCTBeHHHX't xapaKTPpBCTH- 
^ecKB^t iHceJii ecTB no9TOMy Heof)xojHMoe ycjiOBie bosmojkhocth 
Dpeo6pa30BaTb sBaiaHHHXt ;rHiJ)$epeRitiajibHHxx ypaBeenia o^eo 
B-B spyroe, h cooGpaseo sEaieHiaMT. pojiOBW^^b «^BCeJiT. jBiJii^e- 
peniiiaJibHHa ypaBHenia 1. eop. pacnaaaioTca ea rpyeoH. Tt, 
EOTopna MoryTi OnTb npeoSpasoBaea ojieo b^b Apyroe o,iho- 
snaiHHMi upeoSpasoBanieM^B h uoTOMy aBJiaioTCiJ ToaiecTBeHeHMH,, 
jlOJiaieH eeo6xojiHMo epneajiJieataTb K'b oaeoS rpyimi '}. 

OcTaeTca pascMOTptTb tott. cJiyiaS, Korjia B^b CB^y /=o, 
«^=0 yHHiTOwaeTCa BHpaweeie 

S^ . ■~—':^mnaJ^~^Ui!'bJ"uf~'a%. 
axi <Hti 



') Uel). eii! nenes Grundgehilde d. analytisebeE Geonietrie 
Ann. B. VL 302—215 (GBtt. Kachr. 1872|. 
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ConocTaBJiaa ypaBHenie 






(yh ypaBneBjsiiE 



S ^-L Xi=m.f n ^ -^ u~n.f 

dxi dii,- 

saKJiJcjaeMi, hto 

dxi dui 

ta.m, ^To AOJiatHn CuTb BEinojnenu mh ypaBHeeia 

df dt df df df df 

u, — — Wo — =0, u„ rr ^h-r-=o, u.,-^ u,~-—o 

dx^ ds^ ax^ dx^ dx^ tte, 

B^ CHJry ypaBHeeiS /=o, u^—o, hjih ate ypaEeeHiji 

df d.f df df 

X^ — ^Tj — ^ — « ^- — ;^. — ^ — n 

BLipaaiaiomia ycJiOBi^ eaJiuiHoCTH oeo6eHeLixT> 8JieMeeT0BT> Bt 
8ToS KOHHpH,teHn,iH. 06pani,aacL k^ ypaBeeHiio 

KOTopoe npeoSpaayeTCH bt, cBasaeeoe ci rjaBHOio KOHBH;Hseeiiieio 
KoeeeKca f—o ;iH(J)t|)epeHi(iajiBnoe ypasHeeie epK aoACTaeOBKi 



di, ■ di, di, ■ di, ' 

3aMhTHMi,TjT0 npej[HjiyHi,ia ypaBeenis — 1-h CTpoKB— npHHHMawTt 
npH saMiei Ui={xpp)i TaKoS bhax 



') 9to 7paiiH«Hie BHpas;aeT'£ b'i. TOJEe iipPMa, ^to r.TraBnua KOHHHHaeH- 
nifi aaHHaro EOHHenea h conpaseHHaro coBiiaAaiori. 
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psHJmia Xp=o, nos^Eu y^tOBJteTBopHTi. a 9T0MX ypaBHeHinM^ — 
CTeneHH HHme, i^iat. Xp=i). 3to neBosMOaiHO, ecjH X^ ne- 
' 'HKi^ia. no9T0My AOJatno 6HTt 



dpa 



Xp=<f.^....X — 
BunHcaHHUH ypaBHeeia npHHHMaioTi. Ba.ui: 



^m (p=o 8T0 ypaBeeeie o5paH],aeTCH bt, 

CJiiaoBaTejHHO, h^h ojihhi hbt, MHostHTeJieA 'H>--X paBeei. t 

HJIH me (p ee SaBHCHT^ OTT. Pil;\ TaKBM^ 05pa30M'B 

Xp=Mmx^..x,) 

Ilojiaraa 

p a 

HOJly^HMT., TITO CaMHS oSllliS THei 9TOrO BHJia KOHHeKCOBt eCTb 

Bt TaKOMi KoeaeEci [m, 2(i) TOHKi cooTBiTCTByeTt no- 
BepseocTL, HMiiomaa bt. x KOHHiecKyio to^kj nopajiKa C, Kaat- 
;tofi njiocKOCTH u — noBepseocTi., KOTOpaa KacaeTCa njiocKOCTH u 
Bi Q TOiKasi na KaKoS jih5o npaMOS cjiockocth; oCTaJiLBHa 

T01KH H31 COOTBiTCTByiOUlHKT. MOCKOCTH H JieatamHK-E Ba 3T0fi 

iipflMofi cyTL ea toikh nepeciTenia c% HOBepXH0CTtH) 0^__,f=o. 
rjiaenaa KOUHtiudeHiiiR mamio KonueKCa cAa%aemcH ush noeep^- 
Hocmu S^m-sp— 0, Kamdan, U3i moueKi KomopoH npuHUMoemca 
3a tieumph ceaaKu njioacocme^, u U3t cmmaeMOii sdeoUHrb 
%M8H0ii KOUHUudeuuiu KOHHeKca (p,0). JI|BoHCTBeHeHfi cjiyHa3 
nojiyHHM-L, pasCMaTpHBaa BTOpoH pa.iT. ypaBeeeiS, hto npHBe- 
^CTT. Haci RT> KoeBeKcy (2p, n) oCmaro THea 
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KOToparo rjiaBHaa EonEiiHfleH^ifl CJiaraeTCa hsi cgeTaoMOa 
BjiBoSe'6 rjiaBBOĔ KOHHtiH^ieHeiH KOeseKca (p,0'): ^=o e H3t 
UJTOCKOCTeB, KacaTejiLEHSt Kt noBepxeocTB f7n_2p=o H ciaTa- 
eMHx^ 3a ToieiHHa hojia. 

IIOJiyTieeeoe ycJioBeoe ypaBeeeie 0M'ĔeTi eme jtpyroe sna- 
^enie. C^ KOeaeKCOM'6 CBssaeH aB'b cncTewH uoBepxBOCTeĔ, — 
noBepxEocTn KoeeeKCa, cooTB^TCTByion^ia ejioCKOCTHMi hjih to^- 
KaMi BpocTpaecTBa, a CHCTeMH HHTerpaji&H&i^t ero HOBepx- 

HOCTefi, paBCMaTpHBaCMLia 5% TO^e^EIIXt HJIH nJIOCKOCTHLIXS 

KoopflHBaTaxi, EcTecTBeHBo HoaTOMy sa^iaTLCJi BonpocoMi, mo- 
%yrm au den, smu cucmejnu coenadamb Mcoicĕy coGow enomtb 
uau onmacmu. 06mee ycJiOBie, ?to6li BOBepXHOCTH KOHHeKca 
f[x,u)=o H3o6paffiajiH enomih ero noBepxHOCTH rjiaBBog KOHHiie- 
seHitiu, reoMeTpH^ecKH coctohti bi tomi, ^TOtiLi iioBepxHocTb, 
npHHajiJieatamaa bjiockocth m, KacaJiacL est bo ecn^t T0qKaxji 
nepecigenia ei, Beio, h ;!BoficTBenBO, qT05Li ecrb KacaTe.iiLBHfl, 
KOTOpLia MoatBo npoBeCTH KT) H08epxH0CTH, npHHasJieiKanieS- 

TOHrt X, BS-h 9T0H TO^KO, HMijlE T01K0IO IipHKOCBOBeHia Tyate 

TOiKy X. 9to bosmo^eo tojilko BpH HOBepsnocTa^^L 2 ro ho- 
paSKa 2-ro KJiacca, TaKT. Tro Hepacna^aioHiiHCa EOHHeKCt 
MOffieT% hm4t[i 3T0 CBOHCTEO TOJiLKO Cy^iyKH 2-ro HOpajiKa a 
2-ro K-iacca. Ho h b% ropaajio 6oji'6e o6mHxt cjiyMas^-E MOiKeT-b 

BCTp^TnTLCa TaKOe OSCTOaTeJILCTBO, 1T0 BOBepXH0CTa KOHneKca 

cocTaBJiaroTi uacmh HETerpajiLEEi^T, ero noBepxBoCTe@,— sto 
Cy/ieT-L Torja, Korjra moK-daa hiockoctl u KaeaeTca npHHaaJie- 
n;eH eS noBepxBocTH bi odnou bjih utbCK0JihKuX5 HSt hxi o6hihx:& 
To^eK^, HJH ecjH KaoKdan noBepxHOCTb, cooTBiTCTByiOHiaa tohk-ĕ 
BpocTpaECTBa, npoxo;iHTi lepeai 3Ty To^Ky. AsaJiHTHgeCKOe ycjio- 
Bie 9Toro noJiyiHMi TaKt. IlycTb f{x,u)=o ypaBEeHJe EOHReKca. 
DpH^iaBi X- 3BaqeEia x-, BOJiyiHM^ coOTBiTCTByiouiyH) toik^S x 
noBepxBocTB, KacaTejibBBia k% itoTopoS, npoxoaain,ifl lepesi ToiKy 
X, onpeA^tjiaTCa ypaBEeEiaMH 

/(x,m)=o, ■Ux = , 

K00p;[HBaTH ^eMameĕ B& f{x,u) = o loijmi Kacaeia ^njiocKOCTH m, 
OBpea'£.iiflioTCfl ypaBBeHiBMH: 
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Kcjin o^aa nsT, ToiieKi KacaEia ;toj[;KHa coBnajaTi. c% x, 
a osHageM^ w eooTB'LTCTBenHyro KacaTejibHyio, to iioEepxHocTt 
f(x,u)=o, cooTB'£TCTByK)maa u, ;rojiiKHa KacaibCA m bi to^k^ 
ic; HO KacaTejEbBaa kt, f{xM) = o Bt x BM^eTT. KoopABHaTH npo- 

nopLtioHajibHua -LHi^ , n noToay nCKOJioe ycJiOBHoe ypaBEeHie 



■dyAeT-B 



r' _^_ -^ =0 ;^(a;.«)=o, w^=o,— 
To ypaBEpnie, cl KOTopnsi^ mij nMijiH A'iJio BHme '). 

§ 15. ripeoOpaaoBaHia npHnocHOBeHia. KaK^s noKaaaJin as- 
CJ['£AOBaHia C. Jia, jljis Teopia ^H^j^JjepeHniaJiLSHsi. ypaBHeHiS 
BOo6me H fla(J)({)epeEiiiaj[bHaxi ypaBseHia nepBaro nopaAKa bx 
gacTHoCTH SoJibnioe snaieHia oM^SioT^b laK^L HaaHBaoMHa npeo6- 
jiaaosauiH npuKOCuoeemH (Berdlirungstraiistonnationeii). 3to naa- 
Banie 0. Jla npH^tacTi t^u^l npeoSpaaoBaHiaMi Tona 

(2 6) ^.Pi - Fi {!r,u) ,0'. V; = 'P. {x,u) , 

(TAi MH npe.i!nojaraeMi F^ OAHopoaHHMH h 1-ro nopajKa ot- 

HOCHiejIbHO X, 0-rO OTHOCHTeJIbHO M, a ^,. OAnOpO^mbiMH (f>yHK- 

n;iaMH 0-ro nop^jiKa OTHOCHTeJibHo x,- h 1-ro OTHocHTeJibHo u-), 
KOTopbia BunojiHaioT^b TOaieCTBeHao ypaBHeHJa 

SyidVi^SFid^i = SXidUi. 

MHOKHTe^b nponopiiioHaJibHocTH mh npe;inoJiaraeMi 3flrfeeb 
BneceHHHMT, bt, tp. Ilpemae g^isM^b bhboj[ht& ycjiosia, KOTopHMt 

;i0JIiKHH yjIOBJieTBOpBTb ^- H F^, HT06h BbinOJIHaJIHCb 3TH to- 
') JlJia TepHapjiaro KOHHeK(^a nii raKoe aiiateHie ypaBHeHia 

jKasaJii Akc, TapHaKi Hath. Ann. IX p. 404. 
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^ecTBa, saM^JiTHMi, "Jto npHwieaa upeoSpaaOBaHie et, ajieiaeHT- 
HOMy MHorooSpaaiio, — KOTopoe ^apaKTepngyeica, nMeHHO, yc.ii;o- 
BieMX, ?to6h coeijHie sjieMeHTH {x,u) h {x-¥dx,u+dii) bh- 
HOJiHSJTH ypaBHeeia ni}>a(|nj)a 

Ex/hi; = o,2u^dx- = 0, 

Mfci noJiyiHMi BMicTO nepBOHaTa;ir.HHXi ero ypaiiHOHii: 

'P(x,u)=o,Xix,u)^o, W{x,u)^o,u^ = Q 

HOBHJi 9KEHBajieETHUfl HMi ypaBHeeis 

^1(^1^) = '*! ^i(C;V)"^o, }F^{y,v)=o,v,j = o 

oCiajaiomia TiMt cboSctbomi, ito cooTBiTCTBeeeHa ypaBHenia 

^Vfdi/i = 0, ^Uid^i = 

HMH cHOBa BHUOJiHaioTea; HnuaiB ciOBaME Mnoroo^paaie, iio.i[y- 
yaeMoe hoctS npHM^SHGHia kt. 3JieMeHTH0My MeorooSpasiEo npe- 
oSpasOBaHia iipHKOCHOBeHia, 6yfleT't caOBa 3aeMeHTHHMX MHoro- 
o6pa3ieM%; co^ aAeMeHmoss (x,u)y mKpbieaiouiuxs noeepXHOcmb, 
Kpusyio deoRKoti Kpueusuu uau o6pa3y}oui,uxz censKy, noMOUiWo 
npeoOpasoaauiR npuKocHoaenia nepexodnim es co^ ajieMeumoa^ 
CHoea o6pa3yiouiUXi noeepxHOcmb, Kpueyw deomoU Kpuauauu 
UAU ceH3Ky. OSpaTHO Kaitjioe npeoSpasoBaHie (26), oCjaiaiomee 
STHM^ CBoHcTBOM^, Sy^eTi npeoSpasoBaHieMT. npHKOCHOBeHia. 
/l,-&HCTBBTejrbao, aro upeoopaaoBaHie /lOJiatHo no ycJiOBiH) nepe- 

BOAHTb 9JieMeHTeoe MeorooSpasie F{x^.,x^)^o^6u-=-i— 

CHOBa BT, 9JieMeHTHoe MHorooSpaaie, nsoSpamaoMoe — AonycTHMi — 
ypaBBeeiaMH: 

Vy = o,U^{y,v)=o,U.^{y,v) =o,U^{y,v)=o, 

KOTopua yjioBJieTBopaiOTt ypaBeeHiio Sy^dy^^o. 

BcTaB^iaa eioja BM'fecTO v- h y^ hx'6 3Ha^eHia no (26) Bt 
npe^H0XX nepeMiHHus-B, noJiyiHMT- 

Sv-dy- = Sa^{x,u)dXi ~\- 2b-{x,u)du- = 0, — 

ypaBHenie, KOTopoe ;[Oji;kho 3htb BMHOJiHeHo HesaBeCHMO OTii 
BH/ia (JyHKitia F. 
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Ho KaKi MH bh;e4jih BHme, eABHCTBeHEHoe nij)a({)t|)OBO ypaB- 
Heme, oCJiajaroaiee 9thmx cboSctbomi, eCTB ypaBeeHie Su^dx- = o 
HJiH aKBHBaJieHTHoe ewy Sx^du^ = o, a uotomj ^iojiikho CtiTb 

^Vi&yi = y,[x,u)%u-dx- = o, 

T. e. (26) eCTb jiMcTBHTe^bHo npeoSpasoBanie iipHEOCHOBeHia. 
HpeoSpasoeaHiHnpUKOCHoeeuiH mpe^Mtbpuaw upocmpaHCmeaMoaK-- 
HO noamoMy onpedtMamh, KaKh mn, eto npeoGpasoeama, Komopua 
KaoKdoe deyxMtbpnoe sMMeumme MuoiooSpasie mpeeodimvb es Htb- 
Komopoe dpyioe deyxMihpHoe aMMeHmme MHOiooGpasie. TaKTi KaKi 
CL jipyroS CTopoeu neTerpaJiaMH flHiJ)i{(cpeEn;iaji!.Haro ypaBHeaia 
1. nopasEaaBJisioTCa HMeeEo SJteMeeTBHa MaorooOpasia, Tnnpe- 
oOpasoeauiH npUKOcnoeeuiH cymb ez mo wce epBMH mrh npeo6pa- 
soeama KOHHeKca, Komopbm nepeeodamb eio UHmetpaAWbiH muoio- 
oOpaeia es uumeipaMHusi MHoiooCpasia npeo6pa3oeannaio koh~ 
nejica. ycJioBia, kotopeimi jtojiJiiEH yjtoBJieTBopaTb iJiyHKiiin *Pi 
H i^;, ^toSh api 



(26) Q.yi=Fi{x,u); G.^.^^P^i^^u) 

6lijio npeo6pa30BaeieMi apHKOCHOBeeiii aojiyiiarcii TaKi ^). YpaB- 
Heeia (27) pacnaMiOTca Ba CJii^yiDaiia 

T. ^.— i = 

i=t dxi 

2 Fi—' - o,:SFi -j-^ = uj, 
dx}c ' chii 

OTKysa jiHcEiijiepeeiiHpya ao Uk leTHpe nepBna e ao Xi neTupe 
BTopua B cocTaBjaa paaaocTH cooTBiTCTByiooiH^i OAHOMy k 
ypaBHealH, aojiy^HMt; 

') S. Lie lajii ji>Ka3aTea!.CTiio bhbdjihmhi* iiajm yeauBiJ, crbjiji nnn- 
pocs Ha «fla y n$ ^ptt ( M tli. Ann. Vill p. 215—314). A. Hayer b'j, BHAy 
SToro aa np fl H H Kift BHBoa* lii^ «a yejioBiS (Giitt. NaBhr. 

1874 n" H t M tli A Vin, 303—312). IlpHatHeHie SToro aonaaa- 
TOJiLciB K K HH nui K lAHHaTaiiii HaocKocia h Haei^ JlHHjieMaHHi 
1, 0. 463 « ff) flpy a KB ai JICTBO jait Darltons (Bull. 8c. Ma,tli. (2) VI 
Snr le p bl m d ffaff k op e h npHBoaH™ Typca ei VI rJiaB* cbohs^b 
Le^ns. 
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'1 '/■!*( <iF._di>i <w;a_, 

no;(o5eLiMt o6pa30MX naajteM^ euie Tpn Tnna ypaBBeHiu 
■■=•/<!#, «F,_*!ii «i\ ,,< 

(28) t(a, f:'_^'. f5-)_„(*,,_ 1,2,3,4) 
npH geMi saM^TBMTi, qTo nepBua h BiopHH mojkho coejniiaTE. 

Bl OAHO: 

i=\<iuh' dx/^ dx// du/.J~'dui 
ypaBHeHia 9th iioKaauBaEOT^, ito BoceMt ypaBeeeiH 

^=VdFi dFi ,, ^='(d<Pi d^i 1 

BeflyTX 3a C06010 cjit.nyiom.iji Boceiwb ypaBEeeiu: 

BeTaB.iafl 3th aeaHeaiA j/;^ h Sj^ bi npeAHJiyiniJi ypaBHO- 

Hifl, ,HOjlJKeH UOiyilHTt) TOiKeCTBa B npHX0;i;HM'6 TaKHMT, o6pa30M't 

m> ypaBHeeij^Mi: 



r;(t BOo6ii[e 

(2.-'*) = ''f*('^ ^-■2'- ^) 

' Jt^iAl^W ' t'Ki <^« (^W* 

H oSpaTHO MOJKHO nOKaSait, 4T0 npH BHHOJIHeHin ^TH^t 

yCJiOBiS (29), HpeoOpasoBaHia (26) SyACTT. HenpejriiHHO npeoS- 

10 
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M6 



pasoBaeieMt npnicociiOGenia. /I|'6EcTBHTeji&oo, no npe;i;nojioiKe- 
Hifo <P- HyjieBoro 03M'6peHia OTHOCHTe.iibao x h 1-ro othoco- 
TeJiLHo ii, & F- HaoSopOT'^, — 1-ro oTHOCHTeji&HO X H 0-ro otho- 
CHTeabHO u. IIosTOMy BEipaffieHie Sv^y-^^SFi^i Mo^KOTt CtiTt 
npe.i[CTaBJ!eHO TaKi: 

>-^ .-clP; d(Pf dli'f (10 .s 

Ho ecJiHBiJH0JiH3iK>TCH ypaBHeaia ^29), to BHnoJiHaiOTCa h ypaB- 
ECHiH (28), aTOr^ia nojiy^oEHOc jtJiii Vy Bapaatenie npBHHMaeTi 
BHA^ ^ti^^^A^u^. Cji']&AOBaTeJii>Ho HpH DTH^^L jcJioBi3xt ypaB- 
Henie Vy = o ecTL Heo6xojtnMoe ejirfej;CTEie ypaBEeniii u^ = o. Jl,a- 
Ji'ie Sv-dyi MOuteT'!; daTb iipaBejeEO ei BHjty. 

f j V j V /^^^j ^J'^ ^'h ^Fi\ , 

2.v,dy: = 2. Uidxi-S, ^^ . -5—' — r ■ tj^ ■ J + 

h,k ^«MA '^«'t '*«Jf 'Wi 

H Bt cHJiy ypaBHeaiH (28) 

Svidy-'=^Sujidxj^., 

T. e. ypaBnenie Su/^dXj^ = o BejeT^B aa C06010 Heo5xoj^HMo h 
ypaBHeEie S^^dy^^o. 3aM'&TaBX, ito npa rS^i ate ycJiODiast 



,d(I>. dFi d^i ^Fi\ 



Sy^d^i Moateii Chtb h; 

i Sy-d^i = S x^dXkSi 

^xj^auk2.[^-^ . ,j^—-i^^^ ■ -^-j 

HMieM^b: S y. dv.^S Xi du-, — T. e. cJiiacTBieMs ypaBHeHia 
SXidUi = o aBJiaeTca Sy-dVi=o. 3to h noKasuBaeT-t, ito jji.ob- 
jieTBoparomee nocTaBJieHHHMt ycjiOBiaMi npeoSpaaoBame ecT& 
npeoCpasoBaHie upHKocHOBeHiB, q. h t. ,h, IlepBHH npHMip^B 
npeACTaBJiJiior^L To^e^HHa npeoSpasoBaEia 

m-=Xii^^-^J (^= 1,2,3,4) (a) 
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ncpcBOaamia TOiKy x iipocrpaHCTBa bi. TOiKy y, hjh Toia^e 
T. Ha3. pacnpocmpmenHbtH TOieinua npeo6pa30BaHifl. .TIoBeps- 
HOCTb 5o(Xj..rc,)=o (^) npeoGpasoBanieMT, (a) nepeBo;tHTca bt, 
jtpyryro y, (?/,.. yj «=0, KOTOpoA ypaBHenie nojiyiiHMi, HCKJiroiaa 

X^..X^ BST, («) H (jS). ECJIH SBi lI0BepXHOCTH (p{x^..X^) -^O H 

i//(3;,,,a:J = o HM^ioTi B^ X o5myio KacaTeJibHyio, to Koop^^n- 
iiaTH nocjiijiHeS m^ o6iHxi iiOBepxHOCTea nponopi^ioHajiEHH 

o^HaM^B R TiMi Tne BejiBiHBaM^: T^ = ^. HojCTaBJiaa sna- 

genia x b^ (jiyeKiiiH y^-.-y^ no.ayq0Mi ypaBHenia BHpaataiomia, 
iJTO Bt COOTBiTCTBeEHOH TOgK^ 1/ npeo6pa30BaHHHfl nOBepXHO- 
CTH EMiiOTi TasJKe o6in,yio KacaTCJiLHyiO, KacareJiiinaa k^ (p 

BT. TOIK^ X npOX0aHTl H ^epeS'& X-¥dX, TaKl ^TO TOTOa H 

KacaTejitiiaa «'t 9toh tois'!^ BunoJiHaioTi ypaBHeaie Su^dXi = o, 
KaKOBa 6li hh 6biJia nOBepXHoeTi. <p. Ha noBepxHOCTH 9;, hm'S- 
^wh TOHHO TaEJRe Svidyi=o hjih, ccjih BupasHMi y lepeai x: 

i:dxiS -^«. = 0. 

TaK^B EaK-B Su.dXi = o eCTE e;iBHCTBeHHoe ypaBHesie, cbh- 
sHBaiouiee dx^..dx^, to npe.iH;iyniee aoJi;iiHo CBo.iBTica ki neay 
JKe, — T. e. ecjiR BupasHMi ?;,. — KoopjHRaTu KacaTejitnoĔ Kt 
npeo6pa30BaHHo3 noBepxHocTH bt, toik^, C0OTBtTCTByion;eii x, 
iepe3'& KOop;iBHaTH stoA uocJi'ĔaHe@, to ;iojiatDO 6htb 

Sv-dyi^^ u.{x)S%iidXi, 



^■^Vi=u.Uf (i= 1,2,3,4) 



HJiH HO HCKJno^eHiio fi: 

^(ixi ^ dxj 
OTKyjia HOJiyiaeM^B TaKJa ; 
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r;('fe \-^\ OBEa^aeTi conpjia!eHni»i3 iJieey j^ MBEopi onpe;i'6jiH- 

^''" ^±^ ''^ ^ ^i 

TIojEy^enaoe TaKHM% oRpasOMi npeoSpasoBaHie 

^yi= ^ii^i-^i)^'^-^!^ t^iCa^',^)!*^ 1,2,3,5) 

Has. pacnpocmpamHHUMi toih£imx iipeoSpasoBaeieat py, = Xi') 
no AOKasaHHOMy oho SyaeT^ npeoGpasOBanieM^ npHKOCHOBeeia 
H oSjiajaeTi SByMja CBOHCiBaMH: 1", bcI 9JieMeHTfii (x,u), HatK- 
mie o^myio loiKy x, oeo nepeBo^jKTi b^ gjieMeHTH {y,v) TaK^e 
ch oSmero TO^KOi y — gjieMeeTa ojieoS cbhskh, ceoBa b^b 3Jie- 
MeHTHOjHoa CBBSKH, H 2° OHO He a3M'6HaeTT, ypaBHCHia TlcJiai^iJ'^ 

BTOpoe ycjiOBie bsato eaMH sa onpoarfe;ieHie npeoApasoBaeia npn- 
KOCHOBema h ]i,M HHxt sapaKTepeo, so iiepBoe npacyme ne 
BciM^ noAo6EHMi npeoSpaaoBaeiaM^L: ^lBoScTBeeHHii, naep., npe- 
odpasoBania cyTi. oieBa^iHO iipeoCpasoBaaia npHKOCBOBeBia, ao 
OHH nepeBo^aTt 9JieMeHTH (x,m), HMiioaiie oGmyio TOiKy x, ^e- 
pest KOTopyio iiposojiaTi bcĕ hjiockocth m, bi sjieMeHTU (?/,v)- 
HMiiomie oomyH) njiocKOCT& v, wb KoiopoS jieasai^L bc4 roqKH y, — 
910 acHO Hs^B anajiHTHiecKaro asi BupaateHia: 

oy- = u^,6.Vi = — Xi 

(npH ycjioBis «^ = o). Mti yOiiK^iaeMCa TaKHMt o6pasoMX, ito- 
TO^eiHHa npeoSpasoBania ne eiHeCTBeHHHa npeoGpasOBaHia, nps 
KOTopiaxx iipHKOCHOBeHie JiBJiaeTca HHBapiaHTHHUT, cboSctbomt.. 
MoryTt HpeaCTaBRTLCa TpR cjiyiaa: 1" HcKJiioqeHie naocKoCTHH^t 
KOOpAHaaT^L npHBOABTT, K'L O^^HOMy COOTEOUieHiiO Mea!fly X H ?/,, 
O;tH0pO;iH0My OTBOCHTe-ILHO X H OTHOCHTCJILHO y\ 

Si{x^..x^;y,..yJ^o. 
Meai^y d^^ h dy^ nojiyiaeTca cooTHOineHie 

M -r—d^; -f- -i -sr- dyt = 0, 
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KOTopoe ^[OJEatHO 6uTb TOsecTBeHHO 00 npejujynieMy cb ypaB- 
HeHieMi S^kdyi — u.Su^dXi=o,—j. o. bt, aTOMi, cjiyqa'h jiojie- 
Ho Shti 

0-.^^ = _fi?,^.„_^,i= 1,2,3,4). 

BcAEoe npeoSpasOBaHie 9Toro Tana HpaBO^aTCJi noaroMy kt. BHjiy: 

Q,{x,y)=o,a.Vi, = -—^,T.ni^-^{ih=l,2,^,4), 

TJS,'^ fl— t|)yHKIlili OJROpOJHaa KaKl OTHOCHieJIBBO X, TaEI HOT- 

HOCHTeJif>no .1/, a bc4 npOHSBOjiHHS ea bi OTHOmeHiH o^iHoro 
psjia nepeMtHHiJX'B ne HOJiaiHH 6HTb ojiHOBpeMeHHO HyjrsMo. 

npHwlpi — jiBOHCTBeHHHa HpeoOpasoBaHia, Korjia £l=I^v.y-. 

2". HcKJtioieHie hjiockocthh^t. KOopjiBHaTi hpbboahti ki 
aByMi cooTHOmeHiaMi Mewy x s y. 

ii, {x,y) = 0,^^ {x,y) = 0. 





+ \ 




ii,k- 


1,2,3,4), 



KaKi Bi> 1°. ySijiBMca, ito ypaBnenia Hpeo( 
npHKocHOBenia MoryTi 6htl npBBe^teHH b^ 9tomi CJiyiai ei 



ilj = 0,1^2 = 0,~<}.Vk = 



■OTKyjia /tOJIKHH 6UTb HCKJIIOgeHH ^i,^^. KaK^ npHMip-B MOmHO 
npHBecTH 03yqeHHyio C. Jln bti ero Btime HHTHpoBaHHOMi. MOMyapi 
Ueb. CompIexe ete M. An. V. BsaHMHOCTb Memjiy ToiKaMB npo- 
CTpaHCTBa H HpaMHMH KOMHJieKca, onpejitjiaeMyio ypaBHOHiaMH 

ii^ = Xaii,%iyh = o,fig = Eaik^iyn = o. 

3°. HcKJiEoqeHie u. npBBOjiiiTT. k^ TpeMi HeaauncHMHMi 
cooTHomeHiaMi Meatjiy x h j/, — BCaKOe TaKoe npeoSpaaoBaHie 
ecTb pacHpocTpaHeHHoe TogeHHoe npeoSpasoBame. 

TpeMH 9THMH THHaMH HC^epHUBaiOTCa BCi BOSMO^HLie THHH 

npeoCpasoBaHiS npaBOCHOBeBia. JtBoacTBeHHoe upejicTaBJieHie 
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npHEe.TO 6u 'lasiKe kt, 'rpeMi TBnaM'L,--CMOTpB nOTOJiy, no.iy- 
^ajiBCb jiH 6h no BCKJnoieHiE x,y oabo, ;iBa hjik Tps ypaBneEia 
uem,!iY oiHHMH u,v. Ho 3to n&ao 6a tojibko enyio rpynnEpoBKy 
yace hsb-Icthu^^ TaEOBi.. 

EcJiH npeoSpasoBanie iipHitocBOBeBia npHeajJieaiaTi m 
nepBoiiy aat iiepeiHCJieHHHS^B theobt., to oho nepeBO^HT^B co^ 
DJieMeHTOBi {x,u), oSpaByiomH^-L CBagKy cb BepniBnoio bi toik^ 
a Bx cc'^ ^jieMeHTOB^. noKpHBaioEtH^T, HOBepxHOCT& ^{a,y) = o, 
s nanpoTEB^B co^ 3JieueHT0Bi iionepSHOCTa il{x,b) = o B't co^ 
9.neMeHT0B'B oSpaayiomHst CBaSKy cb BepuiHHOio bt, toik^ĕ b. 
IloDTOMy Bch co' noBepxiio<;Tefi: ii{x^..x^;b^,h^,b^,o) = o nepe- 
BOAaica 9THM'£ HpeoSpasoBaHieMT. b^b to^kh hjiockocth yi = o. 
KcjiH npe^jcTaBRM^B ce5'fe, ito sth oo^ uoBepSHOCTeS cyTt oo^ 
EHTerpajibnHXX nOBepseocTea sH4nJiepeBD,iajiLHaro ypasHeBia 1. 
nop3.i(Ka, To Hpe;iHjiyH;ee nOKaaHBaeTi, ito Ecer^a cyuiecTByeT^L 
npeoSpasoBanie HpasocHOBeHiH, KOTopoe HepeBoaHT^B jiKt6oe aan- 
Hoe AHcEn|). ypaBHenie 1. nopasKa bx ypaBHenie cr^ = o. TaKHM^L 
oOpasoMi aadma uumeipupommii mamio ypaeHema ceodumca 
«a onpedtbJteuie npeoSpasosamn npuKOCHoeeum, nepeeodjitiiaio eto 
shypaeHeuie x^^o, HHierpHpoBaHie KOTOparo ^iaerca caMo co6oio. 
Bi TO ^e BpeMs ecmoe du0^. ypaeuenie 1 nopndKa noMOUim 
tipeoCpaaoeaniii npmocnoeenin MOSKerm 6umb npeoSpasoeauo eo 
ecHKoe dpyioe ypaeneHie moio OKe nopHdm u cs mthMi ace nuc- 
AOMh nepeMn>nHhix%\ du0(fi. ypaeHCmn 1 nophdKa m uMibiorm 
CAndoeameMuo umapianmoeh OMHOcumejibm npeot^paeoeani^ npu- 
KOCHoeema. B% stom^l ue saKJiioMeTca npoTHBop'l!iig ct. § 14. 
TIpeo6pa30BaHiH, o kotopukt. roBOpHJiocL b3 § 14, cyTL upe- 
oSpasoBania paitioHajiLUHa h 0AR03HaiHHa; KOHHeKcn, hk^b 
oupejiijiaromie, — • ii'ĔJiHe ajireSpaH^eCKie. 3,TicL aie [[)yHKH,iH 
0i m Fi — nopfl;[KOB'B 1-ro s 0-ro OTHOCHTeJiLBo u eO-ro h I-ro 

OTHOCHTeJIiiHO X COOTBtTCTBeHBO,— UOA^HeeBH TOJIbKO ) CilOBilO 

cospanaTt, ypaBHeHie n(fiatfii{ia, t. e. BHno.JiHaTL uoJiyieHnHa 
Bume ycJiOBHHH ypaBHeHia. 
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r JI A B A III, 
KOHHeKCbl (m,i) H [Im). 



§ 16. KpHTHHeCHia TOHHH (nJlOCKOCTM). EoHeescH {m,l), 
(l,w), jiHneilHHe OTHocHTeJitno Koop^iHeaT^ hjiockoctiilis]. hjih 
TogeiBHsi, iipejtCTaBJisiiOT^ e'iiiiOTOpHJi OTJiHHia, gaBHcsmia oti 
TOro, 1T0 nepBua nponsBojtHna jiiEuxTi "jacTeH hki jpaBHeein no 
u (resp. Bo x) ot^ u (resp. otti x) ee saBHcar^. Mh ocTaeoBHM- 
ca no3TOMy Ha bhxi nojipo6H'ie; RM4cT'i ct T'iMT, 9to 6yA0Th 
HJiJiK>CTpan;ieB o6in,sxi> eoJiOKeeig h onpe^iijieaia rjiae^ I. u 11. 

IIpoH3BOj]rifloi! TogK^ x cooTHrf,TCTByeT'b Bi EOeeeKci {tn,l): 

f{x,ii)^SLiUi'^raj."'Ur). = (1) 

apyraa conepoieimo oope^ijieHHaji Boo6me ToiKa y, H;eHTpt 
CBasKH ujioCKocTeS u, oCpasyiomM-L 3JbiieBT'i, KeHneKca (1) b'b 
coejHeeHiH Cb toiikoio x: 

^yi^a^^^ai^^Li (?= 1,2,3,4) 

ToHita sra Boo^me OTJiHiBa ot^l x h eofina,:?aeTT, ct eeio Bt 
t4x^ to.3i,ko caygaJis^L, Kor;[a L^ oponopBioBajiLHH x: 

Li = 'K.x. (i= 1,2,3,4) (3) 

HJiH no HCKJiio^eaiH A: 

x^L^ — ^1^1 = 0) ^iiA — ^s^i'^"' ^3-^i — ^^L^^^o. (3') 
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nocji'6;iHia ypaiiHeniji noK!i3«na[0'j.'T,, hto TaKiii TO-iBa cyT& 
ocoSeHHMR moHKu r.iaBHoi! KOHHi^BjteH^iH KOHHCKca {w,lj (cp. 
(2) § 8). BM^crt CL Thai. 3Th toikw cyTh ochobhhs ToyKH 
TOa ate K0HHi(HaeHU,!H (cp. (5) § 8), TaK'ii qTo et KaffiflOKi 
TaKoio T01K010 coejiHHawTea bt. ajieMeuTi. rjiannoS KOHHi;Hji;eBn,iH 
He co^, a BCĔ co° njocKocTeB, nposoAamH^^L lepesT. ToiKy. 
lTo5a OTT^inBTh 9T0T-& KsoSmH xapaKTep'fc ToneKi (3) mh 6y- 
aeMT. HasHEaTL 11X1, He ocodemiHMu [KaK'j> Darboax ^'h cootb. 
CJiyiai TepuapHaro KOHHeKca (jm,l)] h ne ochoohumu no Kjie5- 
my, HO Kpumu'ieCKUMu,—v.^Yi-h 3to yate npHnaTo wh paCoTa^i 
Poincarĕ, Painlev6 ii Autonne no Bonpocy o6'f. ajire^paH^ecKHS-B 
HHTerpajiax% o^HKHOBeHHH^t j(Hi|)cI)epeHiiiaJii.Hi>rx'B ypaBHeniS 1. 
nopaiKa no OTHomeHiro k^l aHajiornyecKHM-L ToiiKaMi 'repHapHa- 
ro KOHHeKca. Ihcio KpaTHyecKHS^t ToieKT. KOHHeKca (wi,l) pas- 
HO, KaKT, cjiiAyCTTi iiai (8) § 8 opii n=l. m'=l, m-^m 

iV„,-^^m^ + m'-i-m + 1 (4) 

Bt. laCTHOCTH KOHHeKCT, (1,1) HM'feeTT> "leTupe KpiITHtje- 

CKHX'L TOiKH, (2,1J HirlierB 15, KaKT. 9T0 aaeT^L P. Kpayse (M. 

An. Xiyj (3,1) 40 KpHTHieCKH^T. TogeK-B, 

^BOHCTBenHO KOHBeKCh (1,W) HM^teT^B M' + n' + « + l Kpu- 
mmecKiex& nAocmcmeti, KOTopua /[aroTt ajieweHTH KOHHeKca cb 

KamjlOlO HST. CBOHST. TOHeKl. 

KaKi HOKasajiT. flia m = 2 P. Epayse (1. c.J, 3TH N^ 

KpBTHieCKHXT. TOieK^L MeHIJty C060IO ne HeaaBHCHMH, TaK^B MTO 
npOH3BOJlLHU3l N„i TOieKT, 00^11.33 UpHnaTt 3a KpBTH^eCKIA T01KH 

KOHHeKca (m,l): vto6h 5htl KpHTHiiecKHiiH, toikh ;ioji;khli bh- 
iio.nHjjTi> SN^ yejiOBiB, a npOH3BOJiLHtiXT> it09tfifl[nmieHTOm> Bt (1), 

BOTOpHMH MOHtHO paCHOJiaraTb M.JIS HX'L BHHOJIHeHijI Bccro 

^(m+l)(m+2J(m+3)-l,— 



npH m>l BTopo,e >i0c.io MeH^ise irepiiaro. 
KacaiejibHHH KOHHeKCL 

OJtHHaKOB^L JlJia BCiXI OJeMeHTOB^B {X.U) KOHHCKCa (/W,1J, n'B KO- 
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TOpHXX ToiKa X oaBa H Tante. Ero ocnoBeoa TeTpaespt onpe- 
Si.MeTCJf xapaKTepncTiiiecKHMT. ypaBHeHicMx: 



(6) 



ii, 




«, 


«, 


d^r 


&, 


rf^ 


liL, 


«. 




«, 


c!», 


*?- 


<i~ 


a. 


«, 


«. 


-t 


5j; 


<&, 


sr" 


«, 


«. 


rfi. 


£:^-« 


aj; 


s: 


*j^., 



TaKi KaET, ypaBHeEii! (3) mO!K.ho HHcaTi, 

■*=* (Tr . 
A.x; = 2: y--^xii (i=l,2,3,4). 

TO CJiiAOBaTejitHo bt. KOJijrHneariiH, yeTanaBjiBBaeMO0 KacaTejib- 

HLIM^ EOHEeKCOMT., lipHHa^tJie^KaLHHMT. EpHTHieCKOS TOIKi, 0;(Ha 

031 BepuiHH^ ocHOBBoro TeTpacApa coBnaMeTi ct 9toio to>ikoio; 
0flHHt 331. Kopeeii ypaeneHia (5) ecTt HoaroMy k. yMeoacaa 

eepBHe Tpa cTOJiS^a, (5) cooTiiiTCTBeHHo ea — , 



;taBaa k% leTBepTOMy, nojryi 
HiS ajieMeHTH ero: 



-mL—-^S, 



nL,—^S, 



~ H HpH- 

-4 -* ^» 

eo CBoilcTBy oj(eopo,ieHX% ([lyeK- 
— mL.^ — -S, — mL^ -i9, 



KOTOpHM'L ch eOMOHitio (3') MOKHo npHsaTb bh;^^ 
^(mA—S) {^=1,2,3.4); 



BHeeceMTi oCiuiii MHoiKHTe.iiB — (m^ — S) '■ 
Jiii, KOTopuH npHMeTi BHj-b: 



seaKi onpe^ijrHTe- 
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& 






i 


t 




«. 


«. 


«. 


ilx, 


3j; 


55" 



o = l(mX— S) 



1 , dL, cTL,. „ 1 , dL, dL,, 1 , '^/,, t^/., 

1 , ^L, (?i, , 1 , tf£, (fi,, . f, 1 , (^'1, «^i. . 

— \x,-r^ — x,^\ , — i^^T^ — ^,T-^\--S, —(x, — ^ — 3;,x~) 

~(^^ T-^—x, 5—1, — 3;^ :r~ — ^, ^- I ~\^-, -r-— ^, j-^ — "^ 



Bx cjiyqa'!& KpHTHiecKoS to?kh sapaKTepHCTuiecKoe ypaB- 
HCHie KacaTeji&Haro KosHeKca ojhh^ Kopent S^=inh HM'^eT^ 
Heo6xo^HMO BemeCTBeeHHH, h cji^,noiiaTejiE,HO hjts bcĕ Bem;eeT- 

BeHHHe KOpBH HJIH .HBa BemeCTBeHHUXT. H ,JtBa KOMHJieKCBO - co- 

npaateHHHSi. CooSpasno 9T0My pasJiagaeMii ECJiijii sa Poinca- 
r^ ') ^eTHpe poaa KpHTHqecKHXT, To^eKi: 

1". BcĔ KopaH (5) BemecTBeHHu, b paseocTH S^ — S^^ 
iSg — 6\, i5, — S^ BCĔ OAHOro snaKa, — raKia toikh Poincarĕ sa- 
SHBaeTi yammu (noeuds). 

2°. Bct KOpHH {5) BemecTBeHHH, HO pasHOCTH S| — S^, 
S^ — Sj, S, — S^ HC oj^EOro 3HaKa: TaKyio TOHKy nasoBeM^ kohu- 
HBcKOw (Poincarĕ HasHBaeTi TaKyro ToiiKy col). 

3° /l,Ba Kopna, naDp. S^ n S^ KOMHJieKCHH, h BemecTBeH- 
Hafl iiacTL pasHoCTeH S^ — S,, S, — S^ oiHoro snaKa ci S^ — S, 
TaKia TO^KH — 0OKym (foyers) no Poincarĕ. 



') Comptes Eeiidus de TAcad. de Paris t. 94 p. 4i6.' Sur l«a points 
nliers des ĕquatioDa difrĕreiitielles 
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4". JI,Ba Kopsa S^ h S, KOMiiJieKCnH, h EemecTBeHHaH lacTt 
S^—S^,S^—S^ neo;iiioro snaKa ci S, — S^, — ^to nouuHecKie ^o- 
Kycu {cols-foyers y Poincarĕ). 

Ha reoMeTpBiecKOM'E, paBjmiin oCTaoOBiiMca HHaie, 3;i&cs 
ate aaM^j&THMi T0.ibKo, ito m> nepiiHS'! ARysi cjiyyaii^t ochob- 
HoB TeTpaeapi HM4eT'& bcS cocTaBHua "iacTH BemecTBeHHHa, 
m, flByx'B JKO ApyrHsi BeuieCTBeBHLi aB'fe BepiUHnH n pe6po E^t. 
coe,5UHJiiomee, n ^^''k rpami h peSpo hs^e nepecS^eHiji, 

KpHTHieCKia toibh sBJiaiOTca oSHKnOBeHHHMH ocoCeHHO- 
CTaidH KOHHeKca {m,\). ITpn h3b4cthhx^ cooTnoineHiaxi. MeatJiy 
B09i}»(JiHi(ieHTaMH ero MoryTi aBHTbca ;ipyria yate HCK.iioiHTeJit- 
HHH ocoSeHHOCTH — TO^BH nomKpumwiecKin w tunepKpumwteCKiR 
no TepMHBOJioriH Autonne'a. Ecjih b^l ypaBHeniH 

/'(a:,(^t?:rrf'i);)) = ffij,'"{aa-(?j(i'a;}" = o (r;i. II, § 10) 



npHMeMx sa x + d'x TOisy x + dx+ —d^x, t. e. d'x- = dxi + 
-T-^^^^i, TO HJiocKOCTii u npoxoj,amaJi lepesi Tpn SesKOue^HO- 



djiHSBia T01KH x,x + dx H x + dx ■- 



'^d'x SyjieT^B HMiTt Koop- 



,rsaaaTU, Hponopi^ioHaJitHHJi uHHopawL MaTpHi^H; 



dx^ dx,^ dx^ dx, 
d^x,d^x d^x d'x^ 



YcjiOBie, >iTo5u iuockoctb 3Ta b'i. coeAHHeniH ci. to^kok) x ,aa- 
BaJia ajieMeHT'i> KOHneKca (wi,w), HaHHiueTCa 

aj"{axdxd''x)" = o, 

H m, lacTBOCTH npH n=\: 

o^a^^^^a^d^d^^) = 

A h 4 A 

^i ^a ^s ^4 

(^a;, (?2:, (ia;^ £?3;^ 
d\ d^x^ d\ d\ 
^ S{LiXu - LkXi){dxd'x)ii 
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ecjiH, KaK'1. Ei BHOie, 03HaqiiMt 

IIOJtyieHHoe ypaHeeHJe Bt KpnTagouKHii) TOiKa^^ yjtOB-ie- 
TBOpaeTca HesaBHcaMO oti sna^eBJS npHaaeaeMHKi c?^; h rf'3r. 
Ei;jiH aie yHniTOHtaeTCJi HesaEHcnMo ot% SHageHiB, iipaaaBae- 
MHxi c?3;, (f'ic, d'x, 11 fln4nfiepeHiiiajii npaBoH ^aciH BHUncaH- 
Haro ypaBHeHiii, t. e. ecJiH HM^eMi HesaBacaHO ot% aHaienitt 



= (a,i = l,2,3,4), 



Lc \ 


ih, 


/' + 


dx, 


d-x, 


il\ 



HJiH Bi CHJiy ij-a:^- — Lj;Xi=o: 
dLi 

dxi ' ' ^(Ixk 
d^x. 



To TaKaH TOiKa dy/ieTi duKptmwiecKow. Boo5me ocjih HOsaBH- 
CHMO OT^ 3HaqeHiS dx, d''x, (?"*'ir KOopiHHaTa totikh x bh- 
noJiHAioTi ypaBHeHia 

L = o, dL=^o, ... d^^^L^o, 

To Taiiaa TOiKa ecTb n — KpummeaeaH. 

EcjiH KaKia HnSyaE» leTiape BpnTH?ecKHXX toieh npHiieMt 
sa itepmHeH KoopaHnaTHaro TeTpaeipa, to ypaBnenie KOHHeKca 
ynpomaeTCJi; bi, lacTHoCTsi upa ffi = 2 mh MOKOMt 1365 cno- 
codaMH npHBeCTH KOeeeKCi (2,1) kt. BHjy 

M.U3, + X^X^'lta + X,X^Ul, + X,X^'Uc'i-X^X^Uci + X^X^il'c + CC^X^Ug + 

u„ = a^u^+a^u^+a^u^+a^u^ h t. a- 

Bi o^HieMii cJiy^ai ypaBHeeie KOHneKca (m,l) npHBosHTCH 
KT. TaKOMy ate BR;iy, TOJihKO a, . . . g yate ne nocTOHeeHe kosi^- 
4iHiiieHTH, no KBaTepeapHHs (j[)opMH CTeneHa {m — 2J-o3 Kas^taa 
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§ 17. JtaJibeiSniee Hsy^enie KpHTBiecKBxi TOieK% jno6-- 

Hie npOHSBOAHTb S% CB33H C% rjiaBHOW KOHHIlHJteHItieS KOH- 

HeKca (Wjl), nosTOMy mei oCTaaOBHMCJi CHaiajia na H'fiKOTOpuxi 
KOBapiaHTHLiXT, o6pa30BaHiflXT. nocjiijiesiro. IIpeaEAe Bcero paa- 

CMOTpHM^ reOMeTpH^eCKOe MtCTO TOICKt y, COOTBiTCTByiOmHKl 

B% neM-b TOiKaM-B x npsMOt p TaKt Kam. KaatioS HeKpHTHie- 
CKofi ToiK^ cooTB'fiTCTByeT'b oflBa OHpea'£jieEHaa TOiKa, to stO' 
reoMetpHHecKoe ^"§0^0 eCTt KpHBaa. ypaBeeHie ea bh Tan- 
reHn,iaJiLBHxi KOopaHnaraKT. nojiyiHMi no oShmhmb npaBH- 
jtaM^L, KaKi ornSaiOHiyH) HOBepxHocTe3 f=aJ"uri.^o upn ycJiOBlH. 

i^PP)i^'^! (^PP^i^^i ^'^'^ JEOCTaBHTT, 



— ^''Pii+MP^i^'^ («'=1>2,3,4), 



dxi 



«^'""'Wa ^5, J)ij ^9,4 =0 (6). 

1 Pi, " pii Pii I! 

B-L Menie cHMMeTpH^soS, ho Cojiie HpocToi iJopMi 3th 
ypaBHCHiii noJiyiHM'L, HCKJiio^aa 3:, h x^ mt. ai^^Ua. ==0 no 
ypaBHeHiaMT. (xpp)^^o, {xpp)^ = o, 9KBHBajieHTHHMX (xpp)^=o, 
{xpp),^ = o: 

HpH TaKOH DO/lCTaUOBKt 

=x^p^ap + x^app^ sjia Pi2 = {^^Ps—^sPi)''^» 



H c:ii;[OBaTejibH0 








P21 


'"a/"Uc,= {x^p^~x^p^)" 


'a/ 


/tB$$epeHiiapya no x^ s x^, 
MiCTO, HCKjiKHaa Xj,x^ hsi 


nojiyiHMi ■ 
ypaBHenia 


0CK' 




p2<^p[i^iP2- 


-x,p,)aj,]'"- 


-'Uc 




Pi<fp[i^,P2- 


~<^,P>j>}"'- 


-'u. 
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Pe3y;iLTan. HCKJtioMeHia creiienH (m — ])-oh OTHOCHTe.!ir>EO kosiJi- 
ttiHnieHTOBt Kaaiflaro mbt. ypaBHeHiĔ ^yneTi. CTenenH 2in(m — 1) 
■OTHOCHTejibno Pi^ H CTPnenH 2(m — 1) OTHOCHTejiLHo u '}. Bti 
gacTHocTa upn m = 2 nojiyiBMi, npoHSBojis acKJiioieHie, 



{ahrr: 



j UaU^ = 



(7) 



ypaBneme, H3o5pa^aioHtee KoaHHecKoe ciHeaie, KOTopoe P. Kpayse 
(I. c. p. 301) HasHBaeTi KOnuuecKUMs cthueHieMo, npuuadjieoKO- 
■W/tiMi npnMoii 7T. Jl,HCKpHiiRnaHa"ji ypaBHeHia (7) oCpaniaeTCs 
BT. HyJiP.: 

= (a&nTT) ^(«'i^T.T) ^{a"h"7T7T) ^{a"'V"7rrryx 









^4 '" + «4 "/?,"') a.;'' 



a^B^ + 0.;^; a^^; + a;fi; 
2cr,"^3" a;'p;' + al'p 
' a;"fi" + a^'ft;' 1a;"^;" 



IIojiyHeHHoe reoMeTpagecKoe m'£cto HiiicTi eme jtpyroe snaie- 
Hie no OTHOuieHiK) K^ KOHneKcy (m,l), YcJioBie Toro, tjto6h 
noBepxHocTi>, npHHaflJiexaHiaH bs KOHHeKCli (m,l) njiocKOCTH w, 
KacaJiaci. ;iaHHOfi upjmoĕ ]>, mu noJiyiHMii, BiapasHBi, ^to npn- 
Maa p jieHtHTi bti hjiockocth, KacaTejii.B0H Bt toik^ x ki btoS 

HOBepXHOCTH, H npOXOJIHT'& lepeS-E TOqKV X\ HM^tewT. TaKHMt 

oCpasoMt ypaBHeHia: 

aJ^^''%ia.{arT7T\ =o. a.^"'-'th,{^rTrr)^=o, {xpp)^^o, {xpp;) = o (8) 

Cx U0M0U1,I.K) COOTHOUieHiil MCjKAy K0Op;(HnaTaMH TTj-^ H p^i: 
Pyl '-Pl). '• Pii'- Pii '■Pii '-PiS =^34 ■ ^42 ■ ^23 ' ^12 " ^i3 ' ^14 



'] CoiPiiraeHHo nojirSHinii oGpaJoiii coorBiTiTDi'nHne reoKeTpHitei,Koe 
MiiTO j,iK TioHHeKta (m «)— ornOaiom.iH noBepsHoCTei KOHHeLca,, npHHa,jiJieKa- 
mflxx imtajii npfli[ifl nujiygHTca BcEJiMieHica^ ,e,, jr_ uas ypaBHeinit 

a npejicTaBiaeTT EoHcjop^oBTi kohhhkcs [2ni(m— I), 3«(m— 1)]. 
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TaKt KaKL H30 BTopoS napti ypaBHeaia (8) nojiy^HMi 
TO BKnHcaHHHH ypaBHeHJa npaHBMaioT^ bh^i^: 

TaKBMTi oSpasOMi, njtocmcmu n, npUHodAeoicauiia mmo- 
puMZ noeepxHOcmu mmeKca (m,l) Kacammai npHMO'^ p, Oiu- 
Gawm^ Kpusyw deoHKo^ KpneusHu KMcca 2{m — J). IIoeepxHocmu 
KOHHeKca, coommmcmeymuiin njtocKocmaMS, npoxodaviUMi ue- 
pesi odwy u myaice KacameMHyw fT kb smoU KpueoH, mcaiomca 
JT ez odnoU u moU oice mowrb x, u moma npumcHoeeHin rr cs 
npuuadAeoicauiew cA Kpueow ecmi> mo'iKa y, coomeihmcmeywmasi 
X fls KOHHeKcn (m,?). 9to nocjiijiHee cboĕctbo npnHajtJiewtHT^, 
o^eBH^lHo, aeaJiorH^HoS noBepxH0CTH K.iacea 2n{m — 1) bi o6- 
nieMi cjiyiia^Ĕ itOHeeKca {m,n), no ^to 6jneTh yate coSCTBen- 
eas noBepxBOCTi>, a se KpaBaa aB0JiK0fi kphbbshh, 

/l|BOHCTBeHeo, mOHKU X, Komopuwb noeepxHocmu mHueKCa 
(J,«) Kacawmca npRMOH p, oSpasymmi pa^sepmueamuiyioca no- 
eepxHOcmi> nopadm 3{n — J). lIoeepxHocmu KOHHCKCa, npunad- 
AeoKauiia «b KOnHeKcn, mo'maMZ x o6pa3ywuieu p amoU paaeep- 
mueaioute^Aca, Kacammca odHOil u moĔ okc npoxodauieii nepeai p 
nAOCKOcmu, u njiocKocmh, Kacamuiaaca paeeepmueaiouieilca edoM 
npaMO-H p, ecmh npuHadACOicauiaa mo'mn, x e5(l,n) nMCKOcmhv. 

§ 18. reoMeTpnqecBoe m4cto toicki y, cooTB^TCTByK)- 
mex% ToqKaxTi x EaKoS HHfiyji> n.iocKoCTH v t, e. noBepxH0CTb, 
B^L KOTOpyio oSpamaeTca 9Ta n-TOCKocTB npeoSpaaoBaHieM^, ycia- 
HaBJiHBaeMHMi eoMOmtio KOneeKca {m,l) Meai^y TOgitaMH a; h ?/, 
MojKei^ 6mh onpej^iJieEa hjjh TaKT., sm.T, 9to jiJiaeTT, P. Kpayae 
(I. c. p. 303) epH m = 2, 3aMfeafl x^ iiepes-B 

pXi = '>\£f+ M.7j-^-vZi (^=1,2,3,4), 

r;i;^ $,V7,4 — Tpn tohkh njiocKocie v, ne Jiemamia na o;^hoĕ epa- 
Mo2, H OTHCKHBaa saT^Mi ^iHCKpHMHHaeTi TCpeapHoS (JlOpMH 

{"/i.ai 4- ju.ar, + mi;y"ua. = o 
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BHaOB3M'iHflir HiCKOJILKO 'dlOT-h npieM'L, MOaiEO COSpaHHTt. KO- 
OpJiaeaTH V jaHHOS MOCKOCTH. Jl,4HCTBHTe-ll[,H0 H3X V^ = HMt- 

ewh t>,^4= — iVjXj^ + v^x^+v^x^) (joHyCKaeMi, ito «^ nepaBHo o). 
riojCTaBiaa b^ ypaBeeHie KOHHeKca (m,l), Sy^eMi hm^tb: 

v^aj, = x,(a^v^—a^v^) + x^{a^v,—a^v^) -^x^{a.^v^ — a_^v^)^ 

h cJitaoBaTeJitHo 

f(j,'"e(a = (ir^^o^t?^) -i-^r^^dtjy,) + a;, {«jt'^))'"^^ = 

HesaBHCHMEie MeMt^iy co6ok) oapaMeTpn x^x^x^ ncKJio^aroTca 
E3i ypaBHeHiS 

(9) («j*'^) (^iK^^^ + ^a^^^a^J+^a^ta^J )"'"'Wa = (^=1,2,3) '). 

TaK'E KaKt pesyjibTaTt HCKJtEoiema CTeneHH (m— 1)^ ot- 
HoCBTejibHO KoailnlHiiieHTOBi Kaatjaro ESt 9Thxi ypaBHeHiS, h 
K09([)$Hi;ieHTBI JIHEeSHH OTHOCHTejllHO u, TO CTeneHb jiacKpH- 

MHHaHTa 0TH0CHTe.flbHo u 6y;ieT% S{m — 1)^ TaKHMi o6pa30MX 
mOHKaMi nAOcnocmti v coomerbmcmeyiorm ez KOnueKm {m,l) 
mouKu noeepxHOcmu 0^ KAacca 3{m — 1).^. 

^BoSCTBeHHo, nAOCKocmaMh censKU y coomenmcmeyioym «a 
KOHHGKcn, {l,n) miocKocmu, nacamejihHhin m noeepxmcmu Fy no- 
pndKa 3(n — lf. 

IIoBepxHocTE fi>„ HM'6eTi eme apyroe SHaieHie. ItoSh 
HOJiyHHTi. orHCajomyK) njiocKocTeS u, npHEajiJieiKamia KOTOpuM^E 
U0BepxH0CTa KOHHeKca (m,l) KacaiOTCJi ,naHHOH hjiockocth v, 
saMĔTBM^B, ^TO HJiocKOCTt, KacaiejibHaa ke uoBepsnoCTB, nepe- 
ctKaeT'E ee ho KpaBOi, sMiiomeH jBoauyio TOiKy. ycjiOBieMi 
SToro aBJiaeTCa yHHqTOateHie onpejiijiHTeJieS, cocTaBJieHHLixT. bsi 
npoHgBojiHax:& no x ypaBBeuiH, OHpe,rIiJiaioinnxt KpHByio, t. e. 



') ToTi ^e peayjiiTaTi nojiyHHMi MCKJiio^aa X,Xi,x.jXg,Xi niT, 

1 «3; = ", eMz cTaHau^B HisoKETB orHtiaiomyE) [10 oSmBM^E npaBHja«'t, llcoK- 
laa cHa^aw 1 n noro.111. «^ 110 vx — o, BepHeMwa n ypaBHeHiau-L, npnBejieH- 
injii. Bi TeKcri. 
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HeHiaMi 



«X (l,Ma 



H DO HCKJIiOMHiH X^ HOMOmtlO f^ = npHXO;iHMl KX (9). Ta- 
KHMx o6pa30Wi mo/cdan nAomocnih v, nomopo^ Koopduuannu 
ehmojiHHWtm ypaaHeme 0v = o, Kocaemca noeepxnocmu, npunad- 
AeoKatue^ ez KOHneKCtb (m,l) nAoCKocmu u. PaacMaTpnBaH f,- 
nocToaHBHMH, u^ — nepeMiHHLTMH, HM^eMi: njiocKOcmu u, kouxz 
noeepxnocmu KOuueKca KacaKmca nAocnocmu v, oiuOawrm no- 
eepxHOcmb 0^ — leoMcmpwiecKoe Mtbcmo moueKh y, coomerhm- 
cmeyiouiuxz ss KouHeKcrb moHKam nAOCKocmu v. 

Ji/si ynpomeHia (J^opMyjiTi mojkho npHenTt, tito njocKOCTt 
V ecTb x^ = o. ripejHAyniiH $opMyjiH npBBHwaiOTX TorAa bea^ 

x^=o, {a^x^+a^x^-\-a^x.^)'"Ua.=o; 
(«ja^j -k-a^x^-¥a^x^)'^~'a^Ua.'^o (i= 1,2,3) 

H KoopjHHaTH y^ TO^BH 9T0Ĕ noBepxnocTH BHpaaaTCH 

Qyk = L" k = {a.yX^-\- a^x^-\- a^x.^)'"aic (/c= 1,2,3,4) 

e5o KaKJa-JiBSo ;iBa nsi. Tpexi ypaBaeHia {~t~] ^" jtaroTi 
x^x^x^ Bx i[)yHKnia u\ noacTaBJ(jia sth snaieHia b^ f=o, HaS- 
aeiiT. — = -7-^ + i^T-^ — - {bi oSnieMi cjiy^a-Ĕ noBepxBOCTH 

v^ = o EaKo8-j[H6o .noCTaTOTiHO HOJioatHTb {a^^^^a^^ htoCu no- 
jiygHTt ypaBHenia bi tomx jko bb;!^). iloBepxHOCTt t?-*„ aBJiaeTCa 
TaKHMT. ofipa30MX yHUKypcdAwoio noeepxnocmmo, — es Koopan- 
HaTH BHpaKaioTca paijioHajitHo b^ ijyiii^w^ flByxi napaMei- 
poBi, OHa ojiHOsea^HO HSoSpaaiaeTCH na hjiockocte h ecTt no- 
BepseocTb pofla 0. TaKHMt oCpaaOMT. Teopia KOHHeKCOBt cbs- 
sHBaeTCa cx TeopieS ojtaosHaiHaro H3o6paaieHia nOBepXHoeTH 
Ea njiocKOCTt H wh ^acTHOCTB ci Teopieĕ ynHKypcaJitHHxt no- 

11 
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BepxH0CTeH ^). IIopajOKT. noBepsBOCTa fp„ onpea^JrBTca, Kaict 

'IHCJIO TO^eKl, o5m,0X^ HOBepSHOCTH Cl npaHOK) Wy = 0, w^y^o 

T. e. EaKi iHCno p^meHiH CHCTeiiH Sw^L^^^o, Sw^iL/^^o, 
CTeneHH m OTHOCHTeJitHo 3^iX^x^ Kaat^oe, — h6o iio ypaBHeHiaMX 
^yi^L^" KaataoS CHCTeM'fi 3HaieHifi (rj,!!^,^;^ cooTBiTCTsyeTi o^Ha 
CHCTeMa 3Ha^eHid j/, ..^,, — t. e. oana ToiKa nepeci^enia no- 
BepxHOCTH ci npsMOio. TaKBMi o6pa30MifP„ = o KJiacca 3(m — 1)^ 
H nopfl;iKa m^. 

CpaBHHBaa ypaBnenia gyi^Li" cl ypaBHeHiaMH, onpejtijiJiH)- 
maMH KpHTHgecKia totikh KOHneKca (m,l) SLiU^ = Q, saMiiHMt, 

1T0 nOBepXB0CT& (&„ HpO^OJtHTt HepCSt Ti H3t HHXt, KOTO- 

paa JieataTT. ut, mockocth x^=o (pesyjitTaTi 3totx BCTpt- 
laeica y KjieSma, 1. c. p. 15). 

SaMiTHM^ eme cjiiayiouiyio TCopeMy, KOTOpyio npHBo;tHT:6 
KjeSmi: n0BepxH0CTi> <?„ = o HM^eTT. KpoByio neperH5a (Wende- 
eurve), HsoSpaatemeKOTOpoĕ HaHJioCKOCTH v ecTBKpHBaa uopai- 
Ka 8m — 12 h KOTopaa cJiiAOBaTGJi&HO caiaa uopajiKa m(8m — 12); 
KpEBaa Hapa6oJiHqeCKHXi TOgeKi BapiaaeTCa hst. noBepxaocTH 



'■) HaHCnjite asyieHiEHjni npejiCTaBJiaeTca lEpdCTiiiniiS (iiocatni^l} cjiy- 
qafi Hi=2, npHBOji,an].ifi k* MTeSHepoBoi iioBepxHOCTH,— yKSKyiicajiBHoi noBepx- 
Hoi^Tni-ronopHira aaui^eHHoa BiiepiiHe IiI'j;flfiHepOMi KOTopHi ne nySjEHKy 
ooCmujit CBOE leayjEnaiH BeBepmTraccr iotophA ce cbo S cTopoHH na 
msjii ^To KoopAHHaTH ii ft uoBepiKo th BHpaataroTca pan HajisHH^iH JtyHK 
HJniK 2 ofl T n HH Ti jBysii n [aYeTpoBi ogPHiioe bhks an e Ha dty 
BOpSH CT£ coB iHtaiuiK Ooa^K jioHHoe jiHoat ctbo k HH^ie Est-h twH ^ e oO 
] aByeiiy» BiameHCMi l HH^ecKaro ci^eH ji okojio upH oh ji atameS nt ero 
niioCKO TH Ohjio ejameHo n cjit [aSoTH I y s epi (B rl Mo at ber !S 3 
TaE e Giellea Jon B b4 66— 6) sa oToion nociJiAOBaJiH sa) tTna 
BeSepmTpa a ( I i 7— 6) o peayjitTaTam HlTeitHepa pa6oTH LpeiioHa 
(Crelle» J B 63 i 31o-353) IHpoTepa (It Mon 1863 Crelle s Jnnr 04 
p. 79-94)- cHHTeTHqecKaro xapaKTepa, Cayley (ib. p. 172—174), Clol)Sch'a 
Ueb. die Stetnev'scUe Plliche (CreUe'3 Jonrn. B. 67 s. 1-22. 1807). lacTHHĔ 
cjiyqafl DlTeitHepnBoit noBepsHOCTH npejcTaBJiAeTi iiKKJiKaa Ironena (noHB^e- 
OKia ctaeHia na noBepxKocTH cyTt Kpyrn), Hsy^eHHaa $paHUy3CKKaH jiaieaa- 
THnaKH, ocoOeHKO HyTapoKJ h JIap6y. CajitMOR^L (Gĕom. a 3 dim. III p. 51) 
yEcasHBaeTt omc Ha paCioTy Gerbaldi. Torino 1881, ^to Eacaoica yHKKypcajiL- 
HHSi HOBepxH0cre3 sooGme, to KaKi saMtgaeT^s Hninbert vb cnoei craTEi 
Snr ia thĕorie seniirale des surlaces nnicursales, M. Ann. B. 45, s. 423—445, 
reapia MS1 CTOJit ffie 6tflHa o6in,HJiH peay.isTaTajiH, nacEOJiBKO OHa Oorara qacT- 
HHMH npeiJioaEeuisjiH h HHTepecHHiuii npHUJipaMH. 
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■ea reccieHoio, KOTopaa bi jtaHHOM-B ciyga^ noBepsHOCTH no- 
pa;iKa m" SyAGTt nopsnKa 4(m^ — 2); noHHHieme nopa^Ka Kpa- 
BOH napa5oJiHiecK0XX To^eKi ecTi. 4m(m— 1) {m^ + m — 3). 

PascaiOTpiHHaa 3aj;aHa ecTt lacTHHĔ cjij^ai 6ojiie oGmeK 
saiaiH: uaHmu 'leoMempmecKoe Mrbcmo mo'teKz y, coommmcmeyio- 
Viux6 05 KOHHeHcn, moHmMh x no6epxHOcmu &(Xj . .xJ = o no- 
pHdna /f u Kmcca v. TaKaa noBepxH0CTt (!)%■ 6yAeTx CJi^ĔjOBa- 
TejiBHO orHt5aH)ffl,eio HJioeKOCTeS u, npHHaweatantia EOTOpuMt m> 

KOHHeKCS (»l,l) nOBepXHOCTH Xu KaCaiOTCa I10BCpXH0CTH tf. 

ypaBHeeie 0%- noJiy^aTCH noaTOMy, KaitTj pesyjibTaTi, HCKJiioie- 
aia x^ . .x^ H3t. ypaBHCHiA 

■5=0, aJ^-^u-Ja--^ «i~) =o (fA= 1,2,3,4). 

npH ^eMt BM^CTO^^o MOMeM-B TaKwe bs3ti. aJ"Ua = o. 0i^ = o 
CyjieT-L D09T0My luacea 3u(ii + m — 2)^ (npn u<2m — 1) hjih 
(u+m — ^y (4m+u — 2) ecJia 9>2m — 1. IIopajiOKi aie 0a- 
<inpeAiJiETea, KaKT> ibcjio piraeHiA CHCTeiiLi 

& = o, WaaJ" = o, u^a.a^^Q 

T. e. paseH^ «wi^ TaKHMi oGpasoMi: o%u&a'm'WiasinAoaiocme& u, 
npumdjieaicauiiH KomopuM^ es KomieKcn, (m,]) no8epxmcmu X„ 
KacaiomCH dauHoii noaep^nocm-n 0(x^ . . xj nopadKa /i, ecmti 
^oeepxHOcmb 0^ = o nopndKa um^ u KJiacca u^{m+u — 5)^, 
%dn jj.^^3/1 npu u.<^2m—l-u. =4m + u — .8 npu fr>2m — 1, 
.KomopaH H8AHemcH ea mo oice 8peMa leoMempuHecKum Mtbcmom 
mOHCRi y, coomsTbmcme-yioiiiu^^ oa KOuneKctb mouKaM^ x noeepx- 
mcmu d{x^ . .xJ = o. 

§ 19. TaifB KaK^ nepBue nponsBOjteHa KonHeKca (m,l) ao 
zi- OTL u HesaBHCSTT., To Bi oSmeMi cjiyiat ypaBeeHia 



o6mHxx p!§meHi3 ne nwiiorb, h nOTOMy TaHreHi^iaabHO-ocoSea- 
HQMH 9.iieMeHTaMH KOeeeKc^ («(,1) Boot5me ee o6jia;taeTi. To- 
weiHO-ocoSeeHne 9JieMeHTH, onpejiijiaeMHe ypaBHeraaMH 

11* 
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lAL, 



a.Ua-=o (*= 1,2.3,4) 



oSpaayioTTi napy noEepxHOCTe0 nopajtna A(m — 1) h KJiacea 
4{m—iy. 

IlepBaa H3X BHxt noJiyjaeTCa ncKJimeeieMi cjroCKOCTBHS-B 
KOopjnHaT^, — ea ypaeHenia 6yayT^ 

9T0 reoMeTpaiecKoe micTO oco6eHHEix^ xoqeK% noBepxHocTeff 
KOHaeKca (m,l). BTopaa, ypaBHeHie KOTopoS nojyiaeTCsi hckjiio- 
leHieMi nepeM^HHHs^ x, Hpej:cTaBJiaeTB orHSaioinyio mocko- 

CTefl, K0T0pUXT> HOBepSHOCTH KOBHeKCa HMtlOTTi ;(BOHHyH) TOIKy. 

AsaJiHTH^ecKH es ypaBHeHie npejtCTaBJiaeTii ^rHCKpHMHHaHTi no- 
BepxH0CTK KOHHeKca, H noTOMy npH m^a Epayse (!. c.) npn- 
;iaeTi eH BasBaHie I)eterminanten-flache, Ho npH m = 2 aja, 
n0BepxH0CTB A 6y;ieTt 

(ahcd) ^Ua.UfUym -■= o 

H BHpaa;aeT%, ito cooTBiTCTByioinaa ea orHSaiomnM^ HOBcpxHo- 
CTBM^ noBepXHOCTHM'& 2. nops^iKa o5paui,aeTCa b-b KOHye'&. Ona 
coBnajiaeT^i TaKHsn, o6pa30M'j) ci reccieHOK) KOHneKca, KOTopaa 
lis^L Kaat;(oH noBepxHoCTH KOHEeKCa BHpisaeTi KpHByio ea na- 
paCojiHiecKH^i TO^ieKT. h KOTopoH ypaBHenie rss oSmaro koh.- 
BCKca {m,l) SyAOT^ 

flj,'"-^Jj,"'-=C^'""^(?_p'"~'(fl&Ci7) 'Wa2(^M-;W5 = 0. 

nepBOii noi!epxHoCTH (TaKate jiJia m=2) Epayse npn^iaeT^B- 
HasBanie Kernflache, oĔiosHa-jaj] ee nOBepxHoeTi. K To^kh no- 
BepXHOCTa E h KaeaTejitBBa HOBepxHocTH A HaxoaaTCa bi. ojho- 
SHaiBOMi C00TB'iTCTBiti ; Sy^eMt HaauBaTt cooTB^lTCTByiomyro 
'iOiK'fe X Ha ii^KacaTciLByio ki zI npnHaAJieatameio to^jk^ĕ a; n.io- 
CKOCTbio- BsaHMBaa CBaab noBepxH0CTeH (P„, A uM BHpaataĕTca 
TeopeMoH: 

Moatno nOKasaTt: ecdu nAOCKocmt v ■npoxodum'6 uepe-n mo'i- 
K1J X no8epXH0cmu K, mo coommmcmeyiotu,an amaU njiocKocmu 
noeepXHOcmb 0^ Kacaemca npuuadAeoicatn&i x tMOCKOcmu u,Ka- 
cameAbHoH ks A. /IjtiicTBHTejiLHO, ecjin Vx=o npoxoAHTX ^epesi 
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qaa « njocKOCTt, npHHaAJiemamy» o^, nM^SeMi: 
Oj,'""'flj-Ma = o (/=1,2,3,4); 



ii cJii,tOBaTejBHO ypaBHenia 0^: 

BuaojinaioTea iijiockoctlio u, ^to h ^iOKaauBaeT^ TcopeMy, 

SaM^THBt ;[aJi'fee, ito TO^Ka apnKocaoBeHiH KaKO0-HB6)'jit 
■njiocKOCTa u R-h nOBepsHocTH A iioateTi. 6aTb onpe^lijeHa raKi: 
H3i Tpex% KaKHxi jihSo ypaBHeHiA aj,'"~'(T,.Ma = o onpeAi-iHM* 
:r B^ tfiyHKiii[0 % nojicTaBHMT. b^ ypaBHOBie KOHHeKca. Tor^a 
H3^ noJiyieHHaro TaKnsn, o5pa30MX ypauHeHia noBepxHocTn A 
no-^y^nM^ ;tJFa toikh npHKocHOBOHia KaK0fl-HB5yjjb ea KacaTe.ib- 
-HOS u: 

EcJiH TOHsa X JieacHT^ na noBepxHocTH K^ to a^~^a^Urj. = o^ h 
BupaaieHia CBowTca Ki pi^A = "*"'«<f , — t. e. HsoSpaiKaioTi. npnHa- 
jiJieaiaHiyio a; m, KOHBeKci (»»,1) TOiKy ^. TaKi k^ki iipH aroMi 
M CTaHoitHTca npHHaaJiemanieio x njiocKocT&io, to mh HM'ieMT.: 
nAOCKOcmh u, npUHadMa/camaH momrb x noeepxHOcmu K, na- 
■caemca noeepxHocmu A ea momn, y, coomeihmcmaytouieU x «s 
KOHueKCrb (m,l). 

Jl^^i noc.]'6flHia TeopeMEi, paBHo KaKi n cJiiayiomyio, Kpayse 
mGT-h )i.Jisi }n = 2, ocHOBEiBaacb npa jioKasaTejibCTB'^ na TOJit 
.oScTOSTeJiiiCTBi, liTo B^b ToiK^t X nOBepxHocTH yi^TaHreHiiia-ibHoe 
ypaBHenie npHHajtieatameii b^ KOnneKCt; 9to@ T0qKfe n0BepXH0- 
CTH CBOjiHTCJi K7> KBaiipaTy ypaBHcnia ea ABoitHoH Toyrcn. 

BcĔ HOBepSHoCTH 0^ , npHHajtJieatamia njioCKOCTaMi, npo- 
xoaaH\aM^ ^epeai Toyrey noBepXHOCTH E, o^jiajtaroTi iio npeati- 
ayHtPMy Bo nepBbi^-b oSnieK» KacaTejibHOio, bo BTOpbixT. oSoieio 
TOHKOD upHKOCHOBema 9ToH KacaTOJibBoH — T01K0IO npHHaji.ie;Ka- 
mea Bs KOHHeKC'6 aToS TO^Ki k h K. ^pyrnMa cjioitaMa: n.ioc- 
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Kocmb, npmadjteMauiaa moHKtb x no6epxnocmu IC, Kacaemca ne 
moMKO no8epxnocmu A, m u ecthxi noeepxHocme^ !?„, coom- 
etbmcmeyietnua.T. ecTbMh nAOCKOcmttMe, npoxodauiUMh tepean x, 
«3 odno^ n moH okc mciKth y, npunadAeoicauie'^ x ez KOWieKctb- 

(M,l). 

J^BoScTBeHHO wa KOHHeKca {!,«) cocTaBJiaeMi. nOBepseocTH 
gj,, Jl H 2), B3aMMHaa cBfl3& KOTopw^t BHpaataeTCH TeopeMOHo:. 
nepe3Z mouKy y, npunadMmcau^yw Kacamejiwou u noeepxHQcmw 
Jl npoxQdumz «e moAbKo noeepxHocmb 35, «o u ecn, meep^tiocmu 
g^, coomenmcmepioiniH ectbm moHKOMn nJiocKOcmu u, u ectb smu 
fioeepxHOcmu UMrbwmz «s smoii moHKtb y o&iii/yio mcameAbHyn 
V, — npunadjieoKauiyio u 03 KOnneKcth (1,«). 3fl4cb ^^ — ornGaio- 
maa njiocKOCTeH, npBHawestauiHKi b^ KOHBeKct (1,«) hjiocko- 

CTHMl CBfl3KH CL BepHlHHOIO E^L X, ^ — OrH^aiOn^ail njlOCKOCTeft 

TaHreHH;iaJibHO-ocoCeHBtix"-. ajitMeniOBi KOHneKca, a I)— reoMe- 
ipH^ecKoe MicTO hxi 70ieKi npHKoCHOBeni^ Kt cooTB^ciBeH- 

BtlM'£ nOBepXEOCTflMI. K( BHeKCa. 

§ 20. rJiaBHan KOHHL(itAGHL|ifl KOHHeKca {m,\) onpeA'£ji>ieTCK 
ypaBHeHisuH SLiUi = aJ"ua. = o, Ux = o, 

Ka:K;ioH lOiK^t x npocTpanCTGa ei Heii HOjtiHHaeTCJi bo- 
o6me HyieKT. nJiocKocTeH, HMiioui,iS octio npaMyio p, coe;i;HHflio- 
m,yio TOiKy x f\, npnHawejKameio eS Bi KOHHeKrS tohkoh) y 
TaKt 1T0 

] 



HcKJiroieHie cocTaBJiaioT^ KpHTaiecKia toikh, bti KOT0pHXi bli- 
HOJiHaiOTca vp; 



Lix^ — L-^k^^o, (!,A== 1,3,3,4) 

Kastjiaa njioCKOCTb, npoxojismafl lepesT, TaKyio TOiKy, Moatei^B- 
Chtb coejtHHeHa ci. aeio b-b ajieMeHii KOHBitweH^iH. Kt iHCJiy 
ho/ioChli^t. TOieKi HyacHo othochtl h i^b, KOTopLia npn H3B'heT- 
HEix'L coOTHOHieHiaXTj MejK^ay K08c|)ij)H!(ieHTaMH ypaBneHia koh- 
HeKca BHnojiHaioTi leTnpe ypaBneHia 

L.^o (;= 1,2,3,4); 
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ecjiE Hanp., 

A=^(^i ■■^.)'^Mi ■•^J) A=5(^i ■•^4)^4(^1 ■■^J} 

To KaaK^as iist. m^k To^eKi nepeciieHiii noBepsnocreii 

L^=o, L,=o, g=o 

CTeneeeS m, m a fc aBHTca TaKOio totcok). Ecjih TOiKa x onn- 
cuBaeT^ npjiMyio ci aitciajitHUMH KoopjtHHaTaMH jt,-^, to cobo- 
KynHoCTb co^ n,iocKOCTefi, MH>n[Hxi ajieMeHTH oaiiHoS kohhhh- 
seHi;iH cx pasjiByHHMH ToiKaMii 9Tofi npsMoK, oSpaayeit no- 
BepseoCTB 

(m4-l)-ro Kjacca, Koiopaa Eait^ ToneHHoe oSpasoBaHie siBJiJieT- 
ca KpoBO» ;iiioaKO0 kphbhshh. JtiScTBHTeJitHo, 3T0 reoMeTpaiie- 
CKOe m4cto ecTb KpHBaa — orHSaiouiaH np)iMLix'& p, h6o Kaaijiaa 
njiocKOCTt, nposoAAuiaa ^epeai ojiHy ash 9THxt npiiMias'!-, bb- 
.aaeTCa KacaTCJiLHoro k^ noBepxHOCTH, h ]iMl& iiocJiijiOBaTeJitHiJH 
npjiMija^Hy, cooTBtTCTByioHiia cocijieHMT> TogKaMi. xnx + dx 
npsMoH TT, HepechKaiOTca MCaj^iy C06010, TaK^ BaKt 



Pik-Pih - 



E dxi{Xi 



dLk 



-Xh 



d'xi 



H ycJiosie nepeci^eeia 




2pitP'i'}^'=-2Pim'i' -^ SdxiS(Ux^—LiXj,) [x;^ 




L, L, L, L^ 




^, ^2 ^s ^, 


--SpikPi'&< + ^Ax^ 


X^ X^ X, x^ 




dL. dL^ dL^ dL, 
dxi dxi dx£ dxi. 



dxi 



Kaatjoit njrocKOCTH u npocTpaHciBa npHHajiJieiKHTi ei rJiaB- 
eoB K0HHn,H3eHH,iH HJiocKaa KpHBaa m-ro eopaaKa — nepeciieeie 
luiocKOCTH u CL noBepxBocTi.io SLiUi^o. EcJiH u BpaniaeTca 
OKOJio npaMo3 ci pajiajiHtiMH KOop^tHeaTaMH pa , to cooTBtT- 
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CTBeeeaa njioCKaa KpHBaa onacnnaeTi nOBepseocTt: 
aj^iar.pp) = o. 

HsT. ynoMaiiyTHX'i Bt r;i. 11 KOnapiaBTHBSi oCpasOBaeiit 
rJiaBHoH KOHHiiaieeiiia oCTaeoBHMca na t^i, KOTopua oaeaija^iH 
BHriie F(x,x), 0{u,u), F' 0'. H;ii yHCJia hxi noBepxBOCTt 
Fix,x)=o, KaKi reoMeTpa'iecEoe m^cto ToieKi, JieaiamHXi ea 
npHua^lJieatanin^i aui, nOBepxnoeTaxi KoeeeKca, Btipo:KflaeTca 

Bt COBOKynBOCTb m^H-TO^ + W-l-l EpHTRqeCKHXI TOieK* H HG MO- 

jtteTt 6htl BHpaateHa oahbm^ ypaBneaieMi b^l TO^egHH^i Koop- 
;iHnaTaxt, a 0' = o npe/iCTaBJiaeTi. TanreHi^iajibHoe ypaBeeeie 
3THxi «j'-i-m^-)-m+l KpHTHqecKBx% TOieK^L. Ho <P H F npo- 
jio.iiKaiOTi eymecTBOisaTb: orHAaiomaa 0{u,u)=o njiocKocTeH u, 
KacaTejii.HMXi ki npHHaweHtaniiiMi hmx bi> KoeeeKct noBepx- 
HoeTaM't X„ , 0yfleTx no irpeaH,7ymeMy nOBepseocTi) K.iacca 
(m + 3){m — 1)^, a reoMeTpHiecKoe M*fecTO F' cooTBiTCTBeHnHxi 
TOMeK'^ iipHKoceOBeeia — iiBoSaH^-t tohckt. KpiiBHxt rjasHoS ko- 
HHi^H^ieHiiiH 6yiieTT> nop^iiKa 6m — 2. 

Bt cjiyiat m = 2 TaereeiiiaJitHoe ypaBBeaie noBepxHocTefi 
KOeeeKca, noJiysaeMoe HCKiio^eBieM^ C, a;, . . ^, ihst, (fv^ = a^a^Ua, 
eCTt, laboD)\aU^Ux ^ , h noiOMy ypaBeeeie 0{u,u) = o ecTb 
(ff5cMJ 'MaMgM-r = 0, KaKt 9T0 jjaeTi P. Kpayse 1. c. PacHHMt 
oCpasoMi ypaBHeeie iiOBepxHOCTH 10-3 CTeneen F' = o ohi no- 
jiyiaeTX HOAi' BJSAOWh 

F'=(abcd) {a/Syx) {36'S"x)axb„Cj;dxd'x '^d"^ ' = o 

Bi oSmcM^B cjiyiai 9Ta (|>wpMa nojiyiaeTCa to^jbo TaKa:e 
HCKJioieHieMi 10 BeJin^HH^ u^uk H3t jecaTH ypaBaeHitt 

t, , dLi dLi , 

2-[M; Ui-~]U,=0, UUx = 0, U U3, = 0, u,u- = o u Ux = 

\ ' dxk ilxi' ' 

wb BHfli oiipejci.iHTeJia 10. eopajiKa h CTeeean 6m — 2 OTeocH- 
TeJibHo X, KOTOpHS Moaieo .npHnecTB KTi BH^y: 

F '^{alcd){a/3yx){6S'(S"x)a^'^-'bJ^-'c^'"-^'d^"''-'d' ^'^d" J" -=0 

Kaatjiaa KpnTngeCKaa TOiKa jiejKHTi. na noBepxHOCTH F'\ 
^■SacTBHrejibHO ecJia u ecTt niocKOCTb, iipoxOAaiH;aa Hepe3T,KpH- 
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•THieCKyio TOiKy y, to SJieMeeTt {y,u) npHeaji-ieiRHTi KoeHeKCj' 
T. e. y JieatHT^ Ha noBepsnocTe X„, npHHaiJiemameS Bi koh- 
neKct MOCKOCTH u. EcTt Bi BHpaateHiH Ma F' saMiHHMt 

"TO 3aM'6THMl, HTO HpH aj-^^a^^pT- T. C. eCJTH X eCTb KpHTH- 

■leCKaa TOHKa, oSpamaeTCa be, ne tojibko F', ho h bc* es 
nepBBia hpoh3bo;i;bhs no x, TaK^ ito om m^ + m^ + m + l Kpu- 
mmecKUXb moieKo KOHueKca {m,T) cymh dmiiHun moim no- 
eepmocmu F'{x,x) = o, — TeopCMa SJia m = 2 ^iOKasaHeaa P. 
; I. c. 



HHTerpaAbHbia noBepxHOCTH HOHHBKCa (m, 1). Hasosaeme 
HHTerpaJi&HHXi uoBepxHOCTeH KOHaeKCa (wi,l); SL-Ui = o, hjih 
yTO ro^KC JineeSearo ypaBeeHia 

2\-hi\g^ + ^\p + ^\{s—px—qy)=o{l<3) 

ecjiE S',- oaBa^aeTi L. : 3t '■ 



CBOjiuTCH, KaK-B HOKasaji^ enie .larpaBmi ') sjra JiHHeaHuxii ypas- 
eeeiS, na HHierpHpoBaeie chctcmh C0B0KyneHxi ypaBneHiH 



') jU''iii Berlin. Acad. 1879. JTKoiSir ^'b cbohh rilucidatisiies de aeqaatio- 
num diirerentialinin Yulgarinm syatematis earumgue connesione cam aeqttatio- 
nibns diff. paitiaiilms linearibns 1. ordinis (Crelle's J. B. SYni, Werke IV, 
137) yEasaji^E na ncTEHUoe suaueHie paOoT^b Jlarpausa h ji.ajii uojinyii Teo- 
pis) jiKHeSHHs^ ypaBueuii. MeKjiy npoiHJi^B ohh npnBOjiHri jiaueiiHoe ypa- 

BHeHIB KS OJIHOpOJlHOCTlI OTHOCKTejILHO HpOHSBOAHHSl, BBOja BlltCTO IipOH3- 

so/iHBK^t saBHCHuaro nepeH^Hiiaro upoBSBUAUHii ^yHEKin f, — aaKiawmm,^^ 
aaBHCHKoe HepeatHHoe c^b HesaBHCHJiiiiiH no ypaiiHeiiiio /■==(>, laKi uto 

jSL 

dx __ <Ixi 
dxi iif 

Bas HOBtflniHXT pa6oTi eaiayeTi oTaiTurB paSoTM Gilbert'a, yKsaaBuiaTO iia 
oco6eHnoe ptraeHie .naHeiiHHsi AaiHTSuniaJitHHs'^ ypauueHitt, Bii^tjiaejtoe 
Bi MHoaHTejit npH nepesoai K^s cucTeMi cOBOKynHus^E ypaBHeHJS. Cii. P. 
Mansiou. Theorie d. partiellen Ditr.-gl. 1, Ordn. Deb. Maser. 1891. 
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HHTCrpa^iBHOio noBepxHOCTtio KOHneKca (m,l) naaHBaeMt 
BcaKyio nOBepxBOCTt, KOTOpaa BC^Ma nOKpuBaiomaMH ee 9je- 
MeeTaMH (To^Ka, KacaTeJitHaa bt, T0qK4 njiocKOCTii) npHHaj^ie- 
atoTi rjiaBHoH KOHHiiHseHn;iH SToro KOHHeitca; ecm ^(x,..xJ=o 
ecTL ypaBHeHie TaKoS noBepsnoCTH to ypaBHeHia KOHHi;HjieHn,iH 
;io;iKtHO yjOBJieTBOpATbea npn HOACTanOBK'S 

Gn- - , 

JS.M BC^l TOieKl Cp = 0, T. 6. ^OJiatHO Caii. 

2tL, — =0 

S^x, - 

dXi ' ; 

npH 9T0M1 H^T^ Heo6xoABMOCTH, htoSh JiiBaa lacTb nep- 
Baro ypaBHeHia oCpaniaJiacb bi Hy,ab TomeCTBeHHO, — neoCsojiHMO- 
H jtoCTaio^HO, ^toOh pesyjitTaTi nOACTaHOBKO s^-tHJica na <p: 

dxi ' 

TsH. K MHoroqjieni (m— l)-ofi cTeHeHH. Ecjih 95,(2;, ■ .x^) = C 

eCTb EBTerpaJIli Cl O^HOK) nOCTOaBHOlO COBOKynHoA CMCTeMbl(lO) 

H 95, osHopojiEaa (l^yHKi^iJi o-fi CTeneHH ajireSpaayecKaa h.i[i 
TpaBCiieHjieHTHaH, to 



dx, = 



yaM^Haa dxi Hponopr(ioHajibHHMB hm^b B0JiHqHHaMH L^, 6yseMX- 

BM'iTb 



H Bl CHJly OJ(HOpOflHOCTH Cfi^ 
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TaKHMi o6pa30Mi, ecjiu ^^=c ectnb uumeipaM coeoKyn- 
HoH cwcmeMbi (10), mo kook^w^ ^MMmrm cocmaeaeHHuit, moi- 
«m KaKOii-.iu6o nss co' noeepxHOcme^, usoGpaoicaeMUTi amuM^' 
ypaeueuieMs, 83 coeduuemu a «acameAwom m noeepxHQcmu S6 
smoH moHKrb, npmadAeoKumd iJiaenoiJl Koumiuden^m KOuueKca 
(1) HHHMH cjioBaMH ffB maKOMS CAymtb KaoKdan noeepxHOcmh 
ccMm (p^^c ydoojiemeopnem^ (10) u npuuad.ieMum^ kz uuCAy 
UHmeipaAbHuxz no8epxHocmeii amoio KOHHeKca {m,l). 

ECJIH <p{x^. .Xj^C, lp{X^. .Xj=C' — J[Ba HeSaBHCHMHSl. HH- 

TCrpaJia coBOKynsoS cnCTeMH (10) h cJiiniOBaTeJiEHo ypaBHeHia, 
(10), TO H BCaKaa t[)yHKHia 'P{<p,^>) Syjeis yflOBJieTBopaTt 3to- 
My ypaBHeHiio, h6o ecjiH osBaiHTL 

npu v5D=o, '^'\p=o. CBeps^ Toro 



Bi CBJty OAHopo;inocTH 95 H 1(1. reoMeipnHeCKH, ypaBseHia 

(p^C, T^ = C' 

onpeaijatoTi co' KpHBus^-sapaKTepHCTBK^B (10) h npeACTac- 
MiorL hojihhS HHTerpaji^ 9T0ro ypaBHeHia. ^toSet noJiyHHTb 
KaKoe-JiaCo apyroe HHierpajibHoe jinoroo^pasie 9Toro ypaBHeHJa 
^ocTaTO^HO HO npoasBOJiiiBOMy aHajiHTH^ecKOMy saKony BuApaTb 

CO' H31 HHCJia 9THX1 OD* KpHBHXt, T. C. yCTaHOBHTS KaKyiO- 
JIh6o saBHCHMOCTb Me^^y npOOSBOJItHHMH nOCTOaHHtlMH C H C': 

^{C,C)^o. ypaBHeme 4*{(p,\p)^o HsoSpasHTT. TaKHMt o6pa- 
sOMt o6H;i0 HHTerpajiT, ypaBHenia. 
EaiK^taa ujiockoctl 



0,ii (i- 1,2,3,4) 



npoxosflHiaa ^epest npaMyio, KacaTeJiEHyio kx npoxoj[Hme@ ^e- 

Pe31 TOIKy X KpHBOH <p=C, 1p = C', BX COe^IHBeHiH Ct TO^KOIO- 

X oCpasyeTi 3JieMeHTi pascMaipHBaeMOH KOHHUHjeHi^in. YcTa- 
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■HaBjiHBaji saBHCOMocTt Me.ffi;iy (p b ^, isa BHOppaeMt ojiHy hs^b 

:3THXX HJEOCEOCTeS, COOTBtTCTByiOmylO SHaieHiio 



Haxoa:aeHie HHTerpajrbHHSi noBepXHOCTeH KOHneKca (I) 
n nHTerpnpoBaHie coBOKynHoA cacTeMbi (11) npHBOjiHTca Ta- 

KBM^L 06pa30Ml KT, HasOKJieHiiO flByX^ He3aBHCHMIilXl HHTerpa- 

jioBi c% ojiHoro npoa3B0JibH0io hoctoahhoio Kaat^iua. TaKi KaicL 
oSmns^ H HpsMH^^B CHocoSoB^L HaxOJK;(enifl EHTerpajiOBi cobo- 
KynHHXT. ypaBHeaia se HMieMT,, to 3acjiyjKaBaeT'i BHHMaHia 
■cnoco()i MHHji0Hra-^ap5y ') cocTaBJieHia iiojiHaro HHTerpa.ia no 
gacTHUMi p-tmeHiaM^. IlyCTi. HM^eMi p ajireSpaniecKH^t ^aCT- 
Ews-h pimeHia ;i;aHHaro ypaBReniS p HHTerpaJibHHxi noBepx- 
HOCTeA KOHHeKca (m,l): <p^=o, . .<Pp=o. KaaiAoe nat HH^t 

npHBO^HBT-L KT. ToajecTBy 

v]ijb Ki cyTb o;iHopo;iHHe MHorogjieHH {m — l)-oS cieneHH ot- 
EOCHTejibno x^..x^. IIo CBOBCTBy onepaiiiH v 

^, , dn. dil 



') Bi oBoeMt uejiyapt IIj ita Bai b t. iiHTeriHpoBdii a an))$ ten 
niaaLHHxi ypaBiieHitt !. iropajKi ci nayMa i^peui inn^K Cn6 180 > Mhh 
jHHTi cocTaBaaeTi HHierpHiyKns Ĕ jiHOJcaTejiB hoh niBH) 'iai'THHXTi \im Hia 
aHHeSiiHK^. Ero paSoTa oeiajiaeB HeB3B4 thob Jl,ap6y KOTopHi bi CB eni h3 
BtcTHOMt "Hcmoire sur ies equatio s di 1 oidre e d 1 deg e Bnli Sci? 
rees Matli. (3) t. II 187S. jtaeTO oCmi np eii^E h npHJitLaeis er bs ^ttciH c 
TH Ks c;ryqaHi KOHHBKCa (2,1] OjiHOBpeiieHH ci; Jlap6y aaHHJiaJica DTHwt boh 
pocoM'fc Jouret, HcsoBHBHiia H8i n HaT a cu Teni kihbhsi ct ^ \apaKTe 
pHCTKKaBH H pacupoeTpaHHBmiS cboh pe3\jitTitrH na HanJieBCH: s. ypaimcKia 
Bi iraeTHHxi> npoHSBOHHHsi Dai!)oux aiuri oSoru^eHie cboiixi leaiJitraTOB^ na 
cjiy^att coBOsynHoA OHCTeiiiH bi neientHHHsi bi sajitiKJi De 1 en ploi dfls 
Holotions particuliĕres aigebiijaes da s l nt t.ratiou de^i systemes deyuations 
diffcrentielles algebviques (C R t Sb p lOl ) Jajiie a nonojiHaii uii pe- 
ByjitTaTM, 
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SyjtCMt HM§TB, B3OTI 3a ii((pi . . <pp) npoHSBeAenie 50,«! . . 50^"?;. 
r;t'i a^ . .Up HeonpefltjieHBHe noKa K09(|Kj)aiiieBTH, 

EcJiH He0Qpea4jieHH0CTi.io a, . . ct^ BocnojrtgyeMca, htoCh yHa- 

^TO^HTL BTOpoK MHOJKHTeJlb 

SaiKi = Q 

To nojiyiaeMoe TaKHMi oSpaaoMi BHpaateHie ^ = 95,«! . . 95^«?- 
6y;;eTi yjtOBJieTBOpaTB ypaBHeHiio KOHHeKca npa no^CTaHOBK^. 

KaKOBU 6ei hh Shjih SHa^eHia x, . ■ x^. Ecjib, KpoM^ TorOj. 
a^ . .«p Hoa^HHHMi ycjioBiio 

^€tiJli = 0, 

TA^ hi — nopa^oKi 9},-, To <P 6yaeTX ojiHopo^iHaa i$yBKi;ia ny- 
jieBoB CTeneHH h noTOMy npa BcaKHKt x 6y;(eTi BunojiHHTb- 

2. X; = 0. 

dXi 

KaKOBa 6li hh SHJia cii^ioBaTejTBHO To^Ka x, ajieMeHrt 
o6pa3yeMH0 eio b^ coe^iHHeHiH c% npoxojiaiiieK) Hepeai nee 
njiocKOCTEK), KacaTeJitnoio bt. eeii kx U0BepxHocTa = C, npnna- 
^IJie^HTt pascMaTpHBaeMOH KOHHi^H^eHniH, T. e. <P^C eyacT^B 

HCKOMHMI HHTerpajIOMl CB OJIHOIO nOCT02HHOIO. EcJIH HM^eMS 

^ajiie q KaKHXT.-HH6y;iL ;ipyrHxi pimeHiH \p^ . . i/'^ nopa^iKOB-B^ 
Ji\ . .h'q H HOA^epeMi HOCToaHnua /3^ . . /3^ TaKX, ^toOu buhoji- 
HSJiHct ypaBHenia 

Sfi.K'. = o 

(iipejiHOJiaraeMT. vVj'=-^V''/'i) 

S^l^Ki^o, 
To opoH3Be;ieHie i/i^^i . . q//^S^ = 6" aBHTcn BTopuMi HHTerpaJiOMi 
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H xapaKTepBCT0Ka jiHHeĔearo ypaBeeHia — ^m KOeeeKca (»J,1) 
-oepeAijiaTca raKHMi o6pa30Mi ; 



5Dj«i9:^"s . . 9Dp"/j = c, ip^^i^j/j . . y^h =c'. 
Kaataaa HHTerpajtbnaa nouepsHOCTt BHpaBHTCa ypaBeeHieM'& 

"■IhcjIO iJieHOBi Bi KBaTepeapHoB 4'op'^'' C*^ — l)-oS cTene- 

^H eCTB 

m{m + i]{m+% 



no9TOMy ^HCJio ycaoBHHSi ypaBHeniH, na kotophh pac- 
naAaeTca ypaBHeeie 



i.a.3 ' 

H TaKHWl 0Cpa30MX ^HCIO pa3J[H>IBLIXt gaCTHHKl p4[ueHiS, 
Heo6xOAHMoe ;t.!iH cf>CTaBJieHiii BeTerpajia ex ojihoio nocToaeHOio 

eCTB 

m{m + \){m + 2) „ 
" 1X3 ■^'^' 

noTOMy 1T0 npH o;iHOpojieocTa ypaBHeeiS OTeocnTe.iiBHO a, ..an 
oen onpe^iljJiaroT^ tojibko hxi OTnouieBia. tItoSh onpe/iijiHTb 
BTopoS HHTerpajii, nyatno snaTb m Kpa2eeS iuipi oaho eme 
gacTHoe ptnieHie, itoSu OTOpocaBi o,ieo H3i npeaiHa^i. h ;io- 
6aBHBi eOBoe, buijicjiht& cHOBa aeaieeia ^\ . . /5'^ . TaKHMT. 06- 
pasoMi, HToCiH cocTaBHTb nojiHHS HHTerpajni ci JiHeeilearo ypa- 
BHeHia Hyaieo.sHaTb 

1.2.3 "^^ 

ero lacTeHSi. p^ĔmeHiH. MoacHO BnpoieMi eoKaaaTE ^to ;(0CTa- 

m[m + \]{m + %) „ . -^ 

TOTOo yate 7-5-s + 2 lacTHHKT. piinieHiS. 
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SHSa p nacTHHKt pr&nieHiS (p^...^p CTeneseS h^...Jip co- 
•CTaBBM'& ceOBa npOH3Be;ieHie ^^"i ..^Pp"? h Heonpeai.ieHH5ie no- 
Ka3aTejiHSj...a^ no.iiSepeMT. laK^, itoor BbinojiHajiHCi. ypaBHeEia: 



JI,Jrfl BUHOJIHeHia aTHXT, ypaBHCHiH HyiEHO hm^ti. 

BejiHHHHOio «; Menie, ^tiii AJia BLinojiHeaia ypaBHeHiS 

HoaioMy ecJiB' MO^OMT. cocraBHTt HHTerpajiT. ci o;ihoio hocto- 
aHHOK), TO OTgpaCHBaH ojiHO p'iineBie, uomohilio 0CTajiLHHxi 
BHOOJiHHMi ypaBHeHia (12). IIOJiyiaeMaa npH stom* (|iyHKAia 



yaOBJieTBopiieTT, ypaBHeHiio 



KOTOpoe npH nepexo;it ki npaMoyrojitHHMi KoopAHHaTaMi. ho- 

MOmtlO HOACTaHOBKH 

x^ =sx^,x,^ =y^4)*3 ^^^iJ-ii '=^i-^i'"j 
nocjii lero ^ijiaeMi a;^ = 1 HpnHEMaert chai, ccjih nojioatHTB 

d (MX] ^ djMYj d{MZ] ^^ 
dx dy d^ 

T. e. HpescTaBJiaeTi coCoio jlKoSieBi ^) MsoatHTejit coBOKynHoS 

') Cm. JacoM Theoria novi itiultiplieatoris systemati aea'iiitionTiin vul- 
garium applieandi Crelles Journ. B. 27 «.29 Wcrke B. lY 3!?. TaEJice Torlesun- 
gen iil). Dynamik Vort. 10 u. If. S. 71~Ul. Ha aKoAieBU eHCTOMH paenpo- 
CTpaaeH'! C. Jln (U. An. B. XI) h A. Maiiepoai (M. An, XII). 
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CBCTeiuH (11), a npH nepexoA4 Kt npAMoyroJiLHHMi KOopjiH- 
HaTaMi npH noMoma BHnieyKasaHEOĔ nojtCTaHOBKH oOpamaeTca> 

BT, ilKoCieBl llIIOffiHTe;iI. COBOKyilBOfi CHCTeMH 
dx di/ _ dB 



TaKHMi oOpasoMt snaa 
ineBia h cocTaBHBi HBTerpaJii c% 03EO10 noCTOAHHOio, MoatcM^t 

OT6pOCHTL OAHO H31 9THXl ptmeHi^, Ct nOMOmiH) OCTajIb- 
HHXT, COCTaBHTt. MHOHSHTeJIh H TaKHMl 06pa30M% aaKOBHHTb 

HHTerpHpoBaHie KPa;ipaTypoio. TaEi KaKTi OTEoraeHie ;iByx% mho- 
:BBTeJiefl, HpHpaBECHHoe nocToaEHOi, saeTi BHTerpajiT, CHCTeMU, 

To nOBH^iHMOMy HHaa ^ ' .'" -h2 p-imeEia, mo^ho co- 

CTaBHTB H HOJIHhA HBTCrpaJlI, CCJIH 0T6paCIJBaTB flBa pa3JiHq- 

HHXTi pimeEia h cocTaBHTt jBa MHoatBTejia. Ho bxi> OTBome- 
Hie jiojiJKHo Eeodxo.iBMO coBnaAaTi. ct nepBHMi HHTerpajiOMi, 
cocTaBjieHHHMt noMOHiLH) Bcixi piraeniS. 

EcjiH KOHHeKci {tn,\) BopMajitEaro BRsa, to 

n=0, — HOO S '—^2, — ~ = 0. 

dXidwi dxi 

npOHSBOJlIiHHS BOEEeKCI MOa^eT-B (iEITB npHBe^eH^ K'£ HOpMaJt- 

HOMy BBay sawiHOio L^ gepesi L-—'Kx^, •^k'^ II={m + S)'A, — 
rjaBBaa KOHEH,HjieBE,ifl jiBy^i. KOHHeKcoBi o;iEa n Ta ^e, Tant 
KaKTi BTOpoii KOHEieKCt ecTi;: 

2(Li —'^x-)u^=2L-Vi — 'Au^ = 0. 

TaKBMi oGpasoMi ypaBBeEia, 0Hpea'i.iaK>mia i!,...s^„ jliia 
iiEOaiBTejia ucer^ia mo.!eho npHBecTB ki 6oji4e DpocTOMy BBAy 

28^1^^=0,181^^ = — m — 3. 

EcjiH 6hi HaM^ieEHEia hsi nepBHxi ypaBHeHiS sHayeHiJi 
n^.Mp saBaJiB S8jlii = o, TO BMtcTO MHoaiHTejia nojiyiiH.iiH 6i>i 
npaMO HHTerpajiT. cti ojhoio nocTOaEEOK*- 

BoabMeMT, Banp., KOHEeKCi. (2,1). Ero rjiaBEyio KOHnn,H- 
seEfl,iio MOKBO HO npe^Li,iiyHi,eMy onpejtijiHTL ypaEHGHiaMH 
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2(Aia:^x^ + B-x^x^_ + C.x^x^ + I)fX,^x^ + E-x^x^ + FiX.^x^ )Uf = o, 

U-c^O 

Tni He Bxoj[flTi ijreHu ct KnajipaTaME x. Ecjih KOHEeKC^ ^OJi- 
aieBx BaiTh lacTntiMia pinieHiaMH ojiockocth 



TO ypaBHeBie ero aojiiebo npEBOjiHTbra kx 'raitOMy BH;iy, ito 
pesyjibiaTt BojCTaBOBKH w,-= liM^^o^^^^^i) BpouopriioBajien^ a;;., 

T. e. K03$$HIlieBT% BpH U- fl.OJ[me'B% 6UTh BHj^a 

Xi{A^^''x^+ J^''^x^ + A^^'\ + A^^^ixJ 
TaKi Tio ypaBHeBie KOHHeKca jiojraiHO hm^tc bbjii 

(13) 'iw^a:,.^^:''^». 
^toCh coCTaBHTb HHTerpaJt ci o^boio BOCToaHHOro, ayatHO 

3BaTt -7.^ + 2 = 6 -laCTDUS^ ptmeHiH. IlyCTt K09$l|)BItieHTH 

(13) TaKOBU, ITO ojiBEMt H3T. jiByxT. BejiocTaH)mBx^ p'imeHiB 
aBJiaeTCil BOBepXHOCTb BTopoS CTeHeHH 

2«, X^ 3"j x^ — x^^ = o. 

IIo^lCTaEJiaa m, ^Sirj,™^ = 2ic^— a^g.Wj = — a;j,M^= — 2x^ h BHpa- 
3HB1, 1T0 peayjibTaTi npOBOpiiiOBajieBi 2x^x^ — x^Xg — a;, ", bo- 
jiyiHMi, 1T0 ypaBBeHie KOHaeKca AOJiaiBO np0BOji0T&ca ki BHjiy: 

=u^x,AJ^' + u^x^Aj,'-^' + u^x^[AJ'' — hx^ +hx^] 

+ ^u^x^ [Ax"> + AJ'' + hT^] 

ITO Ch nOMOmbtO Ui; = BpHBOJBTCa, eCJIH OSBaiHM^ 

AJ'>~AJ'^^2iA/-'>—AJ'*)X; = E^, 
Kt TaKOMy BHjty 

Ej,(u^Xj — tis^^+ii^^^^ + h^^i — 2(2;:e[ — x^)u^+x^uJ=o. 
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Jl^tgCTBHTeJIIiHO npn DOfl'CTaH0BKt BM^&CTO it^ npoH3Bo;i;HMXi 
nO COOTBiTCTBeHHHMl KOOpj^HHaTaMt OTT> 

x^,x^,x^,x^^ 1x^x^ — x^x^ — a;/ 

MH, nOJiyq0MT> eOOTB^TCTBeHHO: 

E^.x^, —E^.x^, [E^—2h{1x,—x,)]x,, hx,x^, 
2hx,[2x,x^ — x^x^ — x^^ 

T. e. BHpaateeiji, nponopuiioeajiLHEiJi cooTBiTCTBeeeHMi "laCT- 
HHMi p4iiieHiajix. KaKi He,wcTaiomee pimeHie, nonpo6yeMi 
no.iyTOTE, eTOCKocTt 

HoacTaeoBKa jtaeT^ 

Ex(}^,x, — \x^ + \x^) + hx^{2\ {x^ — 2x^ )-i-'A^xJ = M^.'^^, 
E opHBOAHTi KT. SHageeijiMi: 

M^ =E,,M^^-^E„M,=E,-i-h,M^ =o 
\ -.^ -.^ :\=E, :E, :E, + h\E^ 
npH yciOBie -J-E^^E,+h. 

OjHHMi ast HHTerpajiOBS ypaBHenia aBHTca noaiOMy 
C= ^i^-i^^^^i^^^^^^^tiEjc ■+■ h^x^ )^i(2irja;j — x^x^ — a; J«6 
T^i a,- oepejiijiaiOTCa est cooTeomeeiS 

a, -1- «2 + «3 + a^ + «5 + 2«^ = 
(«j — a^ + a^ + «j )£^aT — 2ha^{2x^ — arj + ^j^a^ + ^aj — 0, 

KOTOpHMi yflOBJieTBopHMi, HOJiaraa 

a^=a^= 0,aj =< — a^ = — ^^j ,a^ = Jc^ ,a^ = — 2^^ 

TRKt ^TO HCKOMH^ HHTerpaJIl npHBHMaeTT. BHJl 
SaMiTHBI, HTO 
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S=^r-^_^iE-h)i2x., 






OTSpacHBaa ptmeHie x^ : 



2A 

3Haa HHTerpajn. ch o^tBoro nocToaHHOio nocJiiiHia mho- 
atHTeJit, B&iiHCJiHM^ no HSBiCTHOMy cuoco6y SIko6e BTOpOS HH- 
lerpaji^, — na hcmi sjitcb yaie ne ocraHaBJinBaiocb. 

Bo3[.MeM% eme ypaBHenie JiHHeo-,iiHHe6Haro BOHHeKca 

Saii,XiUi = 0. 

¥acTRH3 pimenia ero n-iocKOCTH v aOJia;HH BtiuojiHaTb 
ypasHeHie: 

dxk 
EOTopoe pacnaaaeTCa Ra ^eTtipe: 

a.-,t\ +fljai', +o,-,?'3+o^^v^ —s.i?^ (2=1,2,3,4), 

H no HCKJiioieHiH Vk npHBOAHTi. ivh ypaBHeHiH) 4-h CTeneHH 
,SJifl s: 



i-a) - 



TaKHMi o6pa30MX nojiyqaiOTca ^eTape ujtockocth — lacT- 
HHH ptmeHia, KOTOpna SyAjT^ HenpeMinHO BemecTBeHHH, ecjiH 
Oii"«;t,-, BT, oGui^eMT, aie CJiy^iai MOryTi 6HTf> BeniecTBeHHH hjih 
nonapHO KOMnJieKcao conpaaieHHH, h KOTopm, KaK% yRHjtHMi, jta- 
Jiie, cyT6 HJiocKOCTH, HeHSM^ĔHaeMHa npH KojiJiuHeaiiia, yCTanaB- 
JtHBaeMoS KOHHeKCOMX. OsHaiaa hxx ypaBHenia Xi.=^j Xi=^i 
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X, — 0, x^=o, a coOTBiTCTBeHEEie KopeH xapaKTepacTHqecKaro 
ypaBHenia {a) \.,\,y.^,'/.^ 6y;ieMi HJiiTii 

yyu^^^iy.i («=1,2,3,4). 

IIoMomtK) KaKHxx-JiB5o Tpex't H3I aTHXX qeTHpexs p^tmeHit, 
Hanp., XiiX3'X4 cocTaBBMT. HHTerpaJii ci oahoh) nocTOaHHOio;. 
Xi"'>^a"'/<4'^' = '^i onpe^iJiaH a^.a^.a^ nsi ypaBHeHiS 
«1 Xj + a^ K^ + a^ K, = 
a, + a, + «4 = 
OTKjAa HaxoAHMX 



BTopoS HHTerpaJt-B onpejtijiHMTi nojtoSHUMi o6pa30MX no- 
MombK) >;,,X3)X4' Haxo;[a /9, ,/?,,/?, hst, ypaBHeHiA 

Ax, +/J,^+A'^4 = ^r /5,+/?, +/?,=o, 
COOTB^ĔTCTBeHHO UpOHOpiliOHajlbHLIMH K, — X.^, K^ — X, , K, — K, ^ 

TaKi 1T0 HCKOMHH ^apaKTepHCTHKH oiTpeAijraTCA AByMH ypaB- 
HeHiajiH 

a oSmiH EHTerpajiTi ypaBHenia HanHiueTCa 

<P{JJ,V) = o, 
KaKx H jaeTt ero ^ypa, Sepyntia toilko ^jih V piHieniH 

XitX. ^ X3- 

Bt. o5n(eMT> cjiyia'fe KOHHesca (wi,l), ecjiH ne sHaeMT. jto- 
CTaToiHaro iHCJia ajireOpaHiecKHKi ^acTHHxi ptuieHiH jjih co- 
ciaBJieHia nojiHaro HHTerpajia, Moatejix cyAHTt. o pacnojioaieHiH 
xapaBTepHCTaKX bSjihbh toikh x, 3aM!&HJijj KOHHeKCB {m,l) Ka- 

CaTejIEiHHMT> eMy KOHHeKCOM^B 
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Bt, OCOSeHHOCTH 9T0r% MeTO;i't npHMteHMl Kt TO^KaMt 

KpHTH^ecKHM^ H oeo6eHHLiMi, Bt TO BpejiM, KaKX Hepea^ o6h- 
KHOBeeHyio TO?Ky x npo^o^iHTi TO.ttKo ojiea xapaKTepHCTHKa, 
B pasjH^HHJi npoxoAaniis yepcai To^Ky HHTerpaJif.HUji noBepx- 

HOCTH HM^SlOT^ KaCaTejIBHUMH B^ 3T0fi T0qK't HJIOCKOCTH, HpO- 

xosaiii,iJi ^epesi npsMyio pp^t = LjS;^ — L^a;,-, KacaTeJitHyK) b^ 

TOiJKi X KT. XapaKTepHCTHK'Ĕ, lepeSTi KpHTHieCKyH) TOIKy HIH 

ocoSeBHyio npoxoiBTT. 6oJi4e oahoS xapaKTepHCTHKH,— h TaKaa 
TOiKa aBJiaeTca oaeoio hs^b oceOBHH^^B TOieKi. KOJiJiHHeai^iH, 
yCTanaBJiHBaeMoa rcacaTe.ii>HijMi KoeneKCOM^. KojiJiiaHean;ifl 6y- 

aCTl MS KpHTHHeCKOS TO?KH BOoSuie HC BHpOJBAeHHOS, H Ha- 

npoTEBX HeHpeMtHHO BHpo!Kjiennofi jiJia ocoSeaHoa tomkh, ko- 
TOpaa BHHOJiHiieTi ypaBeeaia 

yi^'M. = o (S:=l,2,3,4), 



no HCEJiioieeiH m- ^iaeTi 



[ ^" I 



TaKT. HTO Bi ^apaKTepacTHTCCEOM^ ypaBHeHjHKacaTe.!iLHaro KOH- 
eeKca cboSoahuS ^jteH^B paBen^B Hyjtio, 

KoJiJiHeean;!H, ycTaaaBJiaBaeMHa KacaTeJiLeHMH KOeeeKcaMH, 

COOTBiTCTByiOH^HMH TOIKaMt, 6e3K0eeqeO-6j[H3KHMX KT> KpHTB^e- 

CKOS TO^K^b X, 6e3KOBe?Bo MaJio oTJin^aioTca oTt KOJiJiHneai^iH, 

COOTBtTCTByiOmeS 9T0H TOHK*. MoainO n03T0My UpHH3TL, qTO 
T01KH, BT, KOTOpHS 3TH KOJJIHHeailiH HepeBOMTTi TOIKH, 6jlH3Kia 

K^B X, cyTb Ti, Bi KOTOpna 3th noCJii^ieia nepeBOaaTca CTene- 
HaMB KOJiJiHHeaitiH, npHHaaJieiKaHieS toik^ x; 0x1 reoMCTpHie- 
CKoe M^IiCTo b6jih3h toikb X npejiCTaBJiaeTCs n03TOMy Tpa^KTO- 
piaMH npHBaaJieatamaro x KacaTejibearo KOHHeKca. TaKHM^L 06- 
paaoMi b6jih3H to^kh 3; HeTerpaJibHHa KpHBHa — xapaKTepHCTHKH 
saM^iHAioTca TpasKTopiaMa KacaTejitHaro KoeneKca. TaKHMi. 06- 
pagoM^L '): 

') Cn. Poinearĕ. Thase sar les f'-s definies pai' des ĕqiiations partielles, 
Tnt OHT. upnBOAHii Teopeny, KBKi cooSBieHHyB eay JlapCy. IIoapoCHo Hay^a- 
■eii loji^B itapaKTepHCTHKt bi}jk3H KpKTH^eeKoA to5kh b^ 4-i HaoTH cBoero 
MeMyapa: Sar lea courliea dĕfinie3 par les eguations difler. Journ. de Math. 
<4). II p. 151 a eain., oTEyjta h aaHMCTBy» onaeaHie KpHTH^eeKHsi tohbkt. 
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1°, ToqKa X cctb yseM. lepesi. aee npoxoflHT^ co' sa- 

paKTepHCTEKL. 

2". Ecjrii TO^Ka x ecTb KOmmecjcaa {col}, to ^epea^ eee 

npoxoflHTi oo' ^apaKTepHCTHKT., O0pa3yH)mHXI nOBepSHOCTb, H. 

CBepxx Toro o^sa xapaKTepHCTHKa, Jiemamaa Bn'6 9Toa noBepx- 

HOCTH. 

3°. ToHKa X ecTb ^OKycs: To.[ibKO o.nHa xapaKTepHCTHKa. 
npoxojiHT'6 "iepe3X iJ">Kyct , jipyria BpamaroTCJi okojio nero , 
acHMnTOTH^ecKH npH6j[H.ffiaHCi, Ki Hejiy hoaoSho enBpaaaMX. 

4", EcJiH X eCTb KOHmecKiJi ^OKycz (col~foyer), to lepes^ 
nee npoxoaHTi tojilko ojiHa xapaKTepacTaKa, co' ApyrH^i, oS- 
paayiomiji noBepxHOCTb, BpaniaBnTea OKOao to^ks, acHMCTOTH^e- 
CKH K-b Hen HpHCiEaiaacb. 

5". npeAiJTbHHi cJiyiaH S" ^4°, — Kor^ta cyMMa EOMnJieKC- 
HO-conpameHHHs^b S^ — S^ h S^ — S, pabna Hyjiio; lepesi TOq- 
Ky nposojiarL BeuiecTBeHHaa xapaKTepHCTHKa h noBepxHOCTb, 

Ha KOTOpoS JieaiaTI. CO' XapaKTepRCTHKX-3aMKflyTHXl KpEBbIXTi, 

orH6aioniHxi KpHTB^ecByio ToiKy, Koiopyio Poincarĕ HasuBaeTi 
BTi 9T0M1 cjiy^ali iieumpOMs. 

Ohx pasJiHMaeTT, jaJite bt, t^-b cjiyqaHx%, Kor^a HMieTca 
co^ KpHTmecKESb ToneKi., oCpaayiomHs* Jmniio, Tpn poja to- 
geBT. — ysjibi, KOHH^ecKia toikh b ijioKyCH h yKasHBaeT-b, ^to 
6oJir&e cjiojKnua ocoSeHHOCTH aBJiaiOTca b^ To^Kaii, paB^tijiJiio- 

mHX^ OTpisKH KpBTH4eCK0S .IHHiH, HOKpHTbie ySJiaMH, OT^b CO- 
KpHTnXl KOHHieCKHMH TO^KaWH HJIU (|}OKycaMH. 

— 3naHie KpHTHqeCBHxi> TOqeK'b HMieTT, seaieHie h jiJia na- 
X0HifleHia caMaro BHpaacenia noJiiiaro ■ HHTerpajia: npn u:m^CT- 
HB^T, ycJiOBia^-b oho noHHSKaeTT. ihcjio lacTHH^^b p^&nieHia, He- 
o6xoaHMoe jiJis cocTaB.nenia HHTerpaJia. 

IlycTi. <p — -lacTHoe ptuieHie copajiKa h, TaKii ito y?'^ 
K.g^, H a:^— KpHTH^ecKaa TOiKa, ne jie^Kaman na n0Bepxfl0CTH 
9D = 0. JIjis BcaKoH iitJioa ^iyHBiiiH/^cTeneHa g HM'beMi. b'l toik^ 
^^, — TaKi KaK^b BT, HeH L; = J,3;^°: 

\7f=-^2x-°'^^ = A.qf 
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II CJliSOBaTeJItHO BT> laRTHOCTH 

. ■ . K= hA npH Xi = X.'' 

rrycTL HMiein. p ajire6paH4ecKHXi 4acTHtixi> p^tiueniii <p^.- 
ipp CTeneeeH h^..hp, m-h KOTopHX'(. (:0CTaB;ieiii. HHTerpaJiTi a, 

ciHOBJ nOCTOilHHOH) 

(14) 5^,". ..9^/^-0, 

H uycTL HH oAEa H3T. nOBep^HOCTeH 9}^ =0 Tie npoxoaHTi lepea^B 
TO?Ky x°\ TOrjia ^,m 9T0h uocJ['^flHeS BHeoJHneTea paBCHCTBo 

Sa-Ki^ ASaihi_ 

TaKT. KaK'L a^..ap BuSHpaioTCa TaK'i,, titoSh 2'aj-^,- = 0, to 
AM KpHTHiecKoS T01KH x" HM'ieari. £aiKi=(i,- — cooTHoieeHie 
Meatsy a-; g'i. tomi. tojii.ko cJiy^a^, ecJin jijsi x° h J = 0, bc^ 
Ki oSpaHiaiOTca bi 0, h 3to paBeeCTBo ae MeTi cooTHomeeia 
Mcaijiy «,..«0, HO Toraa jio.)ikhk cymecTBOBaTB coOTeonieHiH MejK- 

Jiy K03C[)(|lHmeHTaMH K^..Kp, KOTOpHa npHBO^IBTt K% TOMy, ^TO 

H.JLH ynB^Toateeia SUiKi npa BcaKH^-B x^..Xp eyatHo MeHBeiee 
gHCJio npoH3BOJiBHHx^ K03(j){j[>Hi!,ieHTOBT. a^..Up. Ihcjio Heoepe^^^h- 
jieHHia^i. KoaiJ^l^nHieBTOB-B 3^-, t. e. ^hcjio pliiiieRiS, Heo5xo;iH- 
MHX'6 sJia cocTasjieHis nojiHaro HHTerpajia, eoHH^aeTCa irpH stom^b 
no KpaSHeit M'lip'6 na J. Ecth bc^ p pinieHiA ne npo^osaT^L 
^epeaijj KpHTHieCKHXT, toickt., to KaHijiaji hsi. 91hxi To^eKt hphbo- 
jiht^b k^l OAHOMy cooTHoineHiio MeKj;y a,..ctj,; no9TOMy ecjjw «jmWi- 

emp= -^ ^T' — ^+2 — q noeep^HOcmeu ^^.-ipp — mcmuu^^ 

UHmmpOJiosh KOHueKca {m,\),He npoxodHti^uxb nepesi q eiOKpu- 
mmecKitxz moneKb, mo ux5 docmamomo dAacocmaejtemH uHme- 
tpoAa C3 odnoto nocmoauHow (TeopeMa I). 

KaKi. Teopeny JI,ap5y mokho TaKHMT. oSpaaoMi. pacepoCTpa- 
eHTi. na CJiy^aH KBaTepeapHH^^B KOeeeKCOBt, TaK^B h epejtcraB- 
jiaiouiyio ea ooo6ei,eeie TeopeMy Autonne'a ^). OSHsiil bh^^l koh- 

') iiinales de runiversite de Lyon. t. III, f. 1. 1892 (ji° 28—30). 
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neKca (m,l), niwtromaro w— -KpHingecKyio TOijKy x^=(i, a^^^O, 
x^=0 [n^m) HMieTi bhjiti i^L^M^^O, riii 

m-« ni— w— 1 

^i =''iira^4 +**! ,1-n^. + • + «,))», 

Lg = «3 ^a;^ + . . + o, m 

m— ™-l~2 ' 'w-w + 1 m-« 

Lj^Wj ^_;3;^+ffl, re-i3;j + «, ^.'r^+.. + f(^ m 

^'tiiCTBHTejbHO, ycjEOiiie, ^toSej TOiKa x^==x^==--x^=Q 6uAa 
^HKpHTMHecKOro, CBO.iiiTCJi K'h Tony, 'iToSu ^irdLjd^gd^o^ga:, yHHq- 
Toatajioct HesaBHCHMo oti dx-dx/id^xi, ■^TOiipaBO^HTt npejEjie ncero 
K-h ypaBHeHiBMi 

dL^dx^ — dh^ (tej=0, dL^dx.^ — dx,dL^ = (i,dlj^dx^ — ^L^t^^j^O 

H jiaeTi saTiM^, ecjin osHainMi: 



[ TaK't KaKT. 



_i (a:,«j +^^M; +^3*^3) 



MOaiHO aaM^HaTt ^epesi 



—x^u^a, , +a 



TO MOIKHO HpHHJlTB «',,=«",,=«'",,,=0, ('',,0 = *^a,o '"''3,1 = 
yJKe ;iJia MOHOKpHTH^eCKOa TOHBh) H TaKHMT. 0flpa30M'S AJia IH- 
KpHTHqeCKOa TOgKH 

m-2 m 3 m '"-1 

L. = a.^^x^-\-ai^^x^ -t-... + (ij-_^(i= 1,2,3), L^^o^^o^r^ + «^^,a;^ + 



ToiHo TaK^e jiOKaKeMt., ^to ajia TpHKpnTayecKoA toikh 
jiojimHa 5ht!. paeHu Hyjiio Koa^(fi8i];ieHTEi KiiajipaTHiHHxii lepHap- 
HLiKt ^opMi «,■_;,(* = 1,2,3) a TaKffie (t,^^ h t. a. 
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HanHcaBi TiacTeoe pimeHie 



IH hi~l hi~2 




(Pi=-x^+ gi^,x^+ gi^^x, + . + (h^hi 




H nojjcTaBJiaa bi ypaBneHJe KOHieKca sHa^eBis 








^yseiiT. nM^Tt 




m~«^''i+l 


m— n+ 


^(pi^h^a^^n-^^^ +[(^j — l)ft-,<*, fj-s+\« 


.,.-.>.+•■■ 


M aiJieHiejus Ea ^p^- yS^ĔAHMWi, qTo 




m-H4-l 


i^i-M 



yMHOataa 9TH ypaBHCHia na a^ m cyMHHpya no i, 6y;teMi. hji'{^te. 

■m-n+i 

— a^.„_j ra,.5,-^Ja;^ + ... 

rioBepsBocTt {m — \)-%o nopajKa K=0 oCjiaaaeTi bi to^k^ 
(a;^— o, x^ = o, x^=o) Booume (ra— 2) — KpaTHOio toikoio, ho 
ecjiH nojioaiHMi. 

Scf-h^=o, ^a^gi^^ =o, 

to 3Ta TOiKa 6yjieTf M— KpaTHoio na Bc4x^ nOBepxHOCTJixi ^=0, 
H Bi ypaBHeHia I^a^K-^^o ocTaeTca K09({ii|)Hi;ieHroBT., KOTopHe 

^IOJIJKHH 6hTL yHHITOmeHH COOTB^ĔTCTBeHHHMT. BHOOpOM^L a, 

m{m + i]{m+% n{n+i]{n+%) 
1.2.3 1.2.3 



«(m+1)(m+2) 
1.2.3 
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— 186 — 

B% CHJiy JiHneilHocTB g^^ oTnocHTaitHO x^x^x^ ypaBHenie 
2^aigi^^=o paena^aeTca ea Tpa; ypaBHCHie Sa-hi = o npa- 
HaAJiemHT^ yate k^ HncJiy Ttx'E, KOTopua BUBeAeHH paaie AJia 
a. TaKHMi oSpasOMi, sJia cocTaBjeHia aeTerpajia ci oaHOJo no- 
CToaeHoio nyjKeo HwiTt 

m(m + l)(m + 2) „ m(m + 1)(m+2) „ 
1X3 '^^ 1:2:3 +^ 

^acTHHKT. pimeHiS — noBepSHOCTeH, ne npososHmES^ qepe3i n — 
KpoTHiecKyio TOiiKy KoeeeKca (»i,l). 

EcjH HM4eM't a^^_i = o, to (3^1=0, x^^o, x^=o) 6yjteTX 
n — KpaTHoio TogKOH) ea nc^t noBepxeocTaxt CHCTeuH 

T. e, corjiaceo onpe;i4jieHiK) Antonne'a, n — nroepKpETHqecitoio 
TOHKOH) KOBseKca (JK,1) H % — KpaTeoH) Ha nOBepxeocTaxi £"= o; 
ypaBBeHie Sg-^ 0.^ = OTua;iaeTT., h ■ihcjio ycjiOBiS Meai^y a no- 
EHiGaeTcs ea 

)*(m + 2) [n + %) 



1.2.3 

TaKHM^ oSpasoMT, npu npUMthuenm meopeMU I Kcmidaa 
n — KpummecKaH monm cHumaemca aa ^w(«+l)(« + 2) — 3 jmo- 
HOKpuinuHecKuxi, u KaoiedaH n—twnepKpumuuecKan sa 
■^w(n+ l)(» + 2) maKUX& moneKi. 

TaKi MomHO iiOKasaT&, ^to iJiaBeaa KO0Hi^HjeBi(ia BcsKaro 
BOHHeKca (3,1) MOJKeT-B 6hti. onpe^bjieea ypaBHeeiaMH 

Wa, = o, SXiUiSaikXiXk+A^x^x^x^ + A^x,^x_^x^ + A^x^x^x^-+- 

+ A^x^x^x^=o^ 
rs4 
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187 . 



Kaataaa h3Ti BepniHHi EOopaaiiaTHaro TCTpae^tpa iiBJiJieTCa 
;iH-rHnepKpHTHiecKOio. CTopoHa ero x^=o dyjteTi, p^tuieHieMi, 
ecJiH EOStMeMt TOCTHHii cJiyiag .4^ -- 0. Oaa ne npoxo,!(nTi ^epes^B 
jH-rHnepKpHTH^ecKyio TogKy x^ --^o, x^ = o,x^^o a no9TOMy m^ 
OKOH^aTeJTLHaro nHTerpHpoBaHiii Hy^BO 3HaTi> eH^eBOceMt piuieHiS, 
He HppsojtainHSb 4epe3^ 9Ty ToiKy. 

Bonpoc^ HHTerpHpoBaHia .iHHeĔHaro flH(|ii|iepeHiiiajrLHaro 
ypaBaema 1. nopa,'iKa hjih cuasaanoH ci. hhmti coBOKynHoH CHCTeMB 
CBo;inTca TaKHM^ oSpaaoMi na HaxoaiaeHie HSB^CTHaro MCia aJire- 
(ipaHqecKHXTi gacTHHKT, plinieHiH. Orciojia acHO, ito yKaaaEBHa 
MeTOSi He MO^eTi. Chte. oCi^hmt,, a6o ne BcaKoe jiHHPHHoe ypaBiie- 
nie aonycKaeTt ajireGpaB^ccKiii ■p^ĔrueHia, Tisii Sojiie ctojiiiKo, 
CKOJiLKO sxT, HyaiHO AJEJJ cocTaBJieHifl nojiHaro HHTerpajia. Ho 
caMuit Bonpoci aaxo;Kaeaiji aJireOpaH4ecKHX'i HacTHax% pimeRi^ 
HMicTi 6o.]i>iuOH HHTepec^, H MH yKaatcMt 3ji4cb h4ckojibko 
pe3yjii.TaT0EX, yKa3KBaiomHxi. na csasb KpHT0iecKHXT> TO^ert 
ci ajireSpaniecKHMH p'iijieHiflMH. 

npe;K/ie Bcero, HmamH n.iocmcmh ne MooK&im codcpoicatm 
^OAtbc «i^-Hm-i-1 U3h oOuiaio Hucjta m^+m^+m-i-1 Kpumuue- 
CKtws moHeKh; ecm ona codepJHmm^ mauoe uxz uucao, mo aejisi- 
emca nacmuujm prbiueuieMi. J^^tĔCTBHTejibHO, ecjiH njiocKOCTb v 
cosepjKHT^L H^iKOTOpoe 1UCJI0 KpHTHiecuax't ToqeKi, to ypaBnenia 

Vx = o, L,a;^ — 1a^x^ =o, h_x^ — ^^^^=^0, ^\^i — L^x, =o 

jojiHiHbi hm'Jtl ctojilko iKe oSma^^L pbmeHia, Ho nepBUE Tpa 
HM^iroT^L [m-i-^Y o5[H,axi p^ĔuieHiit, bt. Tiacjit KOTOpiJX'L naxo- 
jlBTca E m p^tmeHiS cncTeMH 

Vx = 0, iC, = 0, L^ = 0, 

ne npHHajjiemamH^-L kt. ^acjiy KpHTHiecKH^^L To^eKi KOHaeKca. 
IIoaTOMy HaHfioJii.niee ikcjio KpnTHiecKa^i. TOieK^L, itOTopoe MOKeTB 
cojiepHiaTL njiocKOCTL, ecTL {m + iy — m = m^ + m+l. Jl^onyCTHM^L 

TenepL, ^TO IIJiOCKOCTL COaepatHTT. TaKOe ^HCiIO KpHTHiieCKPI^t TO- 

WK-L H npHMeMx ee sa OHHy h3'L nJiocKOCTed KOopjiHHaTHaro- 
.TeTpae,ipa, — b^l mhhomi Cjiyia'fe 3a hjiockoctl x^ = o. KpHTHge- 
CKia To^KH, Jiemamia b^ 3to3 njiocKOCTa, y^^OBJieTBopaKiTL ypas- 
Henij]M'i 

— Lj^, =0, L^a^j =0, a"j =o, L^;r^ — L^ir^ =o. 
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H31 KOTopHxi nepBHa ABa noKaaHBaiOTi, hto L^ = o iipEx^=o, 
T. e. Lj jtijiHTca ea x^. Ho TOrjta ypabeeeie i^L,.M,- = o ruoOjI- 

saeTca npa noACTaHOBK'fe 6u~ — ~ wa Bci^T, lOieKt njocKorTH 

3^2 = 0, KOTopaa H SyaeTT. TaKHM-b oSpasoMi lacTHHMTi pimeBieM'&. 
TaKi npa m=\ MacTHUMH pieieHijiaH flB.)iaiOTCii rpaHu ochob- 
earo leTpae^ipa,— coaepiKamia KaiK^iaa iio Tpu KpHTHiecKEXi 
TogKH — ero nepiiiiiHTj. 

IlycTb 5d(«,...2:^) = o— noBepxHocTL nopajiBa p — ecTt qacT- 
Boe ptuieHie ypaBneHiH Sh-ti- = o. Ho npeau^tyweMy am nea 
jtOJimeo Shtii 

V9.' = ^hi—^^K.w 

,^M KpHTHWCKoa T01KB L-^ A.x^{i= 1,2,3,4), a HOTOMy AoamHti 
0m4t6 ;tJia TaitoS toikh 

K.q)=AS.x,— = p.A.(r) 

no9TOMy o^HO Hsi AByxi: hjih 95=0, t. e. KpHTHiecKaa Toiua 
jiesHT^ Ha noBepxHocTH — ^acTHOMi piraeHia, hjih ocjih rp eepaBHO 
Hy.=iio: 

K^p.A. 
HeTHpe noBepxHOCTH 

V,- = pL,.— Z3;.-o = 1,2,3,4) 

;tOJ!;EHH TaKHMi oSpaaoMi npoxojiHTi. lepeat rc^ KpHTHiecKia 
T01KH, ee JieKauiia HanouepKHocTH 50=0; ecjin 11^95 = jieatHT^B 
m^-fm+l — a KpHTaiecKnsi., to ocTajiteHa m^ + a ;iojia!BU npH- 
Ha;tJie!KaTi. bcSmt, noBepxnocTaMT. 

'~iui{phi—Kx^=^o. 

^TO B03MOfflHo BT, TOMi> TOJiBKo c.iyia^, ecjio \p HMiiOTi o5niyio 
KpHByio, TaKT. KaKi TpH HenpnBOiHMHa HnBepxH0CTH eopaAKa wi 
MoryTt EMtTi TOJtKo w^ o(jh];hxi ToieKT.: noaTOMy 

fh^ = K'£i + Myj + NO; 
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ypaBHenie KOHecKca (m,!) npHHHMaeTi bh^t.: 
Ku^ + U. S-/iUi + NSBiUi = 0, 

BJH 

EpHTHHecKia TOiiin onpe,di.iniOTca npa 9tomx ypaBHeHiaMa: 

-^^( X,-^i - Xi^d + -^^(l9^3;^ — ^;;X,- ) = o; 

Hxi SyjteTT) yate ne KOHeiHoe ?iicjio m^ + m^ + m + \, ho BCaBaa 
TOTOa RpHBoS M = o, N=o SyjieTi KpBTH^eCKOio, ITpejinojiaraar 
qTO KOHHeuci (m,l) Ra'6eTi. tojlko KOHeiHoe ^hcjio KpaiHHe- 

CKHXT. TO^jeirt. MH T-ĔMT. CaMHMt HCKJIIOiaeMl TaKOH cjiy^aS, B 
JIO.I)KBH H03TOMy DpHHJiTij a = 0. 

TaBHMi oSpasoiri HaS^eHi, nHJKHiS npeykiti, ^HCJia ephth- 
HecKnxi TO^eitt, JieHiamn^i ea iioBepxHocTH — qacTH0Mi> ptmeHiH: 
Koa/cdaa aAie6pauHeacaH noe&pxHocmh — Hacmnoe pthmenie /luue^- 
nato dugS^epenuiaMmio ypaeHemn l-io mpadm u m-to usMmpeuiR 
doAouma npoxodumh no npauueU Mtbptb uepess m^+m+1 eio- 
Kpummecmxi momKi. 

BepxHifl npejtijiT. toio ase iHCJia aaeTca TeopeMoio: uenpu- 
eoduMan no8epxHOCtnb p-w nopndm ue MOMetm npQXodvmb 60- 
Atbe, HtbMi uepesn (m^+m+l)p fcpumuHecnuxz mo«eKS. Ecjih 
p> m 9T0 o^eBHjiHo cawo C06010, nOTOMy hto Tor^ia ^(»i^-i-m+ 1)> 
m(m^ + m+ 1) + 1. ^ocTaToiHO no3TOMy pascMOTptTi. cjiyiaii 
p<m. KpHTHiecKia tohkh, jieatamiB Ha noBepxHocTH 99 = 0, onpe- 
ffiJiajOTCi5 ypaBHeniaMH 

LjO^j — Lg^^j = 0, LjS^j — L,rc2 = o, 90 = 0, 

10CJIO HX't cJiiflOBaTeJibH0 ee MOiKert npeBiJuiaTB ^ncjia (m+1)^^' 

TOieB^, 06mHXT! 9THMI IIOBepXHOCraM'B. HO B^L TOMT. IHCJlt Ha- 
XOJiaTCfl H mp TOieKl, oOmaS^L <pi=0, X^=0 H Lj=0, KOTOpHS 
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He Gy^nyTT. BooSme itpnTngecKHMH. TaKiiMi o6pa30Mx BaiiSonLiiiee 
^HCJIO KpHTHieCKHX^ TOHeKl, KOTOpOe MOMteTt iipHHa^iJieaiaTi. 
fp = o, ecT& 

{m-i-l)V — mp={m^ + m-i-\)p, i. o t. h. 

3thmh neMHorHMH TeopewaMH Ji orpaHHiHBawcB bi HacTOa- 
mee BpemH. XoTfl b^ TeopiH ypaisHeHiS m, qaCTHLixt npoHSRO^- 
Htixt npe^ujymie pesyjtTaTH jiB-iaKiTca ropasjio 5oJi4e mcT- 

HUMH, gtMT. COOTB^ĔTCTBeHHWe pesyjlBTaTH Wb Teopin TepHapHUST. 

KOHHeKcoBi, TaK'i> KaKi. OTHOcaTCii He Ki oCimeMy cJiy^aio ypan- 
Henia 1. nopajiKa a 1. CTeneHH, a Ki laCTHOKy cjiygaw jHHeH- 
HHXTi ypaBHeHia, ro wh to ate BpeMH BonpocB 9T0Tt C0BnaflaeTi 
CT. Bonpocoai. HaxojK;i:eHia ajireSpaniecKH^i HHTerpaJiOBTi cobo- 
KyaiiuiX'i. CHCTeM^ BH/ta: 

dx <lit _dz 

Ki KOTOpHMi CBOjiaTCa oSeKHOBeHHHs ;[Ht^i})epeHn;ia-TbHHa ypaB- 
Henia 2 nopajiKa. Bt TOate BpeMH naxoatjieHie ajire6paHqecKHXi 
HHTerpa.iioBT. jiHHeHHiJXt ypaBiieHiS aB,iifleTca nepBKMT. maroMi 
BT, HSCJi^bAOBaHiH Bonpoca o5i a.nre6paHiecKHX'L ^acTHLiXE HHTe- 
rpajia^i HejiHHefiHLixT. ypaBHeHiil 1 nopajiKa, KOTopmo mojkho 
onpejiiJiaTb, KaK% TaKia n^tjiLia panioHajiLHHjj (JiynKiiin 9i{3:j,.3;J, 

KOTOpHs npH nojicTaHOBK* (7% = ^ wb ypaBBenie f{x,u) = o 



Tii ^ eCTL iiijHK MnoroiJieHi oti a;,..^^ CTeneHH m — ■1 + 

{n 1 ){p — t ) . BM'feCTO KpHTH"ieCKHXTi TOiieEl. aBJIAIOTCa nOBepXH0CTH 

oco6eHHOCTea caMaro KonEeKca h ero rjiaBHoH KOHHi^HjieHiiiH, 

TOHKH HJIH nJTOCKOCTH K0TOpIJX1. He HOCaTl OJIHaKO JIBOĔHOTO 

sapaKTepa KpHTHqeCKHXt TOieKi KOHneKca (m,l). Tasi KaE^L 
noMOH^Lio nOHHTOKi Bcerjia MoateMi yS^l&jiHTLCa, HMieT^B.iH Jtan- 
Hoe ypaBBcnie lacTHoe p'feiueDie OHpea^tJienaoS cTeneaH p, ro 
cymecTBeH HO BawtHHMi aBJiaCTCa BOupoCL o HaaSoji&ineMi. no- 
pAAK^S HacTHaro pimeHia. JtJia oSLiKHOBeHHH^t jiHcfi$epeHqiajiB- 
aLixT. ypaBHeniĔ 1 nopsAKa BOnpoci oSt orpaaHieHiH nopa^Ka 
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paacMaTpHBaioTt Poincare (Palermo Rend. t. V),Painlevĕ (: 
Bi Comples Eendus), HaKOHeii% Autonne (J. Ec. Pol. Cah 63, 
64), Hoeoie ^ajieKO ne paspimeno. BectMa HHTepecHHM^ npeji- 
CTaBJiaeTca HaxomfleHie nojioSHaro maximum'a jtJia ypaBHenig 
Bt lacTHHS-b npOHSBOSHHKi, e6o Tor,na AJia Kaaiaaro ^tannaro 
ypaBHeHia, xOTa 6h h uyTeMi lOJirHSi BHKJiaAOKt, miS MoaieM-b 
pirauTt BOnpoct, HMieTi jih oho hjih H^Tt HacTHHa pimeHia 
ajireCpasgecKia. 
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raABA IV. 
/iHHeO-nHHeJiHblJi KOHHeKCb. 

§ 21. ypaBnenie 

1..4 
(1) Ha^i^i u^ = o^ax Ua. =hx U} ^...^^(rc,tt) 
i,k 

onpeaijiaeTi no npesujymeMy KOHHeKCi (-7,i), 8x kotopom^b 
KaKOfl-JiH6o TO^K^Ĕ X npocTpaecTBa cooTBiTCTByeTi TO?Ka y — 
neHTp^B cBasKH njiocKOCTeg u, oSpasyEOtuHST, bi coejiHHeHiH ci. x 
ajieMeHTH (1); 3Ta To^Ka y HMieri cbohmh KOop.,iHHaTaM0: 

(2) Qyj^ = EaikXi^j~=o; 

nJIOCKOCTH U COOTBtTCTByeTl MOCKOCTb V — MiCTO TOieKl X, Bl 

coesBHemH ci u saioiQ,0Xi ajieMeBTH (1); KOop^iHHaTH ea: 

(3) (jVi = I^aijcUk=-^=(iiUa. 

TaKHM^ oCpasoMi ypaBHCHie (1) 0Hpe;t§ji5eTX coSoio kojijih- 
HeapHoe (roMorpaiJ)0iecKoe) HpeoSpaaoBaHie npocTpaHCTBa '). 



'1 TepsBHi .K0JijrHHeania»ntBe;ieH5 MaeycoM^ (Baryc. Calcul. 1S27). Clias- 
les (Aper^H histori^ue 1837. Gĕom. Snperieure) ynoTpeOjijreT'^ TepnHHi rosio- 
rpa^ia. PEnrejio (Uel). d. einfaeliBte Correlation in zwei ranmliclien Gebieteii. 
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Ilsy^enie 9roro npeoBpaaoBaeia cb noMomBro ypaBHeHJa (1), hjih 
Hsyienie KoeeeKca (1,1) npHBOjtHTca Kt HsyieHiio HHBapiaeTOB^ 
B KOBapiaaTOBi GajiHeeHaOH 4»opMEr Sa^^^iUt- IlepBHMi maroMt 
na 9T0MI njTH jjBJiHeTCa cocraBJieeie cooTB^TCTByiomeS f{x,u) 
„oo;ieo3 CHCTeMU (|)opMLi" — TaKoS CBCTeMU EOBapiaHTBHXT. o6pa- 
soBaeiĔ/', lepeai. kotophh bc-Ĕ nmiis BupaaiaioTCH patiioHajrt- 
Ho. Jl^jiH TepnapHaro jiHeeo-jiHHeSearo KonHeKca ara aaaa^a 
pasp-^mena KjieSiueMTi h ropjiaHOMt noMomtio cHMBOJiHHecKaro 
MeTo;ia b'6 ek-l MBMyapi: Ueber biternare Formen mit contra- 
gredienten Yariabeln (Mat, Ann. B. I. 1869), am SnKBaTep- 
eapHHSi (JopMT,— MepreHCOMi (Monatshefte f(lr Mathem. u. 



Creile'sj. B. 70. I86S. s. 137—155) aaei* cooTBtTeTBiio, ycTaHOBJtOHHOMy (2)— 
Jiiiin& B% osHopOAHHii EOOpjtHuaTaii — HaasaHie EOppojiaHin. Ho nocji^auee 
HasBaHJe yTBepaMocL aa 3B0HCTBeHiiH>ii npeodpaaoBaHieni, Koropoe laR» 
MoaseTB Shtb oiipeAtJiOHo GajiKHeiHoK (|popHofi Sa,'^ie[)/ft=o, ho ct KorpejiieHr- 
HLTHB BepejiiHHHMH. EojiaHHeapHoe (roMorpai[)E^ecKoe) cooTBiTCTsie 6hjio 
npeaMeTOMi secBMa Bojrmoro gHCjna pa60T'6. B% AouojtHOuie k^ yEaaaHHHiMi 
Bo *BeaeHiH yKaaceH^ npe^jie Bcero na qHCTO-reo»ieTpHqecKoe D3CJitflOBaHio 
Reye (Bt ero Seometrie der Lagc. 1S6S), B. 8tiirm'3(Problem der Collineation. 
M. Ann. X. 117—136, a TanKC XXVI h ip.) St. Smitli'» On focal properties of 
komograttc fignree (Proc. Lond. Math. 8oc. 11), ¥. Selmr^a Matli. Ann. XT1IL 
Co^HHeHie Sehoute: Horaograpliie en hare toepassing op de tlieorie der opper- 
ylakken den tweedengrad. 1870, upejicTaBJiaeTi, cyKS uo pe$epaTy b^b BuUetin 
Darboiis, cbos^ HaSjieHUBi^^B cboSctbb louurpa^H^ecEnn Hpeo6pa3nBaH)it B'B 
HpUMiHeHia HpeHJiymeoTBeHUo iriygeHiio ouoBepsHoeraiB 2-3 CTeaeHH. Hctoji- 
KOBanieMB ana.iiHTHueeKHSB peayjESTaTOBB, HoayneHHHKi KpoHOEepoMs h Beftep- 
uiTpaccoMt ajia leopia CHJiHHHflHHX'i d^opMt saHHMajrea K. Cerpe (cm. EpoaJi sHrae- 
ynoMaHyioi emeKioerche snlle omogratiee snlle collinoazione etc, Mem. Acc. Tori- 
noXXX¥IlI. 395— 423. YKaiKeM^B jiajite na paa^s pa6oT'i S. Kantor'a o JiHHoaua^^B 
npcoCpaBOBauiaK^B, m-h KOTopHii mh jaJitenHTHpyeM'!. uoMimoHHyE» bi Wieu. Abh. 
B. 46; AmeBeder'a D. QuintnpeUage collinearer EsLume (Wien 8itzher. 98 Ab. Ila- 
588—613) H MeiKia saMliTKH A. Transon, Houeel, Pa(nvain, Darbons, Bortniker 
(C. E. 104. 771—3) Appell (C. E. 108 p. 224—6). Cp. TaKme pa6oTH EypMecTpa 
uo KHHeasTKKt HSMiiHaeMHiit eHCTeMi,— na^B KOTOpHst uaM^B HHTepecHo ero 
H3Cfl4jiOBaHia EOajiHueapno- h a$$HHHo-HSMtHaeMHxi cHCTeMani (SehlBm. 
Zeit3chr. B. XX, 393—407. XXI1J. 103—131). MayieKiB KoajiHHeapHH^cB upe- 
oSpaBOBaniS cb to^eh apliHia Teopia rpynui saHHHaJica C. JIh. Cm. B'i oco6au- 
HocTH ra. II, III Bi ero Yorlesnngen iib. continuirliche Grappen (Scheff, 1893). 
(D. Allgemeine pvojective Grnppe d. Ebene b b. eingUedrigen projectiyen Grnp- 
pon der Bbene n. ihre BahncnrTen), 
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Physik. B. T. 1890) noMOmbto necBMBOJiaiieCKB^^ nponeccoBi. 
Bi jajibHiSineMi a Busoscy ^jeeH 9Tofi CECTeMU uoMombio 
CHMBOJHiecKaro MeTOjia, npa lea-h rjiaBeoro iiijJLio sBJiaeTCa 
Haxo)K;[eeie reoMeTpHyecaaro aeaieHia uoJiyiaeMHSt npa 3T0MX 

({lOpMl. 

Bl epOCTpaHCTB^, KpOMi TO^e^IBtl^l H nJIOCEOCTHEIXX 

KOBTparpejiieHTHHKt jiemAy co6oio Koop.nHeaT-B aBjaioTca eui,e 
KOopflHHaTH epaMOH— paiiajibBHa Pi^ h asciajiBHHa jTj'^, Coot- 
nomenie iieiKjy T'£mh h jpyrHMa ycTaHaujiHBaeTca OTHomeHieMt 

rj^i epEEHMaeM3 ^13 = ^34 k t. ;i;., a caMH,i KO0p;[HeaTH cbh- 
aaau cooTeoHieHiaMH 

H TaKHMi ateroiHO cooTHOiHeBieMXMeat.5y n^^-^, EcjIH BBejieMi rpacc- 
MaeOBH KOopiaHaTH npaMoS: Pih = PiPh h 7Tij, = 7Tin:^ (Cp. CTp. 
75), TO Pi KOrpeiieeTBH a, Xi h «,■; a .Tj- c^ M; h Oj. IIoaTOMy 
;iJia eojiy^eeJa uojihoh cacTeMH ^'opMt .^aeHyio ttiopMy f[x^u) 
flOJiffiHo noAnepraTs Bo-nepBHxx paay ouepaiiig coBepnieHHO 
aeajiorHHHHXt riM^, KOTopaa HMl^eMT. bti cJiyia^S TepnapHH^t 
iJiopMT.: 

1) H^KOTopHe asi MHOaiHTejieS a^^h^,... H3M'lHaiOTca b'l 
{aMu), [bcdu) h t. i., rj^ c,y,d,ScYTh chmbojih, neexodmiiie 
Bt ;(aHeoe CHMBOJiHHecEoe BHpaateeie. 

2) (ubcd), (ubed),... HSMieaiOTCa bt. (abcd), (ahed),... 

3) B-SitoTopHe BS-B MHOiKHTeJieg BHja U5,u-{,... HaMina- 
lOTca Bt {a^yx), {aJ3Sx),... 

4) (3:^/S/(^), (a;/?/:),... nepexoflaTT> bi (a^yrr), (a^/j') ht.ji;. 
Bo-BTopH^^ aaaTca onepaiiiH, BBO^amia chmbojih p,irT: 

5) ax, b^... nepexo,naTi bt, {auTTjr) {buTTTT), kotopumt.m 
flaTL TaKHie bhai apUp,hpUp, 

6) Ua, «p,... HaM^SeaiOTca bt. {axpp), {fixpp) (31 

HHe TTiOT^, TT^TT^. 

7) (oMjrrr), (!iw^?t),... nepeso^aTT. bi. (acTjr), {^ctttt),... 
{=apCp,b^Cp). 
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8) {(txpp), {^xp2i)... nepemieaiOTCA bt, {aypp) {/Sypp)-. 
i=7roi7Cf, fr$7r-(,...). 

TaKSM* oSpasoMi jtJia SHJiHneHHH^* (|)OpMt HM^eMt b-b 
^acTHOCTH c.i^njiOTnm oiiepaB,iH: 

I. 1) Ui nepexojiaT^ Bt MOHopra x, a, (3; 

2) u^ „ Bt a,-; 

3) M Bl O H tt BX MHHOpH X,a,fi\ 

4) a; nepexoflHTi Bt MHHopw y, a, h. 
h) X „ Bl ct 

11. 1) M; nepeSO^IHT^ BT. MOHOpH {0-PP)i 

Bl MHHOpH (a:T7r)j. 
, (m;^Jt}j- 

5) Pik saMiHseTCA lepesi («i/^-t) 

6) pik „ „ («»3;^) 

7) TTii, „ „ (£ti5x) 

8) TTa „ „ («i«x) 

H apyrk npejiCTaBJiaroinia coCioio KOiiiCBHariiH onepaiiitl stoH 
rpyunn Meiiiay codoio cb onepaniaMa nepBoS rpyiiiiH. 

OCpamaeMca enanajia kt. onepaiiiaMi nepBoS rpynnn h 
□OKaiKeMi, HTO no OTHomeHiio k^l hhm^ hojihoH cacieMoS asjia- 
KTCa CJiisyioHtia aesaTb otipasOBaHiB: 



6) 


X 


Bi a. 


X B^ 


7) 


X 


m, a, 


n m. 


1) 


u- 


nepesoAHTT, 


2) 


u- 




„ 


3) 


Xi 




„ 


4) 


Xi 




„ 



■' dUy dut du, du, 

I ^j^s:^§L.ĔL.Ĕ2..Ĕ^u^um.hc^cx {adlu), 

{ ^ dx^ dcc^ dx^ dx^ 

&T, KOTOpHM^ HyiKHO SOCaBHTb ClHe ((lOpMy Ux. Ct, UOMOHtBIO 

9THSI AecaTH (|)0pMT, BijpaaiaiOTCH Bcb apyria KOBapiaeiHtia 
oCpasoBaHia f, coj^epiitamia tojilko Toie^HHa b uJioCKOCTHHa 
EoopjiHHaTH, npeiEjie Bcero, onpejtiJiHTeJii, A ijiopMbi f Bnpa- 
iKaeTca ^epeai HHBapiaHTu i, \,i2,s, nsi KOTopHxi nepBHH 
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nojiygaeTM es-l f npHMiEeeieMi onepaiiin 

a .apyrie to^ho TaK^eHBi/^/'^/'^ cooTB'feTCTBeHHO. ^■iHCTBBie^tHO^ 
^ = i;±fl,,flj2«33«^^=ffli&2Cs<^4 {a^yS^^-r. {abcd){afiyd). 



npoH3BOfla B^B noca'fcjiHeM't BHpaateHia nepeMHoateais Ha caMOMt 
fl4ji'L, nojiy^iaeMTi: 



(7)4-H 



«K 


OS 


o. 


fflB 


s. 


h 


»Y 


Ss 


c« 


ct 


Cl 


CB 


(J« 


* 


d., 


dt> 



=g{i'+8M,-6iS„-6», + 3.-,>} 



CHMBOJisgecKH onpe^^tjreHHHa BHme ^opMH f,/^y.. nojry- 
naioTca H31 f cji^ijiyiomHM^L necHMBOJiHTieeKHM^ npoii;eccoMx 



{o6a BnpaateHia osBaiiaioT-B ojihh^l h tot^b me npoiteccL npa 
6HJlHHefiH0CTH f{x,u). ^'lĕcTBnTejiEHo: 

dxfc duh 






if <lfh_ 
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Bc4 cf»yHKi];iH fh BupaataiOTCH j[HHe0HO nocpe^icTBOMi /i /"^, 
/ H Mk- J^hScTBHTeJitno, pacnpocTpaHaa coorE^ĔTCTBeHBoe aoKa- 
saTejiBCTBO KjreĔima (1. c, 465 cip.), cocTaBHMi nponaBeaeHia 
;i;Byxx TOstecTBeHHO paBHHSt Hyjiio onpeflijiBTeje8 5-ro aopaj^Ka: 



6,63636,0 
c, Cj Cj c^ 



ct, «2 ttg a^ 
a;, ^3 3^3 a;^ 



da 6« Ca (^B «a 

3 cg dp «*p 
(tr 5y Cy ti^r ^y 
«B bz cs (^s «s 
a« bx Cx dx Ux 



PasBepTHBaa 9Tori. onpejiijiaTejii., noJiy^oMi: 



) Ux — 4 {i^ — 3m, +2iJ /■+ 

+ 12 {r—^,} /;—242/; +24/^-0. 



03H1 



(8). 



i^ — U\ + 8m'j + 3f, ^ 
j3_3m, +2» =6^ = 



-6L=24. /1 = 24. ■ 



dyaoM^ oM^Ti. TaE0MX oOpaaoMT,: 

IIpOHSBOjiH Hajt^ oSiHMB lacTaMB SToro ToatecTBa otiepa- 
i^iio Vj nojiyiHMi, — saat^aH, ^i-to sj .Ux = f 'o. vA=A + i- 

f.-if-i%+i"f-i"'f 
H T. fl.j BOo6a],e 

(10) /X+4= «A+S— J'A4-2 + ^"A+i— i'"A- (^=0,1,2...) 

Mh BHji^j&jiH paaie, ^to conpameHHua jiHHeo-JiHBegHaro 
KOHHeKC'& ecTB Taitaie jiHHeo-JiHHeSHHS itOHHeKC^, oCpasyeMuĔ 

COBOKynSOCTLlO aJieMeHTOBl {y,V), COOIBtTCTByiOmHSl BCiMl 
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3jieMeHTaMX (x,u) KOHneKca /'■=0. Oei onpefl,^JiseTca TaKHMt. 
oSpaaoMi ypaBHeHiaMH Qy-k = SaihXi=axa}i viVx. = ^\ no bckjho- 
HeBia Hst HHXT> x^ ...x^ uojyyaeM't ypaBneHie conpsJGeHBaro 
KOHHeKca noat BajtoMt onpeAiJiHTeJia (bm4cto y,v MOiKCMi nH- 
caTB KaEt iiepeMiHBBia x «): 



(11) 



PacKpHBaa onpejijiH' 



X. X. X, 



BTCJiB, eTOflni;iS Bt ji4bo3 ^acTR, n 
npeACiaBJiaa CHMBOJiHiecKH K03$i|)aiiiee™ npH XiUh, yO^ĔAHMCa, 
wo OHi MoateTi Chtb H3o6paffieHi cHMBOJingecKH TaKi: 



(12) -- {abcu) {afiyx)\ 



oSosBaHHM-B 9T0 BtipaateHie i'\g{x,u). ripoH3BOflfl nepeMeosieHie 
CHMBOJiH^ecKHS^B MHoatHTejieS {abcu) H {a^yx), Ci^jiemi, HMiTB: 



dcc fl0 dr ^x 


S.JsSt»» 


C. Cf Cy & 


u^u^ % ^« 



-(^^ -t- li^ — 3i«, ) iSa!— 



^i"ux—i'f-{-if~f^. 



TaKHM^ o5pa30Mi SMieMi: 

(13) f^=if^—i'f+i!'.ux~f.g. 
3aM§Haa, ^to 

l'S^.-f^l («J») («A7<I) <i J'" *' '^ *' j»^ 



HO (9) 



^■f-ff.+ 
+ 'f-f„— 



,ig_ if__ 
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H TaK^ mR-b onepaniH 

'^dwi 'dxlt dxk ^^'^'a 

ST. npHM^SHeHiH K't SKJiReeHHoa il^opMi g(x,,u) TowecTBeHniJ, to 

noj[o6HHM^ oSpasoM^ 

T01HO TaKaie BHBejteM^ 

i* •&=/■, ..oolSniei;^-a=/s_. 
OSpaTEO, osHa^aa .(;,(.E,ii.) ^EiopMy: 

noJiy^HM^ H3'& (13) noMOintio oiiepaiiiH 



(onepauiit, BiapaaiaeMHa jByMa CBMBOJiaMH, ToasecTBeHHEi jihihb 
npH OsjiHHeSHOCTH oSteKTa): 

i"' .g^^i" g—i\Ux + i.f—f\ 
ToiHo TaKPKG aajiie 

i" -9^--=^" g—i' 9 + i.^x—f 
^"9i=^'9i—i'9, ■^i-9—^« 
n B0o()nie 

(14) i:".<)j,^,=r.gj^^,—i'(if,^., + igj,^i—g,,. 
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^opMyjiH (9) H (14) MoaiHo coejtBHHTb Bi ojHy, — eciH 
osna^HTL f yepeai F^^ fj^ ^epesi Fk^i^ 

u^=F^, g^F-, H 5a=-^-Fa-.- 

Tor^a CyaeM^B hm'Ĕte. SMtcTo AByxx sthki cfiopMyjix OAHy: 

Fi,^,-4.Fh^, + i'Ff,^,-^-F^^,^i"Fj,^o (15), 

rjt h MoateTi npiBHMaTt Bci ^ijio^HCJieHAua sHaHeHiH, — nojio- 

MlHTeJIbHEIH, H OTpBIiaTejIbHHH, IIpHMtHaa Ki 0C>4hMX "la- 

CTBMi. TOJKecTBa (15) onepan;iioD = l^ - — -r— nojiyiSMi, 03Ha- 
laa BooSme -Di^A =° <^ai TaKoe cooTHOineHie Meaiay HHBapiaaTaMH J^^^ 

Oho HOKaBHBaeTi bi ^iacTHOCTH, ^TO HHBapiaHTi J^^, cootb4t- 
CTByiomig HHBapiaHTy / $opMH f{x,u) SyAeTt: »"'.t7„, ■=•('''. 
To^Ho TaKHte: 



npHMiHHMi onepaitin rpyunu I k^ / hjih /'^; Et BEAy 

CHMMeTpH^HOCTB ^OpMT. OTH0CHTeJII.HO X U U ^lOCTaTO^HO HpH- 

MtaHTEi onepari;iB 4°, 5", 6° h 7°, Jljia npoCTOTH npHM^naeMt 
Ki f: 4° ^iaeTT. (aheu)uaUiiU-{^^0, — hOo MtnaeTt sHaif& npn ne- 
SHayymeMi oSM^tHi c n 6; 5" oSpamaeT^ /" bi /j {f^ bi/^^,,), 
6° — HenpHM'feH0Ma, 7" — saeTt i,(^^H,,). 

HST, ABOSCTBeBHO-CHMMeTpHHHUSIi $OpMl (p, \p ^OCTaTOIHO 

pascMOTpiTb OAHy, Hanp., (p; onepaiiiH 1", 2°, 3°, h 7°, wh 
HeS Henp0M'£KEMH. Onepai^ia 4° npaMiHeHHaa kx Cj, saMinaeTt 
aTOT^B MHOatHTCJiE lepes^b {cliku)u-/.Ux — pesyjHiTaTt GyjieTi to- 
aecTBeHBO paBBLiĔ nyjno, — a6o MtnaeTi sHaKT, iipa oSMint 
h,% H /c,x; Ta ffie onepan,ia, npHM^bHenHaa kx x bi (a<J)iX)' 
saMiHseTi ototi MHoaiHTejib iepe3x 

Ua.ka.h,i\ 

Uhkshb MmM^) — 
'Uxkxhxi 
peayjiLTaTt ToaiecTBeHHO paBeEi oyjiio no toh ate npHgHEi. 



yGoosle 



Onepaii;ia 5" npHBo,HHTCJi kt, 3aM4H'£ Bt 
= Z-^M. Mi Ĕk 'l^ 



<p = 



du, ' du.. 



du. 



. f, Has / ^epesi f^, /, iepe3x /"j, — ito Jtaeri b% pe- 
ayjTbTaT^i TomecTBeHHO HyjiB, wh HaKoaeii^i. /j Hepesi /,, — ho 
Towa BCe CBOjiHTCH uo (9) caoua kt. 95. — IIpa5i4eHa onepai^iio 6) 
Ki «j, H Jj:, nojiyiaM.x KBajtpaTHiayto ^opMy ot^e u^, /, /, h ^: 



UiC:tray.asIyls 



bihs ks WB 
hJixhxux 



2i"'{(ir~ir)9nif-¥+^'^^)} 



Snich MHoaiHTejieMi nps f[ sBjaeTcs ^opMa 

h(x,u)^f^—if+i'.u.ril7), — 

OT^ i"'.g Bi. (13). ynoMaHeMi eine 
.ff TaKWte no i, — 9to 

k{xu)=f—i.U:^. (17) 



iipoH3Bo;[Hajj BsaTaa no 

■0 BT0p0fi npOHSBOJHHOS J 



KiToAJKe ({lopMi npHBOjHT^ H onepani» 3) npHM§HeHHaa kt. i/i. 

AnajiorHgHaa (JopMa, KBajpaTH^nHa OTHOCHTejiBHO Ux,f,f^ 

h/j noJiyHHMi iipoMiHiia 6) k^ a^ h {aS\x), — SyAeMT, hm4tb 

npa STOMi: 



ay})xC^d'^e-(ls.u-f 



k-n, ha «2 

h hs us H aJ)^d^eiUuy^ 
kx h. ux 



Ca. hx ka tfa 

cbAs ki wb 
cx hx kx ux 

Cy. h-A ky. «« 



, HaKOEen,!, onepaiiiH rpynna I kt. npoHSBeje- 

HiSM^B f-f,ffif ^ '''- ^-^ yS^AHMCa, ^TO DpHJieM^ HJIH K^ TO?Ke- 

CTBenno paBHHM-B Hyjiio BupaiKeHiaMTi hjih k^ {j^opMaM^, Bupa- 
maEoiHHMCa ^epe3x/,/, ,/j,Ma„9:) h i/', r laitHMTi oSpasOMi ySiaHM- 

Ca, ^TO Ta HaCTB HOJIHOS CHCTCMEI ^OpMt ^OpMU f{x,u), KOTO- 
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paa He coAepwHTi nepeM4HHiJxi Pi^, CJiaraeTCa e3i BHnecae- 

HHXX jeBaTH ({lOpMl (6) Bt Cne;tHHeHiH CB -U^. IIpH STOMt CJlt- 

syeTt sawiTHTi., ^to xoTa go h i/' b-b oT^tijiEHocTH He BLipa- 
aiaiOTCa lepeai apyria iJiopMH, ho exi HpoeSBe^eHie siOKeTT. 
6HTb BHpaateHO nepes-B ttj, /■,/", sf\. 

npeat^te Ti^Mi nepexoAHTL ki KOEapiaHTHUM-B 
HiaMi BTOpoH rpynnu, ocTaHOBHMca na reOMeTpHgeccKOMi ; 

HeHiH HOJryieHHWK-b (llOpM-B, — 1T0 H COCTaBJiaeTt COCCTBeHHO 

naniy ii;4jie. 

EaKi yaie yKasaHo BHine ypaBHenie 

f{x,u) = Sa^^T-Ui = (!) 

onpejtijiaeTi KOJiJiHHeaiiiH) bx TpexM'ipnoMX npocTpaeCTB^Ĕ. 9Ta 
KOJiJiHHeaiiia HOjigBHaeTi toik^ x TOiKy y, BooSme roBopa oti 
Hea OTJiHTOyio; ho cymecTByiOTi ^eTupe tohkr, KOToptia caMH 

Ce6i COOTBiTCTByMTl BT. K0.1JIHHeai],iH, — 9T0 EpHTHieCKia TO^- 

KB KOHHeKCa (1,1), OHpeA^jiaeMHa ypaBHeniaMH: 

(16) a,iX^+d^iX^+a^/ix^'{-a^^x^='X.X/c (^ = 1,2,3,4). 

HcK.wiaH sai, qeTHpexi ypaBHeHi&, o^hopoahhxt. otho- 
CHTCJiBHo x^,x,^, x^,x^, STH Hoc.ai^iHia, BMiGMi ;i;jia OHpe^tiJie- 
HJa 'X ypaBHenie TCTBeproS CTenenH: . 



(17)0 = 



->, 



='),'— i.-^^ + iW- 



KaiKjtOMy mi- Kopnett \,y.^,x^,)f.^ 9Toro ypaBHeHia coot- 
siTCTByeT^B ho ypaBHeHiHMi (16) To^Ka x°, ne HSMiiHaiomaacH 
npa KOJiJiHHeapHOMT, HpeoSpaaOBamH (9). ^CTHpe onpeatjieH- 
HHfl TaKHMT. o6pa30MX T01KE Sy^iyTT, Bc4 BeHiecTBeHHH H pas- 
jiH^BH Meat^y coOoio, ecjin BeniecTBeHHH h pasjia^HH EopHH 
ypaBHenia (17). OcoCne cjiyiaH paBcncTBa hjih conpa^eBHOCTH 
KOpnei 9Toro ypaBHeHia, sapaKTcpHCTHiecKaro ^jm KOJijiHHeaiiiH, 

MH paaCMOTpHM-B HHlGe. — ECJIH 6yaeMT, HCKaTB HJIOCKOCTH, He 

HSMiHaiomiaca npa KOJiJiBHeapHOMi npeoGpaaoBaHiH (3), to no- 
;i:o6hhmi o6pa30Mii ypaBnenia 
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«j-,Mi +(i,-2«2+«j-3M3 + «i4«4 = ^-«,- (i=l, 2, 3, 4) 

npHBe,^yT^ Hact k% ypaBHeniio (17), h mh ^jRe^i-h HMiTt oi- 
j;oEaTejitHo ^eiHpe hjiockocth, coBnaAaiouiia ct. nosiHHenHHMH 
HMi 'Bt KOjrJi0HeaH;iH (1) n.nocKoCT2MH v. He Tpyano y6'feflHT&- 

Ca C'E HOMOm&IO CICTa, KTO TpH UJtOCKOCTH, COOTBtTCTByiOniijI 

KopnaMT. J^i^j^p ypaBHeeia (17), HepcclKaioTCH b^ ToiKi x°, 
cooTB4TCTByioin,eS Kopnio y.^\ ho noKaaaTi. 3to mojkho h ne npH- 
Siraa iii BLiKJiajiKaM'^; jtiScTBHTOJiijHO, npejiCTaBHMi ceO-SnJoe- 
kocth, ripHea;tJieiKainifl KOpHaMt x^,y.2,H3, xapaKTepHCTHHecKaro 
ypaBHema (17). ToiKa hxi nepeciieHia npa KOJiJiHeeapHOMt 
npeoCpasoEaHis (1) nepeĕjieTi bx TO^Ky nepec^geeia no^HnHen- 

HHXi HMI nJIOCKOCTeS, — T. 6. OCTaHeTCS Bt, IIOKOi, TaKl KaK^B 

onpejttjiairmia e][ h^iockocth ho HSMiHaroTea. H Tam; KaKt 
HeH3M'feHaiou;axCH npn KOJiJiHHeapHOMi. npeo^pasoBaHia TOieKt 
Bcero ^erupe, to ct. ojihoio hst. 9thxt. totcki h aojiKoa oea 
cOBHaAaTL, KoopjiHHaTH ea CHMMeTpHHnu OTsocnTeJibHo y^y-s^^^ 
H cyTt cj['6jOBaTeJibeo t[)yHKi(ia K03$*l)ai];ieHT0Bi (17) h Kopna 
\, a TaKOBa hmcbho TO^Ka, npHHaMeiKainaH kophh) k^. — ct 
Heio cJi'lfe;[OBaTejrf.HO h cOBnajtaeTi ToiKa nepecigeDia hjiocko- 
CTea y.,,y.^,y,^. HeHSM^ĔHatomiaca npH KOJiJiHneapnoMt npeoSpa- 
soBaHia tohkh h hjiockocth oCpasyiorB noaTOMy TeTpaejtp^B, ko- 
TOparo BeputHHLr cytb neHSMtHaeMHs toikh, a rpaHH— hghs- 
MtnaeMHH njtocKOCTR. 9to ochobhoĕ TeTpae^ip^ KO.TJiaiieai],iH. 
npBHaBs ero aa KOopjtanaTHHS TeTpaeapt, npHBe^teM^B ypaBHe- 
Hie jiaHeo-jtHHeHcaro KOHHeKca ki. Ba^ty 

f=2y..X.Ui'=o (18),— 

KaHOHHHecKOMy BHjty KOJtJtaHeaiiiH, — Kowa KOopjtHHaTU cono^- 
^HHeHHoA X TO1K0 BHpaataiOTca ypaBHeniaMH 

pry = y.yX/0 = l,2,3,4). 

JI|iScTB0Tejii.Ho, ecjia (1) npniiejteM'& k^b Bajty (18), to 
HHBapiaHTH (1) BHpaaaTca nepeai x,- TaK^: 
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^" = X,X,X3+X,XjX^ + X,X3X^ + X^X3K^;«"' = X,X3X3X^. 
3th BeMIBHH X,,XjX3X^ CTTb CJJ^JtOBareJIbHO hhito HHOe, 

KaKi KopHH YpaBHeHia (17), h (16) npoHHMaEOTi noaTOMy le- 
nept BOji x-iXA = >.Xi(A= 1,2,3,4). 

3,aBaa "A SHa^enie, Hanp., x,, nojy^HMi Xi.2;''i = x,.a;°x,— 
^TO HOKaaHBaeTi a;''^ = Oj^r^^ = 0,0;''^ = o, — h t, x., — t. e. itpHTH- 
iecKifl (ochobhha) totoh CyjyTi npa 9tomi BepntaHaMH Eoop- 
jlBnaTearo leTpaejipa, 

Bi KaHOHHgecKOMi Bn/i;i c^opMa f coaepatHTi Tpn cyniecT- 

EeHHHxt HapaMeTpa— oTHOHieHia — ; -^ ; — , h cjrtAOBaTeJii.Ho 

BMieTi, TpH aCcoJiiOTHHSi HHBapiaHTa, T. e. seero ^eTape ne- 
saBHCHMiJS^ HHBapiaHTa; npocTiSniHMH aBjiaiOTca ynoaaEyTHe 
BHuie HHBapiaHTH f,, 2,, i^, «3,— ^epesT. KOTOpne CJii;ioBaTeJiBHo 
H BHpasaTCH BC'fc 0CTaJ[i.HHe. KoBapianTHUS (^opMH /j^ npBHH- 
MaiOTT. BHATi 2y,^iX-Ui. 

OTCToaa acHO h^-b reoMeTpaieeKoe 3aaqeBie, — 6ynjiR npn- 
paBHeHH Hyjiio, oh^ OHpejtijraro^ K0Ji.iHHeaE,iH, OKBHBajieHTHEia 

h, past HpHMiHeHHOĕ KOJIJIHHeaTliH /, HJIH KaKl MOIKHO rOBO- 
PHTIi, 9X0— CTeHeHH KOJIJIBHeai^iH /=(7. IIoHHMaTB STO Ha^o TaKi: 
ecjiH f=o iiepeBOjiHTT, ToiKy x b^ TO^Ky x', a roiKy x' bi 
TOHKy x", TO KOJiJiHHeaiiia, nepeBo^iaiuaa x bi x" npaMO, ecTb 
KOJiJiHHeaiiia /", =0, — KBaJtpaTi KOJiJiBHeaiiin f=o. 

ConpnsteHBuS / KOHHeKCT. g=o, m caMOMy onpe,KijieHiro 
CBOeMy, jaeTi HpeoCpasOBaHie, oSpaiHoe ycTaHaBJiBBaeMOMy koh- 
neKCOMt /"=«. Ero ypaBHenie b^l CJiyiai KanOHHgecKaro BHjia 
Hcxoflearo KOHHCKca nojiyiaerca TaKi: KOJijiHHeai(ia /"=0 o6pa- 
maeTi> ToiKy X Bt TO^Ky Y, TaKi ^to p ¥,- = yjXj-, h njioc- 
KOCTB XJ — Bi MOCKocTL V: 0.V j = yjU j. EoHHeKci ^ = iipea- 
CTaBJiaeTt o5paTayio KOJiJiHneaiiiK), KOTOpaa TO^Ky Y nepOBOjiHTt 

Bl Z H lUOCKOCTl V Bl IIJIOCKOCTB U, TaKl MTO 

ypaBHeaie 9toĕ Ko.njiHeeai;iH nojryiHMi no9TOav, 3aai4eaa Bi 
(18) X n U jepesT. 7 tl T; 
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EoHHeKCt gjt^o upe^tCTaBJiaera KOMHHeapHoe npeo6pa- 
nojiygaeMoe h — KpaTHUM^ npoMiHeHieMi KOJiJiHHeai^iH' 
g = o^ — TaKi> aie KaKi /a = o hs^ f=o, h 8y;teT^ CJii^toBaTeatHO 
KOMOHeaitieio o^paTHOio /'^ = o; ^iScTBHTejiLHO npBainHBi fh = o, 
nepeBeaeMt %^'hx^^'':qXj}'^^^Y.i'^Xj\ a EpoH3BOflfl saTiwi npe- 
oSpasoBaHie gj^^o HaAi a;*^', npa^ieM^ k^ toik^ĕ 



QQ'^i ~- 



p^i 



H T01H0 TaKIGe 



.(j(}'Wy'^^ 



Snaa Xi,/j,Xj,Kj, Moa^no natlTH h caMoe npeo6pa3( 
npHBOjiamee (1) k^ KaHOHHiiecKOMy BHfly, — AOCTaToiEO bh^hc- 
jiHTb UjXj- noMomiro ypaBsenia 

U,X^ + U^X^ + U^X^ + U^X,^u^. 
x,U,X^+>i^U^X^ + x^U^X^ + X, U^X^ = f 
y,''U,X,+Xs'U,X, + K/U,X^ + )t,''U,X,'-f,. 
\^U,X,+y^^U,X^ + y^^U^X, + x\U^X^=f^. 

OsHa^aa K npoHSBeAenie pasHOCTeH KopHeg xapaKTepH- 
CTHTCCKaro ypaBHenis, — hjih BaaTHS ct. aHaKOMi + itopeHB KBa^- 
paTHHt Hst aHCEpBMHHaHTa OToro ypaBneaia, — KOTopaA mokho 
npeiciaBHTb nponopi],ioHajii.HaM^ onpeAiJiHTejiio 





4, —3! +2i' — i" 




(19) 


i, —2i' +3!" — 4i' 

!', — W' + g i",!"* — !!" — 2!'" ii'" 

i",-~{ii" + 4!"'),i'i" + 3ii"' —i"+i"i''' 




Hjn HEaie 


— (9!i'>"— 27!'s"— 26!"»-2i"+72«'!")' + 4(12j"'~3»i" + !") 


6yj^eM% HMĔTb: 


(20)7<r.!7y2 


j - Aj, u, + Aj,f+ Aj/, + Aj,f, Ij - 


1.2,3,4) 



yGoosle 



"^,3 = (y.,x, + y,n, + y.,x^) (^3— x,)(k,— y.,)^/^— x,) 

^,g = (x2 + s(, + Xj)(Xg — xj(x4 — y-i){y-i — y-J 
-A,, = {,y.,-y.Jiy-y.,){y,~x,) 

OcTaji&orje K09e[KjiBi;ieBTa ^y* noayiaiOTca H3i cooTBiT- 
CTBeHHHKii A,/i yMeoJseeieMi ea ( — 1)'^"' HaM^HOio HH^teKca 
j HHjieKcoMT. 1. ypaBHeHiaMU (20) K09$$3A'^hth b^ Xy h Uj 
oepexfeJaroTca He BaojiBii, ho ;!o MHoatHTeJia, . o6maro BciM^ 
K09i|)$HHieeTaMs o^iBoro BHpaBteHia, KOTOpaA Bt X,- oSpaTeni 

TOMy, qTO BXQKm'h BT. COOTB^ĔTCTBeHBOe tlj-. 

9jieMeHTLij oSmie ^eTupeMT. KOBHeKcaMT) 

(21) iix = o,f=o,/[=^o,f.^=^o, 

— BT, jiBBeHHoa ijiyHEitie KOTOpusT, BupawaiOTCa BCĔ ocTajitHije 
KOHHeKCH /"^ = H, 1/^ = 0, oSpasyioTT. napy nOBepsHOCieS — 4-ro 
nopsjiKa H 4-ro lijiacca. ypaBeeniii iiepsoa eo-iy^aeMi, hckjiio- 
las H3i (21) x^x^x^x^, TTO epEBOAHTT, KT. onpe;['£jiiiTeJiio 



du 



-=<p = o 



H ToqHO laKate noBepsHocib 4-ro KJiacca cctb i/; = o. TaKHMt 
oOpasoMi (^opMu <f) u ^p, npupaeneHHbisi uyjiHi, onpedniARwm^ 
napy nooepxmcmeii, o5muxz HemupeMn KOHueKcam (21), acjitb- 
dosam.eAhuo u emMi KOHueKcaMh, upunadAeoKatiiUMi m cucmeMm 
co' KOHneKCoez (1,1), U3o6paoicaeMO'& ypaeHemeMs 

(22) FEE^.f+Xf+y.f, + ^^.u, = o 

tdtb TT^ )v, X, V, — Kmiit HuGildh eei^ecmeeHHUH nocmoauHUR; Kii 
cucmeMtb 9moz( npuHadM3tcamz u KOHueHcu t\ = o, g;^ = o. 

Ecjia ^jopMy f BoatMeM^ Bt KaeoHH^ecKOM^ BH;it (18), 
TO SJa (p noayiaeM* TaKoe BUpameHie 



(23a)90. 



x,X, K,'X, x,'X, X, 

x,X, x,'X, x,'X, X, 
x.X, x,'X,K 'X,X, 



-K.X,X,X,X, 
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H T01H0 TaKSte 

(23b) yj=-K.U^L\U,U^, 

T. e. mmdan U3Z 6uK8adpamwmuxz ^opMn 50,1/' pacnadaemca 
na 4 AUne^uue mmoicumejtH, u3o6pa3Kaioiiiie cMopom u eep- 
muHU ocmemio mempaedpa KOAmneamu f= 0. Pas^aoateBia 90 h i/» 
na jTHeeHHHe MHOiKHTejiH .aocTHraeTca TaKHM^ oOpaaon^L yjGe 
caMHMT. npeoSpaaoBaeieM^ (JopMH f Ki KaHOHHiecKOMy BHjiy. 
Mo»:ho rOBOpHTL nosTOMy, ^to sc)h KOAAuneaiiiu f^ = o, g^ = o, 
HJiH oSniHie BC'6 KOJiJinneai;iH (22) otnHOCHmcH «h oduoMy u 
moMy owe oSuieMy octbMs um^ ocnooHOMy mempaedpy. Jl-na CJiy- 
^aa t[)opMX, npHBeAeHBHK^b kx KaHOHHiecBOMy BHjiy, jrerKO iiosa- 

SaTK 3T0 H nOMOmhK) C?eTa; .!ltfiCTBHTeJ!I.HO B3aBl KaKyiO HH- 

6j?.b CHCTeMy snageHia nhUM h 03Haiaa 

h^ = 7T + '><.y... + U'Af' + vx,-" 

noJiyiBMi ^jia t[>opMM (P cooTBtTCTBywmeH 3T0My ejiyiaio 

= Z, X, X, X, S± 1 .\ .\ \k, = 

— T. e. tf»opMa nponop^ioHaJi&Haa 95, 1. h t. s- 

Pa^OMi KOJiJiHHeapHH^i HpeoSpaaoBaHiS .^^^^Ai/^a^o onpe- 
AijiaeTCa 6e3KOHeqHHfi pa.sT. ToieKt, b^ KOTopHa nocri^iOBa- 
TCJi&HO Eepexo.iHra KaKaH-EHGyjib TOiKa x oti noBTopnaro npH- 
MiHeHia npeoSpasoBaHia f=o h.ih oiipaTHaro eny ^ = 0; — odoa- 
Hanas ToiKy x lacJioMt 0, no.iyiHMi pa^n^ TOieK^b 

(-^)....(-2),(-l)(0)(l)(2)....(^)... 



cooTB-STCTByiomH^^ KOJiJiHHeapHHMt npeoOpasOBaHiaMi, yCTaHa- 
BJHBaeMiJMt KOHneKcaMH 

gh-x = o. . . g^=o, g = o,u^ = o f=o,f=o, . . .fi_, = o, ... 

ToHKy (0) B^ TO^Ky (/.), — TR-h '/ KaKoe HH6y;!B i^tjioe 
qBCJio — nojiosHTeJiiHOe, nyjiL hjih OTpniiaTejiLHoe, — nepeBOflHTX 
KOJiJiHHeaiiia, ycTaHaBjiHBaeMaa KOHHeKcoMi: 

(24) y.^^U,X, + x^-^U,X^+x^y-U^X,+y.^^-U^X^ = o. 
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Pa;ty ToieK-B A cooTBiTciByeTt aTOTt pajtt KOJiJiBHeap- 
HHXi caCTeMi. Bi ypaBHeniE (24) mu MOffieMT> napaMerpy "K 
npHiaBaTt ae tojiiiKO ii^iJiHa, ho h jiioSLia BemecTBeHHma 3Ha- 
leaia, oho SyacTi Bce sie HaoSpaataTi. KOJiJiHHeapia, oine- 
ceHEua Ki ocHOBHOMy TeTpaejipy, oSmCMy ct, (22); TaByjo koji- 
jinHeauiio 6y,ieM't HasHBaTi, npaua^tJieH^ameio k^ noKasaTejiio X 

OTHOCOTeJItHO KOJIJlHHeauJH f=0, HJIH /-TOK CTeneHbK) KOJUH- 

Heauia f=o, noHHMaa 9to BHpaweHiji bitom^ cmhcj^, uto bo- 
nepBus^ f'/. = o, HM^IeTt toti !Ke ochobhoĕ TeTpaeAp^. ito h 
f=o, H B0-BT0pHxi oTHeceHnaii Ki STOuy TeipaeApy, KaK-E 
KOop;iHnaTnoMy, OHa ii3o5paacaeTCfl ypaBHenieMT, (24), rjti ko3(|i- 
cfiHiiieHTi npHXj-f/,- ecT& A-Taa CTeHeHt cooTBiTCTBeHnaro ko9|)- 
|ini;ieHTa Bt KanoHHHecBOMT- bh/i^ i|iopMH f. ToHKy, bx KOTopyio 
KOjiJiHHeai;ia fx^o nepeBoji,HTi TOiEy x, HsoGpaSHMt ypaBne- 
HiaMH 

(25) , p r,. = x,.^x,.. 

PascMaTpHBaa SAicB ^ h 7., KaKi napaMeTpu, MoaieMt 

HCKJHO^HTL HXl, — HpH gGMT. .HJIH yfl06CT8a, OSHaiHMT, ?(1^X,- = 7fj.. 

Tor;ia JiorapHeMHpyji HM'ieMi: 

log^ = ^i.^y -)- ^(?-Xy — log Tj 
PesyJibTaTOM^ HCKJiioiieHiji X h logo jjBaTca noa, ypaBnenia 

f2",*'-*'Z/^-^'Z3^'-*^ = Y,^'-^'i\^'~^'Y/'-^' = Const = C 

EcJiH KOJiJiHHean;ia OTHecena ne bi ocnoBHOMy TCTpae/tpy, 
TO Bi ypaBHeHiaxi (26) Xj. = o cyTB ypaBnenia cTopoHi ochob- 
naro TCTpaeApa. 

To4KH, Jieatamia bt, oceobheiki miocKOCTast KOEneBca, 
npeoCpasyioTCa Bt toieh, jieJKaoiia bt- liKi, me njocKOCTasi; 
TaKt ecjia TOiKa jiemaTi. bt, hjiockocth X, =0, to HCKJimeHie 
p H ^ H3X (25) npHB0.HHT'ii Kt ypaBHeHijiM^ 

X^-o,X/^-'^%^^-*^X/'-'^- = C HJiH aie = 0. 

EcjiH To^Ka JieatHTi na pe6p4, nanp., ^^^o^^^^o, to 
^Ba ypaBHCBia (25) npHB0flaTca ki oY^=o, gY^ = o, BOTopHa 
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y^tOBJieTBopniOTCa Dpa p^o hjih Y^ = o,Y^=o — uocji^nma no- 
KaBHsaiOTi, HTo TO^Ea ocTaeTCa BooSme sa pe5p*. HaKoneiii 
ecjiH TOiKa eCT& BepinHea X^=^oX^=oX^=o, to ypaBHeHia 
p .7^ ==Xj J-^^ , .0 r, =0, p r. = 0, p r^ = yjtOB^erBopaiOTCa npn p = o 
a Tg = r, =0 r, = o; nocji-Ĕ^Hia Bapa^iaioT^, ^to MicTa TOieKE, 
BX KOTOptia npeoSpasyiOTca BepiuHEH oCHOBsaro Teipae^ipa cyiL 
caMH BepniHHLi. 

""lepeat itaacjiyio TOiKy npocTpaHCTBa nposojiHTt B005me 
TOJiBKO ojiHa KpBsaa (26). HcKJiioienie cocTaBjraiOT'E BepraaHEi. 
JtonycTHMx, Hanp., hto KopHH (17) TaKOBu, qTO A^. BemecTBeeHU 
H npaTOMi: Jt^^-Jc^^^^K) ^ npEBeseMt (26) k% BHAy 

X/'-^-X^^'-^" = C^X/'-^' 

KaKOBiJ 6u HH 6um sea^eHia nocToaHHHK^ hC,, Kpii- 
Eua 9TH npoxojtHTt ^epesi BepiUHHH X, =o, Xj =o, ^, =o s 
X^ =0X^^0X^=0 ocHOBHaro TOTpaeApa. 

noJiyieHHtia KpHBHa oCpaayiOTi CHcreMy BeTerpaji&HHX'& 
KpHBHXT. jtB(S)(|)epeHH!aJitHaro ypaBHenia 1. eopasKa, i(3o6paffia- 
eMaro bt, npoeETHBnoMi bh,';'^ rjaBeoio KOHHaajteHHieio KOHEeitca, 
KOTOparo napaMerpH cyTt jiorapneMH cooTB'6TCTBeHeHX'& Haifa- 
MeTpOBi. (1). Bi Tome Bpeaji OHih nsMwicn mpasKmopiiiMti 
(Bakncuwen) odHOHAmw^ nenpepuemU ipynnu npeoOpasoeaHi-^, 
onpedrbAaeMotl ypaeHeniaMU 

(25) oYf = y}~Xi (^=1,2,3,4), 

^6n, cymecmeeuHUM^ napaMempoMs aoMemcn A ^). Ob'£ npeji,- 
ciaBJiaioTi C06010 HHHMH cjioBaMH KpHBHH, iipeoi5pa3yeMHa CaMH 
BT, ceCa bc4mh ra' KOJiJiHHeapHHs^ epeo5pa30EaeiH (25), o6pa- 
syioinHMB ojieoiJieHHyio rpynny. Jl^iaCTBBTeJibHO, TaKi KaKi ypas- 
Henia kpbbhxi mh nojiyqBJiB HCKJiioiaa p e Ti b31 (25), to 
KpHBaa— reoMeTpniecKoe m4cto TO^eK^, b^b kotophh npn (25) 
npeoSpagyoTca To^Ka x, Oyjiert st, to me Bpewa h m^ctom-l 
TOHCKt y,X=.Y, — T. e. npn KOJiJiHeeapeoM^B epeoCpasoBaHia 

') no Tep.uHKOJioriB: C. JIk. Cm. ero Yorlesnngeii ub. ]>iffereiitialgIeichHn- 
gen mit beltannlen intinit. 'i'ra!isforiiiationeii ajin Torl. iib. continuirliehe Grup- 
f en.— Tbeorie d. Transformationsgruppen B. I— IIL l)eo6flHHo: Klein « Lie Cie. 
ometrisclios iib. vertausehhare litieare Traiisformationeii K. Aii. IV. 50—84. 

14 
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^F,-=Xj-Xj- KaKjiaji Toiita KpHBoS (26) nepexoA0Ti b^ ^pyrym 
TOHKy To8 3fte caMoS kphboh. Ecjih aa ocHOBayiO KOJrjiHeeai^iio 
B03i>MeM% ne yCTaeaBJiHBaeMTH) KOeHeKCOMt f=o, a KaKyio-HH- 
Cyj^i. .apyryio KOJiJiHeeatiiio (24), npaeaAJieHiamyio kt> noKasa- 
TejiH) }\°^ TO Bi ypaBeeeiast (26) bm4cto ^j/^^-^KiK EoS^yTt 
cooTBiTCTBCHeo A^ + log^K ", ^g + log}\ °, A, + /o^X ", &, + M,^ A ", eo 

paSHOCTL /Cj — Aj, H T. J[. epH 9T0MI ee HSMiHHTCS. IIoaTOMy 

EpHBaa (26) cyTB TpasKTopin ToieK^B ee tojilko npn koji- 
jiHeeai!,iH f=o, ho h npn bc4x'£ KOJiJiHHeaiiia^^, ycTaHaBJin- 
EaeMU^T. ypaBHeHiaMu (24), a TaKt EaKT, coBOKynHOCTi. TaKHXt 
KOJiJiHHean;iH oCpasyeTi rpynny, — yaoBJieTBOpjia ocHOBHOMy cbo3- 
CTBy: mT,pYi = y.g>'X- h o'Z;'=Xj-i^J',; HM^emi p^'^;^/./-!-''^,-, — 
TO KpHBUH (26) H KBJiAiOTCa TpaBKTOpisMa rpynnii (25). 
Ha TaKiH kphbha, EOTopua npeoSpasyiOTca b% ce6a oAHo^JieH- 
HOio rpyenoio KOMMyTaTHBHu^-B ") jiHHeSHHKt HpeoSpasoBaHiii, 
yKasajiH BnepBLie $. EienHT. a C. JLw si, eB0HXt cTaT&axi, 
ony5jiaKOBaHHEix'& b^l Comptes rendus de TAc. de Paris T. LXX 
p. 1222 H 1275, H BT,Matli. Ann B. lY pasBHTH toilko boh- 
pocH. OTHocsmieca k-l hjiockhm-l kphbhm-l. BHuie iipHBojieHHoe 
SOKasaTeibCTBO HHBapiaHTHOCTH pascMaTpHBaeMHS-B kphbh^^b (26) 
npa rpynn-Ĕ npooCpasoBaniS (25) saKJiioiaeTT, b^l ce6'£ ocHOBHy» 
jiaBaeMyK) hmh TeopcMy. Ecau npeo6pa3yeMz Kpuebia (36) coom- 
eTbmcmaieMi, npuuadMoicauiitM^ dauHOMy mempaedpy, mo noAy- 
HUMz Kpuebia moU oice cucmcMU. 

EcjiH BoatMeMt Kaitoe-HHGyaL npeoSpaBOBanie (27) pF,- = 
?rj.X,-,— xOTH H HpHHaAJie^amee ex TOMy ate ocHOBHOMy TGTpaejipy, 
no o6jiasaKiu;ee spyrHMH BejiHiHHaMH rr^-, KOTOpna neJiLsa npea- 

CTaBBTL KaKl O^HHaKOBHa A-Ha CTeneHH BeiH^HH^L y.-, TO TaKOe 
npeoGpasoBaHiu yCTanaBJiHBaeTCa KOHHeKCOM^ (22). Bcr& noj[o6- 
HHa iipeoSpasoBaHia oGpasyioTi Tpexx-'3aenByio rpyiiey. Cootb4t- 
CTBeHHO KpHBHH, aHajiorHTOHa (26), oSpaayioTi coBOKyoHOCTL oo' 
EpHBH^^L, KOTopHanpHnpeoCpasoBaHia^^ (l^^oSMieaBaiOTca Mea;- 
jty coSoH), H TOJiLKO ^acTL 9T03 coBOKyoHOCTH npH KajEjiOMi epe- 
oSpasoBamH (27) Bcix'i ero CTeneea^i ocTaerca HeHaMteHOio. 



') BcJiB flBa npenCpaaoBaHia 2' h S npoBaBojaT^ oaHHi H tots ^e pe- 
ayjiLTaT-B, n)'6 KaUDUi 6h kxs nop^AKi hh npoBSBojiHJia,— t. e. «cjih TS—ST, 
To Tada npeoepasoBaHia HasHBRRTca KonuyTaTHBHiiMn (rertanschbar). C». 
itnTnp. Dume CTaTKE>. 
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CoBepraeeHO aHaMrniHHMi oCpagoii^B noiy^Hn^ bt, mo- 
CKOCTnbisi KOopAHHaTasi ypaBHenia 

Jjk>-k>UM.Uk:-l. ^ Q^ 

r^t^ V =0 U^=o U^=oU^ = o, ypaBeeHis Bepmeei ocHOBHoro 
Teipaeapa, aaoSpajKaiOHiia ceMLio co'' pa3BepTUBaiOHi.Hxcfl noBepx- 
HOCTei H epejCTaBJiHiom,ifl coSoio to, ito Moaieo nasBaTL Balm- 
developpab]e rpyHe&i KOJijiiiHeapimxi npeoCpasoBaeiS 

ff.F; = x.?-P,. (;=1,2,3,4) 

EajKAoH niocKOCTH W KacaeTca coBepraeBno onpeA^JiOH- 
eaa pasBepTHBaiomasca 

JJ li-kijj ki-kijj ki-jo^-^ ii-ki-^Y k*-li-\y ks-i, 

EcjiH 9Ta njiocKoeTt epoxo.iHT-& lepea^ pe6po oceosHOro 
TGTpae^Tpa, to iiyieni nJiocKOCTea, BM^iomHST, ero ocbio, h 6y- 
jiyTTi 9T0I0 pasBepTHBaioHieioe^. HaKoeeiit ejiocKOCTB — rpaeL 
■oceoBeoro TCTpae^ipa — ocTaeTca Seat eaMieeHis, h cj^^kKOBa- 
TeaLHo cooTBiTCTBeeeaa nOBepxHOCTb BHpoiKsaeTca bx caMy siy 

nJtOCKOCTL. 

EcJiH BosLMeM^ OAHy Kanyio jibSo hsi noBepxHOCTeH, oepe- 
sijiaiOHi,HST. KpnByK) (26), to TaKaa eoBepssocTL, H3o6paKaeMaa 
B% eeo;[nopo;(iibixi KOopAonaTaK-L ypaBeeeieM^ ^''^''^''^h ^), 



') IIoA^CiHns n )nei)XHO<,rH ohth itsiyae^iH J. A. Serret, KoropHiS b-k 
laoeai Memoire tui les suTlaces crthigmales riourti. Liouyille (I) XII 18'17). 
un^iesijEUJiii u^i jinuiB EpeBu^HH pdscMaTpHBna nxi, Eac^ ^acTBHi csyiaS 
unBepyHnrTD (P '■)+4j(i/)+/f )=p KiTopHĔ nijiyiaeTcn, Eor/ia STaceMwt noBepi- 

HOTTeS JlOTaCHd 6HTL OJIH IO HSI TpeSl BSaHlHHO OpTOrOHlJTLHHSl CHCieMi 

iiOBPpMiooTea ItM-L sie iionpocoM^ 3aHflHBJica, corjacHO yEJiaaHiw M, HTaJia 
(Espport «Hi les progres de i\ gBomctrie p 345) «e BHaa paOoTU Ceppe, Con'- 
Ijestore (Annali di Mitematka Y, 186J p 39—311 h De la GouTnerie bl CBOHSt 
Reiherdies sur les suifaies leglees tetiaertinles synietriqne8 I8C6. 

Bi, TOM% HanpaBieHiH Knopne Haci aatci. aHTepecyeii, aaHHMaJiMCB 
noaoOHHMH uouepsHOciaHH tooblo * KjiignL h C. JIh bt, pai5oTi yKaaaHHoa 
HHine 

14* 
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Tji.i a,b,c,k — noCToaHRHJi, — o5.aa;iaeTi raKaie ochobhhmi cboS- 

CTBOM^B npBCymHMS Tpa^KTOpiaMTi — HO HSMiHaTbCa npH Bci^t 

npeoCpaaoBaeia^^L (25). Ho 6oJi4e Toro, — ecjiH BOSbMeM^ TaKyio 
noiiepxHOCTi,, KOTopon ypaBHeme HeeosepKHTT. X^ Haap., 

TO ee TOJitKO Bci npeo6pa30Bania (25), no h Bci npeo5pa30- 
Bama ;(ByiiJteBHott rpynnn. 

^r,. = x,.'-X,. (^ = 1,2,3) {)r, = :TX,=xj-^X, 

nepCBOsaTT. 3Ty noBepseocTb caMy e-b ce6a. Cbohctbo ne a-m^- 
eaTtcH npn BcS^t npeoSpasoBaeiB^^B (25) npHHa;i.iieiEHTT. ne 
TOJiLKo aTttMt noEepxnocTiiMi, BO H bcĕm:^ HOBepseocTaMi, co- 
CTaBJieHeHMi mi, ephbhst. (26), t. e. E30()paataeMHM'& ypaB- 
EeeiaMi 

Tjii f?>— aeaK^B npO03BOJii>BOH (fyHKuiE. BcaKaa nOBepxeoCTii V 
oOjiaAaeTi, KaKi yKaBHBaioTii EjieSeT. a C, JIh, cJ[:fe;(y[0ui,HMH 
CBOHCTBaMH. 1° Oua coflepjK0rx ocoSeeHOCTH TOJibKO bt, sep- 
iDHeasT. ocHOBHOro TCTpae^ipa, 2° Bci KOBapiaHTBHs e3 noBeps- 
EOCTn cyTL TaKse nOBepxeoCTH V toS jko CHcieMu. 3° Ilepe- 
c^^eeie ji,bjxt> noBepxHOCTefi V cocTOHTt hs^ kphbhxx V oseoS 
E Tofi a;e eaCTeMH; 4" HOBepxeocTH V oahoS CHCTeMH MoryTX 
nepectKaTbea tojii.ko bx BepuiHHax-b oceoBearo TeTpaejipa. 

Mh upe^inoJiaraJiH, ito Bct KOpHH xapaKTepHCTaHecKaro 
ypaBHeeia pa3.nHqeH Meatay co6ok>, a hh o;ihhi eeoOpamaeTca 

B% 0. Bi § 24 MH pasCMOTpHMl 9TH OCoOeHBHa CJiyiaH KOMHB- 

eai^iH H BHBejeMTi ypaBeeHis cootb. TpasKTopiS. SAtcb ise 
orpaHHiHMca saM^tiiaeieMTi, ito kphbhh 9th HMiioTT. 3HaieniH 
Bi KHeeMaTEK^ KOjrjiHneapno-BSMiHaeMoS CHCTeMH, — coOcTBeHBo 
Bt ^acTBOMTi cjiyiai o^tnooOpasBO (eiiiforinig-verander]ich) nsMi- 
HaeMoS CHCTOMH — Kor^ta leTnpe tohke CHCTeMH oCTaioTCa Heoo- 
^BEHiBH Bo Bce speMa flBHffieBia, — ob4 BCTp'fe4aiorca noflx hmc- 
HOMT. caMOorB6aeMHXx KpHBHXfi {SdI)Sthiill-eiirvcn u. Klachen) 
y BypMecTepa h y CoMOBa b^ ero KHHeMaTEKi KOJiJiHBeapHO-03M'i- 
HaeMoS CHCTOMa (Bapin. yiHB. Hsb. 1891 JH' 1 — 5). 
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(26) cyTL BOoCme mpaHCiieHdeHmHbia EpHBUS, — 
KpoM'j& T-b^T, cjryiaeBs, Kor;[a 

]c. — hj = ^u .mij 

r^* »t,.y— pa-aioHajiLHHa ^ECJia. Moirho nocTaBHTt BonpocB, npu 
KaKuxh ycAoeinxi ihohku pnda (A) 6ydymz ACMamh ua ameGpau- 
necKod KpueoU dauHaio ^apaicmepa? Mh pa3CM0TpKMx tojibko 
TOTi HaaSoa^e npocToS cJiynaa, KOr^a jtJia cpaBeeHin CepeM^B 
njrocKia KpHBM. Ilpeatae Bcero saa^ĔTHMi, hto ecJta abc d — 
Kaaia HaCyjb leTupe toikh, ne Jteatainia bi. ojihoh hiockocth, 
a'h'c'd' — TOHKH, HM^ cooTBiTCTByiOH^ia wh KOJiJiHHeaniH, ycTana- 
BJiHBaeMoA ypaBneeieMt f(x,it) = o, to EMteMT> Bcer/^a: 

(I) {a'hcd) + {ab'cd) ■+- {abdd) + {ahcd') = i{dbcd) 

VKb {abcd)=S±aJ)^c^d^ h t. ^, PaBeecTBO aio noJiy^HMi mT> 
TO»tecTBa 

a^ipcdu) — b^{cdau) + c^^dabu) — dx{ahcu)^—Ux{abcd) 

3aM'6eaa x^uji lepeai a^i- Bi gacTHOCTH ecjiH B03tMeMX 
i=a' , c—a" , d^a'" h cjiiAOBaTeji&HO b'=a", c=a"',d'=a^^', to 
uoJiyraMT, H31 (I): 

{aa'a"a'^' )=i{aa'a"a'") . 

TaKHM^L o6pa30Mi es cjiyuatb i=o moiKU a', a', a", a^'-' u 
cjitbdo0ame.tbHo ooo&uie a^^\ (P-+^'), aQ-+i), aC^+^) jieo/cams eioduo^A 
nAOCKOcmu. EcJtu aice nemupe mo'iKU aa'd'a"' .Jieoieam^ (nodmii 
njwcKOcmu, mo u ecn, ocmaAbHbcn monm aC-) Gydyms Aeowamb 
«8 moU mce njioCKOcmu. YcJiosie amoio discr (17}=0, — t. e. 

(2i"+ 27i V"— 9M'i" + 27«""— 72i'i"') '— 4(12i"'— 3jT' + j") '=0 

Cjiy^aH 9T0TI MH Tenept HCKJiio^aeMt, OTJiaraa pascMO- 
Tp^eie Bupo;KjienHHXT, KOJiJianeaiiiĔ ao nocji^ayKpiuaro §'a. — 
SaMieaa bi BHnHcaeeoMi, BHnie ToaiecTBi X;Mj K09$(|>Hi];ieeTai'a 

(II). {ab'c'd) + {a'b'c'd') ^ {a'b'cd') + {a'b'e'd)=i"{abcd) 
BiK BT, lacTHOCTH HpH b—tt', c^=a" , d=a"' '. 
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(rta'V"(i'Tj=^"f([f('(["ii"')_ 

TaKHM^ oCpaaoM^ npu ycwsiu i" " 

Aeofcamz mouKu 0. 3. 3. 4, — u CATbdoeameAhHO eooCu^e mounu 
(>.), (>. + 2), (X + 3),(>.4-4). 

ConocTaBJiaa ^Ba pesyjiLTaTa, HM^eMt npu ycjioeiu i=o, 
i"—o em moHKu (h) cs HemuuMU nndeKcaMu Aeaicamt ua odm-^ 
nnaMO'^, ectb moHKu cz HCiemnbiMn — ua dpytoH, a Boo6ra;e npH 
raKOMi yrosHo 3HaqeHiH 'h to^jke (A+2»()(rfli m — it^Jioe- 
HHCJio 0JIH 0) jre^aT'!) sa oahoS npsMoS. 

IIosBeprHeMi TOiKecTBa (II) onepaH.iH 



<^aik 



p I—" "i^" ^>- 



=1 Hpa i—k 

no.iyHHMX: 

(III) «'(ffl&C(7)— («f«;'d') + {ab'cd') + (o&'c'rf) + 
+ {a'hcd') + {a'b'cd) f {a'bc'd). 

Cx HOMOuiBio SToro ToatecTBa mo^ho noJiyTOTB ycjiOBie, 

'<no6u Offl'ff"fl^'HaxOJi;HJlHCB B-B OJHOĔ DJTOCKOCTH. JliSCTBHTeJIBEO,. 

Es-B (I) Hpa b^a', c=a", d—a'^'; oanagaa BOoCiB,e HJia KpaT- 
EOCTH o'^' ^epeat l HpocTo, HM^eii^: 

(0134) + (0125)=?"(0124)^^(0123) 

a H3T, (III) npB l=a', c=a", d=a"' 

(0134)^i'(0123) 

OTKjjia: npE ^'=0 mOHKu 0,1,3,4 AeaKam% o^ odnou nMCKO- 
cmu. CoHOCTaBJfflii aB'Ĕ iJopnyjiH HMieMi: 

(0125)^(«W)(0123) 
T. e, npii i' — i'— moHKU QA,2,6 Sydijms ez odnoit nMCKOcmu, 
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Hpa b = a',c = a",d = a''' noJiyinMT.: 

{0135) = (m'— 0(0123) 
H cji^jiOBaTeJibeo, ii'—i"^o ecib ycjiOBie, tito6li toikh 0,1,3,5 

HaXOflHJ[HCI. Bt O^^eoa nJIOCKOCTO. 

noAoSeuMi oOpasoMTi hst. (II) irpii b = a', c=a"', d^a" 
iiOJiyqHMi: 

(0145)-!- (0235) + (1234) = *'(0134)—i'^(0123). 

Ho H3t (I) npH 3 = a", c = a"', d=a" auieMi: 

(1234) + (023!>)=-j(0234) =«"(0123),.-. (0145) = («''-i?'(0123). 

T. e. nps ycjiOBia P — ii" bi o;i;eOM njiocKOCTH Eaxos^TCa toikh 
0,1,4,5. 

EcJiH o^eoBpeMCBHO i = i' = i" = o, to njiocKOCTb (aa'a"'), ne 
npoxo;iflmafl «lepes^ npaMyio aa"a" nepeci^eeiH njiocKOCTn 
aa'a" h aa"(i", AOJiHJHa KpoM'£ a co^epiKaTi. eme a TOiKy a"", 
cji^ĔaoBaTejiLHO npn 9tomt> a" cOBna;iaeTX ci «, h KOjrJtHeeaHiH 

f[x,ti) = flBJIfleTCfl TaKHMl O^paaOMT. HHKJIH^eCKBMi C00TB'6t- 

CTBieMt. {Miith. Die geometrische Deutung von Invarianten 
raumlicher Collineationen und Reciprocitaten.M. An, B. XXXIIIp 
495—510). 

SaMtiaa, >ito 

(1234) =r (0123), 
HMieMt 

(0235) = (iJ"—^"'). (0123). 
]i,M^G m-h (II) npH a = (0),6 = (2),e = (3),(?=(4): 
(0345) = i"(0234)-(12^5) = (i"'— w"")(0123), 
a npH fl = (0.),5 = (l.),c = (3.), (?=(4,): 

(0245)=r(0134)--(1235)=(i'r— M'"')(012ii). 

TaKHMT. o6pa30MT, MH nOJiyiHJIH BC4 yCJIOBifl, ITOSn MTHpe 

KaKiji-JiEfJo H3t nepBHSi meCTH TOqeKX [A) jeiKajiH bi o,rteoS 
□JiocKOCTH. ^jiJi cjiyiaa TepuapHH^t KoeeeKcoBt (1) TaKin ycjio- 
Bifl paaCMaTpHBajiH Kjie6iui h TopAant b^ yKaaaHBOMt BUHie 
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MeMyap'1. J^Jia KBaTepEapHaro 0x1 pascMarpaBajii Myit nt 
noMaeyToS paGoTi; jtpyroro poja reoMeTpn^ecKia aaa^eHia hh- 
uapianioBi aasaMt b^b j^aJiLHiSineMi, nonojiHJiii peayjihTaTH 
MyTa H orpaHH^HBaaci, CKasaonEiMi BHine 110 OTHoraemio Et 
ycJiOBiaM^, najiaraeMHM^ na Togitii (^). JtocTaioiHO BUBecTH 
SEaiGHie HnBapiaBia i,— ocTaJii.Htia noJiygaiOTCH m-h nero. 

IIpejicTaBaMi ce5'l, ^to sa KaKoS-HHSy^i. njiocKOCTH u 
ycTanaBJiHBaeTCH npoeKTHBHoe cooTBiTCTBie t^ĕm^b, ^to toik^ ^ 

9T0a nJIOCEOCia HOJl^HHaeTCH TOIKa ^^ Bt KOTOpoS HJIOCKOCTL 

•u HepecĔKaeTCH npaMOio coeaHHHionieiO HeHSji^SHnyiO TOiKy x 
C'6 TogKOK) 1', rOMOJiorHgHOio ^ b^l f\x,u)=o. nyCT& £,y,2 TpH 

TOqKH U, TaKl MO (SU- = {Xys)i (i= 1,2,3,4) CyiB KOOpSHHaTH 
HJIOCEOCTH U. Tor^a KOOp^lHHaTLI T01KH ^ MOHIHO HpeACTaBHTt 



■■AX^ + ui/i-i- vz^ 



H T01KH i 



KoopSHnaTaM^ njiocKOCTa '^^^^ mokho jiaBaTB bh^i: 

a H.iocKOCTE yxii^: 

A\yx^). + ^j'{yxz). 

EcjiH '^ cooTBtTCTByeTX ^ Bi KOJixHHean,iH f=o, to Kant- 
^aa HJIOCKOCTB csasKH, aM^&iouieS ^' neHTpOMi, b^b coesHHeHiH 
ct TO^KOK) ^ oGpasyoT^B 9JieMeHTi KOOneKca /'(3;«) — 0, t. e. hmb- 

eM^E BI laCTHOCTB 

f'\^l^^^S)=o ='|«/i[^^.- + ,"y.' + v^i].[,"'(im- + '^^^^).-]- 

H TO^HO TaKKe 
/■(^1(2/^4;)) =0 = ^'%*[^*'; + ."2/< + v^J[^'(^^^^)i + v'(^^'?),-]- 

H3I AByxi ypaBneHiS Hafi/i;eM:& OTHoracHie v',J',u' Bi cjiyHK- 
i^iH v,J,«; 03naqaH j^jia KpaTBOCTH v^={xys)._^ Wi = {xzS)i, t = 
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{xS.y)i Cy/^eM-B hm4ti.: 

qA' ==Af{X.,v) + w/(i/,v) + ^/■(^,!)) 
^u' = Jf($.,w) + ijf{y,w) + vf{s,w) 
pv' =Af{S,t) + uf{y,t)+^f{z,t) 

Tpa 9TH ypaBeeHia Memsy w'A\u' h vJif MOateo paacma- 
TpaeaTb, KaK^ ypaBHeBJa KOJiJiHHeariiH Bi njiocKOCTB-, ona SyjtCT^ 
B-B T. Ha3. BHHcaHHOMi HOJioHieHia TpeyroJibHHKOB^ (eingeschrie- 
beue Dreieckslage der Coilineation — Pasch, — Math. Ann. B. 
XXIII s. 415), ecjiH cooTBhTCTBeHHHS nepGuĔ aaBapiaeTi i=Saii 
oCpamaeTca bi HyJtb, — t. e. m, jjaaHOMti CJiysat: 

f{^,v)+f{y,w)+f{z,t) = o. 

BBo;(a B)i'{;cTO ^,y,3,v,w,t BeJiHiHHu X;m% npBse^ieMt 3to 
ycJiOBHOe ypaBHeHie kt. TaKOMy BHjy: 

'k(x,u)=f{x,u)—i.U:, = (o). 

TaKHMi oGpasoMi KOA/iUHea^tH f(x,uf=o, ecAU npuHamb sa 
mnodeuoKHyio HibKomopyK mo^Ky a, na msiedou nMCKOcmu u 
ycmameAmaemT, npoeKmueme coomerbmcmeie maKb, umo Koaicdoil 
inoiKtb h nAOCKocmu u coomerbmcmoyeim mo'ma 5,,, es KomopoH 
npRMan ab' (6' cooTBiTCTByeTT. TOgK* 5 bi KOJiJKHeaD;i0 f=^o) 
ecmpmaemb nAocKocmh u. Bcn, njiocKOcmu u, dAn kou^^ ama 
KOAAunea^ia. naxodumcn eo enucamoMS nOMa/ceuiu mpeyiOAbHu- 
Koss, npoxod»md nepe3x odny u my oice mowy A, u napu a,A 
oGpaeywrm uoeyw KOJiJiuneaum ez npocmpaucmetb, KOmopoA ypae- 
nenie ecmb {a) '). 



') KpoMi aroro anaiiPHia KOBapiaUTHoS KnajiHHHimiii k{x,H)=o, aaBae- 
jiaro JlyiOMi (i.c.), mo^ho jaTB eS bi Myiiai, ciiJin KOHiieKei f{x,u)—o ecit 
caeiiiajitHaA, — T. e. pacnaaaion(!flca Ha npoK.iBeneHie tayii MHoncHTejieft 
t^A^ U(i=o (rjii EJiocKocTs A a To^Ka (i cyii oenoamiH njiocKocTB h TOHKa 
cneHiajiBHaio EOHHOKCa), apyroe roojioipH^ecKoe HCTojiKOBaHie, Bsoaa noHaiie 
HOBoS MeipH^ecKOS (pyHKnin KOHiieKCHaio npoCTpaHCTaa — MO.«eima deym, dAe- 
.Mewmoei {x,u) n {y,ii), — paayiilia itoa^B bikmtp (BBe/teHHatt bi reoMeTpiHi KbSjih) 
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TomH a,a' h A HaxoflHTCa ea oaboS HpaMOfi, 
EcjH ^' = 0, (['OpM^' h{x,n) coBnaaaeT^L ct f{x.;ii) h cji^AOBa- 
TejLHo TOMKa ^ coBoaiaeTT. ct lOHKOio a'. Ecjih ^epeat. d — 
cooTBiTCTBjioaiyio TO^K^t a — HpOBCjieMi npoH3BO;[bHyio hjiockocte, 
BOsmeM^ Ha neS KaKt-HHdyai. ab^S ToyKH 5 h c, nocTpOHHi 
KaKT. yKasano BHuie S^, n c^ h OTfciin,eMi TO^ity d = {^c,^fi%^., to 
no npejiHjiyineMy d^ jiemHT^ aa 6c, h cJiiwBaTejii.HO d' — na 
HJiocKOCTH ohc., no;io6HHMi oSpasOM^L TO^Ea «' JieaiHTS na hjioc- 
KOCTH &e(^, T01K& V — Ha acd h c' aa «M, w. e. mcAynaihi^o 
cyKtecmsyerm co^ mempaedpoes, onucaHHbixz okojio coomenm- 
c'rmywmuxz uj\t& &h KOAAUHea^iu (="0% w8opuMZ, nmo npuycAO- 
eiu i = o KOAAu/Hcaiiia f=o uaxodnniCH ea noAos/eemu mucau- 
Mbi^i mempaedpoes. Tohho TaKJKe^, =o BMpaataeT^, ito bi 
HOJioiKeHiH BnHcaHHH^^B TeTpaejtpoBi. HaxoflHTca Ksa^ipaTi koji- 
jinHean;i0 f=o h t. j. Ecjih B03i.MeM'j. o6paTHyio KOJiJiHHean;iio 
g(x,u) = o, To noJiyiHMi; ss CAymn> i' = o KOAAUMeauin f{x,u) = o- 
Haxodumcn es noMOiceHiu onucaHmi^n mempaedpoes. IIohsitho 
SHaienio ycJiOBiA ig^ ig^ h t. j. 

ConocTaBJiAH ^sa posyjiLTaTa HMieMi: ecAU odmspeMeHHO 
i = o, i"=o, mo cyuiecineyemz co^ mempaedpo3z, onucaHuua^s 
OKOAO UMs coomenmcmeymu/U^^, u cmoAhKO okb mempaedpoe^, 



1 SXiyk—i:i X% JE— lo ) HMeHHO aast itaT. ^ro aosieHTa, acreiieHTnBi ) 

H (x' i) cocTaBTCHHaro tom ob h njiocKO tik b^l kot paa /■ cieBoiHTt 

le H 1 BMpaaaeT a iiopayaoii / f ua; v. ^to bi jiyiat (^hb i aasHiro KOHHeK 
ca f=tf BiiaHMi ^To MOMeHTi «Byx^ noi flKyiHsi3ia«eHtoBi— ^/^ ar) — 
fUx ) T^sHii Opae ji aia c euaiSHar EOHHeitca / o ijioiiMa t o 

BHpa-K^eTi oBOKyuHOCTL i ix£ Ttw saeieHTOBi (i. ) np Tpan TBa iJta 
lopHST; paBKH Hyjiio i oneHiH hxi otho HTenBHo cooTniTCTBiKmHSJ mmi bi 
f u aTeMeHTOBi (a, ) L^b iiohat o 1 oMeHTa flByxi aieMeHT ei mh npHHiJiK 
B^L HiocTpaH tb4 Tpe^^L H8 tpen H H uoji^ichh e jm nero ai ajiHTHnecKoe 
BnpaiCPH e cuspa aeii cboio HJiy h mh lynaa jiioOoro hk aa HepcMtBHiJKTi 
Bi a THO TB Bi cji) lat Tapiup H\^ K HHeb.coB'B BMteMi. hto MOMeHTT. SJie 
MCHTOBi A H (5 ) BHiaaaeT a nionaBeaeH ei ^ yan ei h t moKtaaH Tpe 
■5roiitHHi,a AT — THi k [e 4i h e Hpn hx — Ha a ly 1. "in e jy 

Hia H H 
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GnucaHHhixi fls coomerbmcmeymmie MJKa; doym coeoKynmanaAts 
oGuiiU co'' mempaedpoe^, odmepeMeHno 8nucaHHuxi u onucaHHbixs 
OKOAo uMi coomeibmcmByiouiu^h. U.ocjiiii.^HSom lacTL TeopeMH 
^OKaateMt TaK^: yKasHBaenoe bt, Eeff nojrosceHie, KOTOpoe MyTi, 
pacnpocTpaHaa ea npocTpanCTBeoHHa KOJtaneaitin HasBaHie^tan- 
HoeKpaycoMT,{Matli.An.B.29s. 224), HasHBaeTi^ — noJioateHieMi^ 

COCTOnrt Bl TOMl, ^TO TO^Ka 

a' jieJKiiT-L Ha ^cd, V — Ha acd, d — na «M, d' — sa a6e, 
a — Ha T)'c'd', i — Ha a'c'd', c — na a'i'd', d— na a'5'c'. 

BoSBMeMt npOHSBOJItHO TOTOH O H 5, nOCTpOElIT. cootb£t" 
CTByR)ni,iH oM^ a' s. V h npOBGAeMi «B' h 6a'; Z — nonoateHie 
TpeSyeii, ^to^h cd^y h c'd'^y' BCTpiiajiH KaKi ab', laKt 
H M; nycTb ad' BCTp^i-jaera y, Tor;ia a'b" BCTpiiaeTi. y', T.e. 
y' jiemHT^ BT, HJiocKoCTH a'bh"; .naJiie a'6 BCTp-liHaeTi y, cji4- 
AOsaTejibEO a"b' BCTpiyaeTi y', nepec^itaiomyH) h afc',— nOTOMy 
y' jieatHT^ h bt, hjiockocth ab'a",- — oaa onpejiijiJieTCa BnojiHi 
iiaKT. nepec'£4enie ad'a" h «'56", — t. e. no TOHKaMi a ab moskho 

HOCTpOHTB H y. 

EcjiH Z — HOJiO!Kenie jojiatEO Chti. BosMOHtHo, npHMua a5, 
a'lj', y -B. y' ^oJiatsH ECTp^tiaTB o;iHy h Tyaie napy npaMtix'& 
{ab' H ba!), — npnHajiJieHtaTB kl oaho3 cncTeMt co^ npuMBixT.. 
Oana^BM^ ToiKy Hepectieniii 6«' h y nepesi c^, Torjia c'„ 
jieacHTt Ha y'\ oSpaTso towS rf'„ = (ba',y'') cooTB^iTCTByeT^B 
TO"iKa d^ Ha y. Bt CHJiy [ahc^d^^^o, (ab'c^dJ = o, {^'bc^dj^o 
nMieMT. npn i = o HSt (I) TaKJKe h {abc'^dJ = o, t. e. npHMaa 
c'^d^ BCTpiiaeTi «6. Jl,a,A'ie, Ta.K-hJi^ds.i, {ab^c^d^)'^^, {a'dc'^d^) = o- 
n (a'bc^d'J—0, to npn i"=Q 6yj!,eT-ba {a'b'c'^dJ=o, t. e. d„c'^ 
BCTpiiaeTT. H a'd'. TaKnin. oSpasoMi cymeCTByiOTi Tpn npaMHXi: 
ab',a'b,d^c'^, a cjii^oeaTeJiBno h tiesKOHeiHHi! paa^B Hpfljiiixx, 
BCTp4qaKimHXi ab,a'b,y,y'. — ■BosBMeni TenepB na y npoBSBOJiBHO 
TO^Ey c h OTBiiH,eMi cooTB'I:TCTBy[Oiii,yH) TOiKy C sa y'; OHpe- 
A^Sjihmt. ^aJiie ToiKy HopecSieHiii u,iocKOCTefi abc', acb' h bca', — 
KOTOpyio o6o3HaiaeMi d, h coOTBtTCTBeHHyK) eH TOiiEy d' na y'; 
B^ cHJiy ycJiOBia i=o TOHKa' d' Jie^BT^ ei n.iocKOCTH abc; npa- 
MH2 dc' H cd' nepeciKaiOT^ Tpc npaMH^^B npe;(Hayu],e@ CHCTeMH, — 
HMeHHo y,y' h ab, — cJiiAOBaTeJiBHO BCTpigaiOTi n a'b', — -TĔMt 
E AoeTsraeTCH nojioateHie Z. 
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OSpamaeMCa CHOBa ki. iJopMi k(x,u)^f(x,u) — iu^-=o. Kaai- 
SoS 3aflaEH0ft aiocKOCTH u cooTB^TCTByeTi B-h CHJiy 9Toro ypaB- 
HeniH DJ10CKOCT& U,- — KOTopog ypaBHeHJe ecit f- — iUx=o s hbi 
Kas^oS TogKH KOTopoH HjrocBaa cacTeMa (Toie'iHoe nojie) u' 
HpoeKTBpyeTca na HJiocKOCTb u raK^, hto nojjyHaeMHa TaKHMi 
-0()pa30M% Asi KOJiJiHHeapHEja; njroCKia CHCieMH Haxo;i5Tca bx 
HOJio^KeHiH BHHCaHHu^^ Tpeyroji&HHKOBi. ^lyiH, npoeKTHpyroniie 
B3X KaKoB-HB6y;i;-b toikh mockocth U to^kh chctcmi u h u', 

o6pa3y!0TX HWh KOHn,eHTpHieCKHXl CBSBKH JlyTJeH, HaXOAHH;HSCa 
BO BHHCaHHOM^B HOJIOKeHiH TpeXrpaHHHKOBT.. /l^MCTBHTeJl&HO, 

^toSh onpe,rĔJiHTB TOiKy hjiockocth u, — A'x + ju'y + u'2- — ^bi 
HOTopoH hjiockoctb u BCTpiiacT^L HpaJiyio coe.naiiaiomyH) h^ko- 
Topyio ToiKy X cx KaKOio-BESy^b to^koio hjiockocth u\- — 1^= 
Ax + uy' + yz' — KMteMi ypaBneHia: 

Lix'j+uy'j+V3'J\ 

KOTOpna ;iaioTi HaMi: 

QA'^A{y^z^x'^X^) + u{y^z^y'^X^) + ^j{y^2j^X^\ 
o u'=A{2,x^x'^XJ + u{3^x,^y'^X^) +v{s^x^2',XJ, 
Q^' =A{x^y^x'^X^+ ^.{T^y^y^^^^ + ^i^T^y^s'^^,). 

9Ta KOJiJiHHeai^ia 6y;feTx naxoflnTEca bo BHHcaHHOM^ noJioateHiH 
TpeyrojibHflKOBi npa ycJioiiJH 

{y,z.,x\X^) + {z^x^y' ,X^) + {x^y^z' ^X^)=(). 

3aM'feH^a aiticb Xj', y/, sj hki sHaieHiaMH aj^aj, (i^clj. 
a^O-j, HOJiy^HMT. 03Haiaa ;(Jia KpaTKOciH: 

KaK^L Koac[)(JiHi;ieHTi npH X^, BupaiReEie — («33 + (^as + ^^iJUj -h 

Cji'!iflOBaTejibHO BHHHcaEHoe BHoie ycjioBie npHHHMaeTL bha^ 
SaiiXi U;i—iUx^{X, U)—i Ux=o. 
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3Ty njiocKOCTB TI MyTi (1. c.) HasuBaeTi. i — -njiocKOCTbiO' 
nioCKoCTeH u^u'. 

B3aBi BM'icTO f{x,u) = o oSpaTHyH) e3 KOJiJiHBeaEiiio, nojiy- 
iHMi i" — n,ToeKOCTf. njiocKOCTeA u,u'. 

EoHHeKCTi (1,1) H H3o6paffiaeMaa hmi KOJiaHHeauia onpe- 
.H^jiaioTCa Bnojini. ecJiH ^iaeK 15 ycjioBiS ;iJifl EaxoaijieHifl sna- 

leHia 15 napaMeTpOBi. — . 9to Moa:Eo aocTHreyTt, sajaBaa 

15 9JieMeHT0Bt (3;,m), KOTopHe aoJiateH npHeajiJ!e,iKaTL Koe- 
iieKcy , HJiH ate saAaBaa lOTtipe capH TOieKt hjh HCTijpe 
iiapH HJiocKOCTea, roMOJiorBiHUxi bl KOJiJiHeeaeiH. Ho ecJiH 
saaaiOTCa ^PTMpe tohkh Hjie iieTHpe naoCKOCTH, KOTOpna ,iioaat- 
HH oSpaaoBaTB ochobhoh TCTpae^ipi. KOJiJiHHeariiii, to m^ hoji- 
Haro onpe/ii.iceia noca'6AHe3 jioJiKHa 6ht& jiaea eme napa 
cooTB4TCTBenniaxT. ToieKi (rcsp, njioeKOCTea). AnajiHTHiecKoe 
onpe^iijieeie BosMOatHO h b^ tom^ cjiyHa'Ii, ecaH bcĕ leTHpe 
BepmaHU oceonnoro TeTpae,apa cyTL toikh KOMHJieEeetiH (cm, 
HHiKe),— cayiaS, ycKOJ!i.3aioui,iH y BypMeCTepa ') OTt hhcto re- 
OMeTpH^ecKaro nocTpoeHia. 

HTaKi, BOBBpamaacb k-l pascMaTpHBaeMOMy EaMH cjiy^aio 
;(OHyCTHMi, 1T0 KOJiJiHHeapEoe C0OTB'!feTCTBie Meatjty m e w' oepe- 
jijieHO ^eTHpBMH napaMH C00TB'feTCTBeHnHX'& Bt f=o ToyeK^B 

aa', bb', cc', dd", i— u.iiocKOCTf, HJiocuocTea u,u' hpo^oaet^l qe- 
pesi toikh: 



D = {abc', aVc, a'bc) 
C={bda', bd'a, h'da)\ 
B={cad', ca'd, c'ady 
A={bcd', bc'd, b'cd) 



-luocKOCTL gepesi {a'b'c, a'bc', ab'c'), 

— {yda, h'da', hd'a'), 

— {c'dd, dad', ca'd'), 

— (b'dd, b'cd', hc'd'). 



^Ba naTHyroaLHHKa abcde, a'h'c'd'e' !ia.K>Th 10 nap^L rOMO- 
aorngeH^Ti b-l KOJuiaeeaitiH eaocKOCTeS abc h a'b'c' h t. a., a 
cji^jiOBaTejiLeo oepeaijiaioT-L 10 ^ — ^HJiocKOCTeS, KOTopua oo nie- 
CTH npo^ojait ^epes^L hste ToneKi a./3,y,S,s, oGpasyiomB^s 
TpeTig eaTHyro.5LE0KTi, i— «amMpojiSHMKs jiByxi nepBH^i aJct^e, 
a'h'dd'e!. /l,McTBnTeJibeo, ecjia f{x,u) = o ecTt KOJiJiHeeaiiia 



') L. Burmester. Kineuiatisoh-geometrische UnterBaclinngender B«vfegnng 
eranderlicher Systenie, 3-te Mitteilnng, SchlBmisch's Zcitsclicift' 
, XSXI1I 3. 3S1— 422, 3fl4cB r B. 
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[aBcde, a'b'c'd'e'], to KO.iiJiBHeai],is k{x,u)^^f(x,u) — m^ = o mj!,- 
^BEneT-h abcde naTHyrojiLiiuBi a^ySs, h6o ok-b hsi a TaKX 
H wST, /? H BS^ y TOiegHan njiocKocTL a'b'G' npoeKTBpyeTCa sa 
«Sc Bo BnHcaHHOe noJiOKteHie TpeyrojTBHHKOBt h cji4;iOBaTejitHo 
a^y ecTB i— njiocKoCTb ;ijia abc^ a!h'd e t. a. 9to MoaiHO (tiop- 
MyjiHpOBaTb enie TaKT>: ecAu nocmpouMz dea coometbmcmeouHuxs 
nRmuiitoMHUKa abc.de, u a'b'c'd'e' u WMUHcamio [ abcde. 
a'b'dd'^~\ oSHaiHMTi f(x,u) = o, to KOJiJinHeaHia \a/3ydE, abcdĕ\ 
onpejiijrHTca ypaBHeHieMi k{x,u)^^f{x,u)—iUx:^o. 

§ 22. Mm pa3CMaTpHBa.lIH JO CHX1 HOpi ^OpMLI TOJ[LK0 Cl 
OJlHHWh pjlBOM'L T0'ieqHtlSl H Cl O/IHHIW^ paSOMl njrOCK0CTHE[XTi 

KOopaHHaT^L. XoTii 110 AOKasannoMy KietJuieM^ kt, raKHMT, (|)0p- 
M.&U1, MoryTi 6litl CBejienu ^opsiH c^ jByMa h 6oJi'&e pajaMH 
KoopsHBaTi. ojHoro pofla, ho TaKt KaKi HacL HarepecyeTi reo- 
MeTpHTecKoe SHaienie iJopMt, to mh ocTaHOBHMca ghic na paacMO- 
Tpinia cJ[t;iyioui,e8 sawia, npHBo.iainefl kx hosoGhhmi $op- 
MaMi. Bt CTaTti Ucber Covarianten ebener CoUineationen 
(Math. Ann. B. XL s. 89 — 98) Muth aayiaeTt CBOilCTBa ko- 
BapiaHTHOH f(x,u] = o ciTH KOHHiecKnsi ciicHig, KOTopiaa jio- 
.^iyiaioTcs, KaKi reoMeTpHiecKoe mJcto TaKHXt ToieKi x, ito 
npsMaa, coeiHHaioinaa x ct, .naHHoio toikoio f , nposojiHTi lepesi 
To^Kya;', cooTBiTCTByiomyio x Bt KOJiJiHHeai(iE f=o. ypaBHenie 
3T0ro reoMeTpHiecKaro M-icTa nojiyiaeTCa ocK.iro^eHieMt «,WjW, 
Hs-B ypaBHOHiS me = o, Uj, = o,f{x,u) = o, (a) h 6y.neTt aj;ffira) = o. 
nepexo.ua ort SHTepHapHoS (jiopuH f{x,u) kx CiiKBaTepHapHoit, 
saMiTHMi, qTO npeau^iyHiH^^L ypaBueHiS HeiocTaToiHO wa hc- 
KJiiOHeHia u^u^u^u^, a nysROO BHjioH3MiHaTL jcjioBia aajiaTO 
MyTa. 3to BOaMOaino h^ckojilkhmh cnocoAaMn. 

npea;;te Bcero, caMaa 3a;taia MyTa: nailTH reoMeTpHiecKoe 
MicTO TaKB^t TOHPKt X, ^To HpaMaa, HpoxojtaH;aa lepeai x n 
cooTBlJTCTBYioinyro efl bt. KOJi,iiHneaitia toikj x', upo^ojiBTt ^e- 
peai ^iaHHyH) TO'iBy t- 

3a;taia 8Ta p'£uiaeTca raKT.: npaMaa p onpe.;;tj[aeMaa ko- 

Op.HHHaTaMH 

Pik = ^i^'-f — ^l:^i = (''3:{^i^k) 

jojiHiHa npoxoaHTL ^cpe3X TO^Ky ^, — wa 9TOro AOJUKnn CnTb 

BLIHOJHPHH yCJIOBia 

{xpp)^ = 0, {xpp)^ = 0, 
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HJIH CHMMeTpOTHie ^OJI/KHH ^HTt HyjTAMH BCB MHHOpH MaTpHHH 



^l fc^ ^' ^' II 
I J^i Pi Ps Pi ^" ^-"^ <*^ 
I ^^ Pg ^j p^ I 11 



a;^ a;^ x^ x^ | = o, 
a, a, a. a, \; 



^TO COKpameHHO MOmeMl HHCaTI. 



(27) 



3th ypaBHenia oupea'£-SJi[OTi KpHByio leTEepTaro nopajiKa- 
ocHOBaaie uyiKa uoBepsHocTeB BTopoS CTeneHH, BHpaataeMHKi 
ypaBHenieMi aj,(Sxaco) = o, ts.-^ co — np0H3B0Jir.Hua nocTOanBHA. 
KpBBaH npo^ojiHTi Hepes-BTo^Ky ^, a TaKate lepest ToiKy ^^', 
KOTOpyio KOJiJiHHeaiiiji f{x,u) = o nepeBOjiHTi bx TOiKy ^, — h6o 
Torjia (27) o6pamaioTca Toa;ecTBeiino bt, Hyjii., TaKi KaKi co- 

JtepsaT-B nO ^B^ OJlHHaKOBHSI CTpOKH. rioCMOTpHMl BCTptTOeT^ 

^H npaMaa $~'^ KpHByio eni,e B'e spyre^-t TOTOax%. ^jia aToro 

nOJECTaBHM'& BM^CTO Xi BeJIHgHHH /J-^i + '^ Si~^. KOOpjlHEaTH Ka- 

koJI-j!h6o TpeTtcB: tomkh npaMoit, n itocmotphmi, bosmoikho jih 
^iaTt X s u Tartia snaiienia, iTotJu ToiKa «^+ a^-' npHHajiJie- 
ffiajia BpHBoa. HM^eM^ 



II ^ i 'I ^ I 

I «^'+>»f ij I ^' I 



i->i« 






11 



ypaBHeBia 9th npiiBOAaTCa k-b 



^-^ 



TaKnMi oGpaaoMi, ecjiH Tpn toikh ^~\ ^ h ^' He^eataTt 
Ha 0flH0Ĕ npaMoa, to eAHHCTBeHHua ToyKH |~'^ Jiemamia na 
KpHBoS 4-ro nopajiKa cyTi. ^~'(k = o) h ^{u, = o). Ecjih ^e bcĕ 
TpH T01KH ^"'.^,^' aeataTi ea oshoh npaMoa, to h BcaKaa Toq- 
Ka ^W jreatHTi na toS ne npaMoS; Kaaijiaa TO^Ka 9T0fi npaMoA 
npHoaAJieatHTi lorAapascMaTpHBaeMOMy reoMOTpH^ecKOMy Miciy. 
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Bc'fi TpaaKTopiH 6y;iyT^ npjiiiHa, h bi, swn-b tojiiiKO cjiyiiai- 
KpHBaH leTBepTod cTeneeH npHno^iHTca k'£ MeTHpemjiH cHHTae- 

MOH npAMOH (^q'). 

BostMGMT, Tenepi. KaKyro-HBGy^i. TOiKy x pascMaTpHBaeMoa 
Kp0BO0, cooTEiiCTByiomeA jiaHaoH ^. Eaffiflaa ipeTtJi To^Ka npa- 

MOS X^ HM^eT^B CBOHMH KOOp^HHaTaMH ViX; + ^fj-. ^TOClJ OHa 

npaeajtJieiKajia KpHBoS, .noJiHino Slitb 



0= >»xH-/(i^ —,"1 s l+Au r ^' + X h +/ 

|>.x'+«,^'I I ;■' il i x' ll i ^^'IP 

TaKi KaKX no ycJioBiio x jiemiiTT. na KpHBoS, to 



i X =0 

I i ll 

H npe;iHflyffl,ee Bupameeie cBoanTca k-l 'raKOMy 

Au| X 1 = 0, 



KOTopoe noKaauEaeTi, ^to ecAU npsiMan ^x (r^i ^ ,ianeaa toi- 
Ka H jieatHTi. ea kphboS, x TOiKa kphboh) npoxodum-5 uepesi 
moHKy I', coomerbmcmeyiomyio ^ ez KouHaim f=o, mo ama 
npMian ecn er.odum^ ea cocmaez KpueoH^ eoo6ui,e okc mOMKO 
datb smu mouKu ^ u x np/iMOu x|^ npunadAeoicatils leoMempu- 
necKOMy Mtbcmy. ypaBeeHie 



BHpaaiaioTi TaKHie ycjiOBia, titoSh npaMan Q^' BCTpiiaJia ToiKy 
X, KOTopaji eaMH BsaTa na kphboS. 9to iipHBOABTi Haei. Kh 
BOHpocy, BcipiiaeTT, jiH i^^, noMJiHyiyio KpHByw (osnaHHM^L ee 
C*%{f)) Bi pSpyroB toik^ĕ, KpOMt toikh ^. /Ijjia STOro no^^CTaB- 
JifleM't ^,— >'f,- + /if'j- H x'^ = '^^'i+ u^-', H Cy^ieMi em^i&tb: 
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pv|' + ,W|"| 



lUi I 



TaKEMi o(]pa30Mx, ecjiH oiSpocRTb ynOManyTHS yate BHine 
ECK.iioyHTe.ii.HLiH CJiyiaS, upsMaa ^^' KpnBoA Ci(f) ct TOiE'fe, 

OTJIHlHOii OT't ^, EO BCTp^ĔiaeTT. H npH TOMI KaCaeTCH ea BT. 
9T0B TO^iti. 

CncTeMa ephbhx-& C^\f) coctoht* mic co^ KpaBHXt, h6o 
Kaa;ao3 toik'!: f HpocTpancTiia npiiaafljciK»TT> coBepHieHHo onpe- 
ji^S-iieHHaa KpnBaa CHCTeMH. BostMeMt Kaityio - HHOyit KpHByio 
Ci{f) H Ha He0 jiBi TO^KH « H 6; npaiiua aa' e hh' nepeci- 



KaiOTCa Bl T01K'fe f, CJl'l!IOBaTeJILeO 

peciiEaiOTca, — nycTt Bt ToqK'fe p. 
Cp\f) MoateTX SLiTt npe;icTaBJieHa 

■l ^*'! il^ 1 'I "^ 

7Ax \\+ p\\x I = o; «j a; 



MHs ab' H ha' TaKHte ne- 
CooTBiicTBeHHaa KpHBaa 



IB' I 
+ vl « 



T, e. eCJiH nocTpOHMT. 

cAf), cy(f), C!,'(f), c„'{f), 

To Cp'(f) npimaAJieatHTT. o^iHOBpeMeHHO iibymt. CHCTejiaMi. co' 

HPHBLJX'J. 

C^a'+p&(/')=0 H C^a+^yl/')^». 



BosbMeMT. Kaiua - HiiSyAB tuh 
T01KH a,3,c Ha oiHOii h toS 
sse KpHBoĔ C *£(/). Tpeyrojii.- 
HHKi., HMH o6pa3yeMH0, pacHO.io- 
s:eR-h nepcneKTHBHO OTHocHTeJib- 
Ho eooTB'IiTCTByioniaro cMy bt, 
KOj[jiHflean;iH , yCTanaBJiHBaejioH 
EOHHeKCOMl /=o, TpeyroJiLHHKa 
a'b'c', H iieHTpT. nepecneKTHBH 
jie^HTi HaTOB ate KpHBoti Cj''^/') 

HMeHHO Bl TOIK^ ^. II OCpaTEO, 

ecJiH KaKoA HH6yAt TpeyroJb- 
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HHKt a,li,c H eMy cooTBiTCTBeHHtiH B^ EOWHHeai^iH f=o a'b'c\ 
nepcneKTHBHEr, to itenTpi. KOJiJiHHeaiiiH ^ n caMuK TpeyroJiB- 
HHK^ adc JieataTi Ha KpuBoU C*^(f), cooTBtTCTByioHieH TOiitt i'. 
MoiKBO nocTaBHTb ceS^t ^iaaie BonpocB o li^^ TOiEast 
X, jiJia KOTopnsi nJiocEOCTt, co;iepacaH;as TO^Ky x a ^iaHHHa 

T01KH ^ H ^' {COOTBtTCTB. ^ Bl KOJIJIHeeaii;iH), COAepKHT^t H x'. 

3to reOMeTpHgecKoe m^to noJiyHEJii, HCKJiioiaa u^u^u^u^ nst 
ypaBHeniS: 

wj = o, f{^M) = o, u^=^o, f{x,u)=o 



H 6yji,eTX noBepsHOCTtio BTOpoS CTcneHH F%^{f), KOTOpoa ypaB- 
HeHie ecTb 



X, x„ X. x^ 



=aJ)i{afi^x) = o, 



Bie, CBMMeTpHMOe OTHOC0TeJII.HO 3; H ^, ^TO nO3B0- 

jiaeTi HaMX CEasaTt: ecm meep^uocmb Fi^{f), coomerbmcmeyw- 
inaii moHKrb ^, npQXodumz nepeas momy x, mo noeepxuocmh 
F^^{f), coomerbmcmeyjouiaa moHKih X, npoxodum^Hepe3hmoHKy ^. 
He TpyjHO y6S;taTi.ca sa-iie, ^to noBepxHOCTH Fi'{f) h 
F^^{ff) ToaieCTBeHHLi. 

jl|4HCTBHTeJIbH0, eCJIH EOHHeKCl f=0 BOSbMeHl B't KaHOHH- 

TiecKOMt BH^-fc, TO nepBaa CiyAeT-L HMiTL cbohmi ypaBHemeMi 



«A 




fi 


4'.- 





X;l( 


^/^* 




«'i 


X, 




Vi 



I 1 T-V 1 
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noaoSnuMt oSpasOMi y64flnMca, ^to Boo6me Fi^{f^) to- 
jBecTBeHHa ci Fi^{g^). 

noBepxHocTt Fg'{f) co;tep^QTi toikh ^, i'' a TaKHte ^""'. 

CoOTBijTCTBeHno BciMt ToiKaMi J npocTpaHCTBa noJiyia- 
ewb noBepxHocT0 Fi'{f), coBOKyneocTL kohxi. oSpasyeTt cncTe- 
My od' noBepxaocTefi. HcKJiioieHie cocTaBJiaiori. BepmuHH ochob- 
Horo TeTpae^pa: ,HJia euxi. f h ^' ToiKeCTBeHHH, ypaisHeHie 
Fi'{f) o6pan;aeTca ToatecTBeaHO m, nyjit, ii nOBepsBOCTH Fi{f} 
;tJia iiHXT. He cymecTByeTi. 

nosCTaBJiaa KOopAHHaTH ocbobhh^^ toicki — BepmHHi oc- 
HOBHoro TCTpaespa BMtCTO x, SyaeMi b'b ypaBHeniH {!^^'xx')=o 
hm4te. ab* CTpoKH paiiHtis^, B cJitflOBaTeJibHO, KaKOBa 6li hh 
6a3i3. TO^Ka f, cooTB^TCTByiouiaa eS noBepxHOCTi. F^'(f) npo- 
xoAHTL qepe3T. BepmnBH ocHOBHoro TeTpaejpa KOHHeKca /"=0. 

HaKoneiit caMT> MyTi bt. aaKJiioieHia CBoeS i^HTupoBaHHoH 
BHHie CTaTLH yKaauBaeT^ na TpeTBio aajiaiiy, KOTopyio moikho 
pascMaTpHBaTt, KaKi pacnpocTpaHeHie ero saaa^H na npocTpan- 
■CTBo; HMeHBo, OHT. sajiaeTCa BOnpocoM^ o reOMeTpHieCKOM^ Mi- 
CT^ TaKH^T. TO^eKi X, ^TO HJiocKOCTb, Hposojiiimaa Hepest ;iaB- 
Hyro TOHKy ^, ^epesi x h x', coAe^simT. h ToiKy x". 9to Hpn- 
BojiBTi HacB KT. noBepxHocTH TpeTLsro nopjisKa, ypaBHCHie ko- 
TopoH HanHureTca 

aJ>xC}{ay^x) = o 

H KOTopaa npoxojiHTL, o^eBHjtHO, Mepest TOHKy ^ n lepest 

TO^KH ^~' H ^~\ 

06paTH0 reOMeTpHTCCEOe MiCTO TaKHXl TOIOKt X, MTO HJIOC- 

KOCTL ^^'x cojtepatHT-L h ^", oSpagyeT^L hjiockoctb {^^'^"): 

Hc^oAs Hat jiBoHcTBeHHaro npe;[CTaB.iieHia nojiyiHMi ana- 
jiorHHHHMT. oOpasoMi pasBepTHBaiomyioca noBepxHOCTi. 



EaKt orHSaiom,yio HJiocKocTeS u, KOTOpna nepectKaiOTCa cl co- 

OTciTCTByiOmHMH HM-L nJIOCKOCTflMH u' HO HpjlMHMl, JieaiaHlHM^t 
BX EJIOCKOCTH tV. 

15* 
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^a-[i'fee, orB6aiomaa nJiocKocTeH u, o5jiaaaiomnsx rlMt cboH- 
CTBOMT., TiTO u^u' iiepec'iKaKiTffl no npaMoA, BCTpiiaiomeS npa- 
wyio nepec'iqeBia jaRHoH DjIockocth w h eS cooTB^TCTBytomea 
BT. KOHneKCt w', BLipasHTCJi nOMombio ypaBHeHia: 

(aI)ittv)uaiv$^o 

3T0 noBepxeocT[. BToporo KJiacca, KOTopaa itacaeTCa hjiockocth w. 
OrnSaiomaa njiocKOcreH u, jiJia kotopejs^b To?Ka nepeci- 
Heeia njiocKOCTeH u,u' ,u" jie?KHTT> b^l sannoS ojiockocth v, ecTii 
noBepsHocTi. TpeTtaro KJiacca Kacaiomusca njiocKOCTeH u(~^), 
«(—2) H u: 

UM?5-f(acm) = o 

OrHĕaiomaa njiocKoCTen u, ass KOTopusi. TO^sa {w,w',u) 
jeatHTi Bt DJiocKOCTH tv", ocTb TOHKa nepeci^enia njiocKocTeS 
w,w' ,w", 

TaKHM'6 oi5pa30Mt WH noJiyHHJiH npocTpancTBeHHtie aea-iorH 
To3 ciTK KOHHHecKH^i ciieHiti, KOTOpHu pascMaTpnBaeTi MyTi 

H KOTOpaa BCTpi^aiOTCJl H BT, MeXaHHK-b — B-h H3C,lltWBaHijlXt 

BypMecTepa no KHHeMaTHKt KOJuiHeeapHO-HSMiHaeMoS CHCTesiu. 

23. OSpamaeMca ko BTopott rpynnt KOBapiaHTnuKt 
6HJi0He3HoS 4*opMH f{x,u), KOTOpbia co^epaiaTii, 

Kp0M'i TOieHHHSt H nJI0CK0CTHHX1. KOOp^lHHaTt, H pajIX KOOpBH- 

eaT^L npaMoA. BosbMeMT. npesijie Bcero caMyio iJopMy f[X.u) h 
npBM-tBHM^b KTi He3 onepan;iH sTopoS rpynnu. Onepan;iH II, 1. 
;iaerb ^iopJiy aj}^ \ajipp), KOTOpaa oCipaniaeTca TOiEecTBeeeO' 
Bi eyjii., Hdo M^SHaeT^b sHaKt npH o6M*E'h a h h\ eo toH ate 
npHiBHi HcieaaeTi h ijjopMa «aWg {ban':n') nojiyiaeMaa eoMoutbiO' 
11.3. Ouepaiiia 112 jaeTi t()opMy aj,{axpp), KOTopyio MHoaea- 
qHM'b x(^i?')i aBOHCTBCHeaa onepaiiia 11.4 AOCTaBHT^b Ua.{auTT7T) 
KOTOpyio osHaHHMi S\u,Tr). OjiHOBpeMeHHoe npBMiHeeie ^iBy^-b 
liOCJ^LjiHHsi onepai^iA npHBO;iH'fb k-b i|iopM'fe {(mjT7T){axpp), 
KOTopym oana^HM^ c:i{x.p,u) h naKoneiit ojiHOBpeMeeaoe npn- 
M^Seenie II. 1 h II.3 npHBojiHT^b Kt ({)npM4 (a5Trr)(a/9p^)==T(^), 

ECJIH BMicTO / BOSbMCM^L lJ)OpMy/',, TO HOJiy^HM-b aJ>o.{^Xpp) = 

Xi(a;.?') BM'icTO x(^,?'); BM^icTO ^ {u,rT) SyjieMTi HM^iib $i(M,rr) = 
Ua.a0ii^7T), BMicTo a{x.p,u) nojiyiaTCJi da.{au7T?T]{Bxpp) =- 

(J,{X,p,Ji) H BMiCTO T(p) — {aS7T7T){ySpp)Cad^T^{p) H T. s- 
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BooSme ^opMa f^ npHBeaeTi nac^ Ki KOBapiaBTaMii Xa(^i?')) 

.^j^{U,7T),(0^{x,P,U) H T^{p). MeHE^y HHMH MOateM^B yCTaHOBHTb 

cooTHomeHia, aHajiorH^Htia rfiMi, KOTOpbia CBasHBatoTT. Meat;iy 
coCoro /^. /I,J[H 9Toro saMimMi, ito /;, noJiy^aiOTCa bs^l /"^ 

noMoniEEO npoitecca ^(xpp)/^ — a ^to npoiiecci aTor^B Bt 

npHMiHenia kx w^, ^iaert b^ pesyjibTaTh TOHteCTBeHHO nyjih. 
npBMiHsa no3TOMy onepaiiiio ki ToatecTBy (9) §21, CyaeMi HMiTi. 

H BOOCme E31 (10) 

IIo;io6humx o6pa30Mi £h{^i^) nojiygaeTca h3i /^(^jW) iio- 
Momtio oiiepan,iH S{u7TiiT)i-j—, KOTopBia Bi npHMiHeaiH k^b Wj, 
;i;aeTi bi peayjibTaT^i 0. 

npHM§Hfla Ki (9) § 21 nojiy^HMi 



H B005me M3Ti (10) 

TaKSMi o5pa30M^ sei $opMH Xa BupaiKaioTca noMombio 

TpeSl H^-L HHS^ XjXi "^ Xa ^ ^^^ sA HOMOmtK) ^,^, H f ^ . 

ToiHO TaKate iJopMy a mokho nojiyMHTi. hst, / noMomi-H} 
npoiiecca 

KOTopHS B^ npHM^HeHia KX Ux saeTi b^ pegyjiBTaTi 0, h cji^ao- 
BaTejiiiHO npHMtHeHHaa ki (9) h (10) § 21 ;(aeTX 
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He Tpy^HO Ha caMOMi ^iJi* yCijiHTbCa, mo 

Jl^iĔCTBHTeJILHO, K09(i|)l|)HIlieHTH npH ^^M^ yBHITOIItaiOTCa T0ffi8- 

cTBeHHo, a EOst|)$imieHTt npH cCiUi ecTb ne ^to hhoc b3k^ 
H paseHi no9T0My hjjieo b^ chjit caMaro onpejiJieHia bbjih- 

lAHl. Pii . 

TIto6h BHBeCTH SaBHCHMOCTb mMAJ (|)OpMaMH T^T^...T^, 
MEi yace ne MOHteM^ BOcnoJiEaOBaTLCH cJiopMyjiaMH (9) h (10), a 
jipHStrHeM^L Ki npHBeacHiio EOHneKca/' KiKanoHHHecKOMy BH;iy, 
TenepL ^e ocTaHOBHMCa eme na onepaiiiHK^L 11 5 — 8. Bi npa- 
MiHeHin kt, cJiopMaMi Xi«j*^ '^^^ mioti bi pesy^iLTaTi 0, q 
To;iLKo ^opMa r, HOABeprHyTaa aiHMt onepan^iaM-L, npHBOAHTi Kt 

^lByM^L HOBHMt (j)OpMaMl. 

{aB7r7r)(a^yx)Cx h (aBcu) {afipp)u-( 

(ocTaJiLHHa ;tB'6 i|)opMEr (a5rrrr)(a/?y(J')Ca,c?j: b {aBcd){a/3pp)uym 
oGpamatOTCa TOmecTBeHHO bs 0). 

05pam,aeMca k^l reOMeTpniecKOMy HCTOJiKOBaHiio nojiy^en- 
HHs^ KOBapiaHTOBt H Hpeatjie Bcero kt. ijiopMaM^ T;^. Bosb- 
MeMt CHaiajia npocTiSuiyio H3% HHXi T. npopaBHeHBaa Hy.iio 
8Ta (|iopMa HBoCpaJKaeT-L KOBapiaHTHuS KOHneKcy (1,1) kom- 
HJieKCL 2. panra. Ecjih (|iopMa f{x^u) upHBeAeHa kx KaB0HHqe- 
CKOMy BH.iiy, TO T, KOTOpoĔ Bupaatenie b-l pasBepnyTOMi bh;;^ 
npe.ncTaBHTca 

j^,{aijaf:i—aiiakj)pij,7Tji = o, 
npHBo;iLTca kl cyMMi Tpe^t HJieHOB'B 

(X,)t, -i-X,Kj)^^^P3,-t-(x,X, +\yi)p^s,Pij +(>^i\ + ^2^j)P,i^i3=0 
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Ci noMombio ToaiecTBa 
3T0 ypaBHenie MOHtei^ 6htl npuBejteeo k^ ohrou.j h3x Tpex:b 

SRBHBaJieHTHIJSl BHJlOBi: 

{\~KK\~\)Pi,P^4 +(x^— kJ(x,— Xj)j?„p„ =0 

i\ ^^{^ — '''■s^PiaPit "^ (\~\)(\ — ^2)^1 ,^.3 =" 

Sauiiaa aaiie, ^to ?,jis npsMoH, coe;iaHHKmeH TOiKy x ct 
rowojiorHiROR) eĔ to^koio a;'(3;'j-=K,-a^,.), 6yseMi HMtTB, ^to pi^ 
nponopi;ioHajiBHO (x,- — y.t)x-Xi, n cjiisoBaTejibHO, eanp., 

p^j)^^=(x^ — y.^){y.3 — y-Jx^x^x^x^, (a) 
a 

p,^p^^={y.^ — y,)iy; — y.^)x^x^x^x^ (6) 

EcjiH no;i;cTaBaTii 9th sHaieHia hx^ bx npeaasymee ypas- 
Heme, to oho y^tOBJieTBopHTca, hjih jiygme pas^iijiaH (a) na (5) h 
HsOaBJiAaci. 0T% SHaMeHaTCJia, nojiy^HMi He hto HHoe, Kaiti 8to 
ypaBHenie. TanHMt o6pa30MX T=o ectnb KOMnMKCs 2-io pama, 
o^pasyeMwU jtynaMU, coeduHHKutUMU moHKU npocmpaucmea cs 
coomeibincmeymuiUMU UMh es KOAAUHeauiu, ycmanaeAueaeMOU koh- 
nencoMh f\x,u) = o. TaEt KaK^ ypaBHeaie T eoBepmenBO chm- 
MeTpHTiHO OTHOCOTejrtHO p s 7T, ab % a^, To MO^Ho Henocpea- 
CTBeHHO saKJiioiHTi, ^TO T— ecmh oh moame epCMH coooKyn- 
nocmh npaMht^^d nepecmenia coomeTbmcmeenmi^h nAOCKocmei^ u,u'. 

Mli BsajiH sJiH jOKaBaTe^BCTBa npeflH;iymefi TeopeMH koh- 
HeKCi, npHBe;ieHHidft k^ KaHOHH^eCEOMy BHsy; ho ne Tpyjno h 
BT. oSnieMT. BHji^Ĕ yS^ijHTBCjr, "jto Kaat^aa npaMaa nepec'6HeHia 
;tByxx cooTBiTCTBeDBiJXt njiocKOCTefi u', npHHa^iJie^HT^ kom- 
njieKcy T. Jl,4acTBHTejibH0 Tasaa npaMaa HMieTi cbohmh aKciajiE- 

EHMH KOOp^IHHaTaMH BCJIHHBHH 

6.7Tij, = u-x{uiCk—Uhei) («,/:= 1,2,3,5). 
EcJiH 3TH SHaienia HOjicTaBHMi bt. ypaBHenie T=^o, npa 

^CMI Bl MHOatHTPJIL (o5;Tfr) HOJtCTaBUMT. CrT;-^— «^(CiM,-), a Bi 
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m> peayjttTaT^ 

Ujm{abcu).S{aifi}^-~ ai-j3^ {u^di — «ic?,-) =u-(Ut{abcu) {ua.d'^ — u^dii) 

KaatauS h3i jiByxi nojiyiaeMHSi mmm, o6pa30Mi onpe- 
S'feJiHTejieH oCpamaeTCa ToateCTBeHeo Bt Hyjib, — jtiBcTBHTejitHO 
nepBHĔ iJieHi 



u-^ui{abcu)ua.d-f^ 



•lf 


<lf 
dx. 


df 
dx. 


JĔ! 


df 
dx. 


dx. 


df 
dx. 






^i 


U^ 


«4 



hSo COJiepHtHT^ AB'^ TOHCeCTBeHHLIXl CTpOKQ — 1-K) H 3-LIO; T01HO 



UfUi{abcu)U(,da- 



^ jĔi Ĕl Id 

dx, dx^ dXs dXi 

Af JL M. AL 

dx^ dx, dxg (lx^ 

dl df df dl 



nOo TomecTBeEaH ctpokh 2-a ii 3-ls 

HaEoneiit, itoMnJieECi T npo^tCTaBJiaeTi coSoto coBOKyn- 
HOCTL npiiMLisi p, nepec4KaEoni;axca ci cooTBiTCTByiomHMH hm^l 

BT> KOJIJIEHea^iH, yCTaHaBJIHBaeMOH ItOHHeKCOMt /==0. JtiSCTBH- 

TCJiLHO, npaMaa p', cooTB^ĔTCTByiomaa p, — onpejijieHHOH toi- 
KaMH x,y — TaK^ ito op(i==x^yk — ^iy^, — HMieTi cbobmh koopah- 

HaTaMH Pp';i^^';?/'4 — ^'iy'i, HJI^ eCJIH KOHHeECT. f==0 BSHTh B'b 

itaHOHHiecKOMi bh;!'^ pi^',-*— x,->ti(3;,-i/i — a^^i?/.-)— o.>;,-Xi;P,A. ycio- 
Eie, ^toSh npaMtia p s p' nepeciKaJiHCL, coctohtx bt, TOM:t, 
"itoOei oSpamaJiocL bt, nyjiL Bapaiseeie 
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^ 'T^Pii~P,lP\! '^P^iPli '^PliP,s'^P,=P\i!'^P4!p;!>+P,,P\4 

rjli P^PitiPi^^^PiiPii^^Pi^Pi.i ^'■'0 oseaiaeri yHniTomeBieMO- 
MCHTa ABysi npaMHXi Meat^ty coSoeo. B^ HacToameHi cjiyqat 
npH no^iCTaHOBKi p' ik^^y-i^^-JiPik ^to ycjiOBie npnHBMaeTi bhax 

PiiP^SW^^W) "^ Pi>,P,i{W'^'^-4,\)'^ PnPiXW +^-i'''J + '^r 

T. e. BupaataeTt, gio p npHEaaJie^HTi EOMHJieKcy T. 

9toti KOMn.JiiKC^, oĕpasyeMHS jiByMa KOJr.a0HeapHL[MH npo- 
CTpaHCTBaMO, BnepBEie HSyieni Cojtte no;ipo5HO Reye Bi ero 
Oeometrie d. Lage {1-te Aufl. 1868), noieMy h HasHBaeica 

HiKOTOpHMH aBTOpaMH ') PCHeBHMl KOMHJieKCOMi, SOTS, BaK-b 

3aMtqaeTiEj[eflHT, (ComptesEendusT. 70 p. 1222), 9Ta koh^h- 
rypaiiis Sajia saMt^eHa en^e paH^Ĕe, ocoSenHO Chasies'eMi st, 
ero Aper^u liistorique. SiOMy KOMUJieKcy npEAaeTCa TaKKe 
HasBauie TeTpae;ipaJibuaro, noTOMy ito ero „noBepxBOCTb oco- 
OeHHOCTea" (Singularitaten— HJiH singulare Plache) pacuajiaeTCH 
na leTHpe njiocKOCTa — rpaHs ocHOBHoro TerpaeApa KOJiJiHHe- 
aiilH, — KOTOpua, KaKT, HOKasHBaeTi upnBeaeHHOe kt. HaHnpocT'feS- 
uieMy BHjiy ypaBHenie T=o, uepec^KatoTca Kaataow npaMOio kom- 
ujieKca 81 leTupest ToiKasT., aurapMOna^ecKoe OTHOuieHie ko- 

TOpHXX UOCTODHHO, 

Bi CBoeti aaM^TK^b Ueber die Plucker'schen Conip]oxe 
(Math. Ann. B. II p. 1—8) KjieSui^ onpe^tJiaeTi ocoSeuHyio 
noBepxEOCTb KOMujieKca 2-ro nopsAKa '), KaKi reoMeTpaiecKoe 

M^iCTO TO^eKl, COOTB'6TCTByiOHtie KOTOpHM^B KOHyCH KOMUJieKCa 

pacna;iaroTca Ba napy uJioCKOCTeA. 

BoSLMeM^L KOHHeKCTi f(X,U)=0 B^L KaHOnHHeCKOMl. bh;i'6, h 

CJi^ĔAOBaTeJitHO ypaBBeHie T bt. o^hom^ hs^l Tpexfi BunncaH- 
BHXi BMuie BB^ioB^, saMiHHM^B PiK=^iyk-~XHyi H ciHTaa sa 



') Hanp. S. Lie Tleb. d. ReoLproeitat9verMUniss« des Reje'8Chen Comp- 
Jexes. Gotdjig. Naenr. 1S70 p. 55—66. S, Starm D. Gebilde ersten n. Eweiten 
Grades der liiniengeomPtrie Th, I. 18SI2. 

*) ]i.ns KOMDJieKca «-ro nopaaKa Aajix nepBBft onpejii.iieHie BToit neBepx- 
HOCTK M. IIaiU'B nt CEoei /tHceepraiiiK pro yenia letreiidi; Znr Theorie d. Comp- 
lexe u. Congrueiiaan vou Geraden. Giĕssen i870. 
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TeKymia KoopsHBara BeJiH^nBH y, Cy^ieMi HCEaTb aBOJSHyio 
TO^Ky 3T0S noBepxHOCTH, Ona onpejiiMeTca ypaBHeHiawH 



*^y. 






<'2/* 



EcjiH BoabMejai nepsoe mi Tpest BHnHcaHHHXTi BHiue 
ypaBHeHJS jtJia T, to 3th nocjriflHia ypaBHema no BCKJiioieHiH 
y ;iam"B bt. peayjitTaTionpejtijiHTejib (;tJia KpaTKOCTHOSHaiHM-B: 

o Bx.^x^ Ax^x^ (A — B}x^x^ 

Bx,x^ {A—B)x^x^ Ax^x^ 

Ax^x^ (A — B)x^x^ Bx^x^ 

{A — B)x^x^ Ax^x.^ BxjX^ o 

K0T0pHfi paBCH^ TOsecTBeHHO Hyjiio , h6o T{Xiy^ — ^iyi) =0 
HsoSpajBaeii KOHyci. ItoSh 9T0Tt KOBycT. o6pamajiea wh napy 
njiocKOCTefi, H Bci MHHOpH BHHBcaHHaro onpest Jl HTCJia AOJiatHH 
oSpamaTbca b^ nyjib, hto /lacTi. HaMX cooTHomeHia. 

2AB(A — B)x^^x^x^x,~o,2AB{A—B)x^\x^^x^=o, 

2AB{A — B)x^ ^s^^a;,^^ '=o. 

JliBHa ^acTH 3THXi Tpexi ypaBHemS HM^ioTt o6ffl,iB mho- 
atnTejib 

AB{A — B)x/x^x^x=fp 

H TaKHMi o5pa30Mi MH yg^ac^aeMca, hto ocoCeHeoio noBepx- 
HOCTtK) KOMUJieKca T aBJiaeTCa ochobhoS lOTpaejipt KOJiJiHHe- 
aitin f{xu)=o, 

EcJiH 6h bx ocBOBy Cnjia nojio^ena ne ^iopMa f{x,u), a 
4)opMa /■, (:r,a), T. e. ccjih 6h mh CTajiH paacMaTpHBaTt coBOityH- 
BOCTb HpflMHxx xx" (coBHajiaioHiyio ci coBOKynHOCTLio upa- 
MHX* uu"), TO npHinaH 6« KX EOMOJieKcy 2-ro ate paHrar,=o." 
HO caMOMy oSpaaOBaHiio stoS ^opMu acBO, ^to noBepxHOCTbio 
ocoOeHHoCToĕ 9Toro KOMHJieKca SyjieT-B tiiti jkc ochobhoS Te- 
Tpaejip^. H Boo6nie KaiKjiaa KOJiJiHHeania fjJ,xu)=o npaBO^HT^ 
Ei KOMnaeKCy T/^-^o, TeTpae;ipajii>HOMy h HMtiomeMy ocoOeHHOio 
noBepxHocTLio ocHOBBoS TCTpaejipT. EOJiJiHHeai^iH f{xu)=o, o6ui,ifi 

BC4UX f^{xu)=0. 
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BsaHMHoe OTHOiueHie 9thxi KOMiiJieKCOBt Tj^ = o mo^ho 
npeACTaBHTb ce6fi TaKi. BostMeMi KaKyio-HH6ysb hjiockocte. u 
npocTpaHCTBa, ona nepeciKaeTca mockocti-io u\ coOTB^TCTByto- 
meio efi BtKOBHeKCr& f=o no npauo3 ?^i^ = %M'i — ^d^*',-, npH- 
HajiJie^ameA KOMnjieKcy T=o. IIjiockocti. u", cooTBircTByiomaa 
u B% f= 0, nepec^KaeTi u no npaMoS rr' : jr',-^ = %M"i — ma«",., 
B0o6ni,e w'^' nepeciKaeTi u no upaMofi ;t!*~'* : 

n-'*^" = u.ti^^—u^^u')*,— 

npHHajjieatameH KOMmieKcy T^=o, Tm-h KaKi no ypaBHemio 

EM^eui: 



H BOo6me 






KooppHHHaTH Bcfei npaMtix^, npHHa^njieatantH^t pasjiHHHiiMi T^ 
H jieatamHK^ bt, hjiockocth m, BHpaataiOTCa jiHHeSHO noMOinbio 
KOopjiHHaTi npflMtixi, npHHa;iJieatamHXT. KOMHJieKcaMi T, T^ h T^. 
npaMan p' coo6H],e He npHHa;iJieateTi KOMnjieKcy T. X^^~ 
CTBHTejiiHO, Ho;(CTaB.iBa ea KOopjiHHaTH 

p'ii = Xi3f'i~Xix"-={y.^ii—'K'^i)x^X/, Bi T=o, naSjieMi: 

o=Xj^x^x^x^ (Xj — y^)iy-i—y-3)i\ — ^^Jiy^i—y-s^i^s — Jih — ^^J^ — 

OTKyja saKJiio^aeMi : 1" tohkh, JieJKamiH na rpaHssi ocHOBHOro 
TeTpae.npa, h ;iBoficTBeHHO hjiockocth, nposojainia lepest Bcp- 
IHHHU ero, jaiOTT. naiaJio npaMHMs, o5mHMi BciMi KOMnjieK- 
caMt T^. 2" T01KB, jieajamia bb'Ĕ noMaHyTEix^ rpanee, ;iaioT^ 
npflMMfl p', ne HpHnaaJieatamia T, eCJiH jnCKpHMHHaHTi xapaK- 
TepHCTH^ecKaro ypaBneHia K OTJiHieHi ot^ Hy.ia; ecnH jko OHt 
oCpamaeTCJi Bt Hyjii., t. e. h'Skotopus nat BeJiHgHHi. y.^,x^.y.^,'/.^ 
craHOBaTca paBDU MCJKAy coSoio, to bc4 nocji^taoBaTejibHtie tc- 
TpaejpajiBBHe KOHHJieKCH T/^ eoBuaaaioTTi Meatay co6oio. 

lIpeAHJtyHiaa CBaai, MeiK^y geTupbMa npaMUMa bi ojihoS 
HJOCKOCTa: jr, tt', tt" h 7t"\ h ;iBofiCTBeHBO Mem;iy qeTHpp.Ma, 
npoxo;(amHMH ^epesi oany TO^Ky x: 
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yKasHBaeTi yffie HaMx na CBjisB Meat^iy t|)opMawo T, Tj, Tj aTa. 
Ha caMOMi ^iiii jrBeeaHO-CBasaHHBiMH OBasHBaiOTCH y;Be (^opMti 
T, Tj n Tj. ^tacTBBTe^BHO 

2"= (x,—z,)(K,—y.,)ft,i>,, + (X3 —',)(>',— y,ift,p,s-o 

I". - (^,'— >-■,')(«. —Xi ')(?>, A. + (■-','— ''■.')('<i'—'<i>i,ft!-'' 

ri-^'-,'— ''■l')(>'-."-'<!')(i', *. + (>-, '-"4 'l^ll '->-■» 'to,?».!-» 

yMHOiiaji Tpa ypaBHeniH na A, w, v a OHpeA^Ma 3th mhoikh- 
TCjiH TaK^, iiToSij yHHiTO-^njncB K03il)<!>HHieHTbi nps i>,2?>34 H 
PisPi^t BB-B ypaBHeein: 

(x,— /.,) (>'..-z,) a-h(k,'-z,') (x/-x.V 

+ (Xs'— X,') (>tj'— X,') v-o, 

(y,-^'.) {\— •■'•,) A + (x,''-x.-) (x,'-x/)u 

+ (','-"■.")(>'■.■-'<!■)"-''. 

'h:u:w^ir—i":-i':l 
T. e, 

T^ = i'T,+(i"^ii") T. 

;-["■.], ^-['■.''^.^-['•■.''■i'',]. '■•->'■,>'■,>•■,>'■. 

nojiyiHwt ji.ifl K09(H'eili™TQBt cooTaomeeia, CBasuBaiomaro 
Ta-j^ ^A+i H T/j, TaKiJi BHpaatenia 

A;i,-[x,''-x/->-x,''*'] . [x,'-"]-(x,y,x,x.)**' 

-!"j. ;,,-(!")''", eCJH !"j-Jx,'"X,'""X,**' 

"(S,-[".''*'"/'*'], "-1 

r,.„-,<,,j, T,i,.-A,4 r. 

TaKHMi oBpasoMi CHGTeMa co^ EOJiaHeeaEiia — CTeneneS kojijih- 
Heai^ia f{x,u) = o npHno^iHTt eaei kt, nyiKy co^ TeTpae^paJib - 
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Hu^i KOMDJieKCOBi, npHHaMea!amHXT. ki oCHosHOMy Teipaeapy 
KOJiJiHHeariiH. 

OOpainaeMca ki ^ipyrBMi KOBapiaHTHHMt f{x.u) (|iopMaMX 
H npemAe Bcero Ki «{lopMi y{x,p)^a^{axpp). reoMeipHiecEoe 
SHa^enie ea cJi^Ĕayiomee: KOHueKCo \3,i], noAyuaeMhiil npupae- 
Hmon amy ^opuy nyjiio, KaotcdoH moHKrb x npoonpaHcmea nod- 
mnmnts cneuiojibnbi^ Auue^^nuii KOMnjteKd — coGOttynHOcmb npa- 
Mux^ p, nepec?hKamiiUXca cs npnMOm xx\ coedunniouieio x Cb to- 
MOAOmnnOK) eU ffs KOMwneauiu f{xu)—o momow x'. /(iHcTBa- 
TeJiEHO ycJiOBie nepecSienis jiBysi npjiMHxi x>^q coctoht^ KaK^b 
ya;e Shjio jnojijiHyTo bhhic bi tomx, itoGh MOMeHTi. 9THX'b 
npflMHX'i, 6h.i% paBent nyjiio; 

eCJlH SjiCL 

2((t = ^i^h - ^i^'i = <^i{^i^/^) 1 

TO npeAu;iymee BHpasenie npaBHMaeTt Bajt 

Oci.10 9TOro cneHiajibHaro KOsinjieKca BB.iaeTCfl npaMaa xx'. 
IlpaUOlt p ST, 9T0MX KOMHJiect CO0TB'6TCTByeTl noBepxBOCTb 2-g 
cTeneHH, KOTOpaa TaKt npeoOpasyeTCa npE KO^jiHHeapHOMi. npe- 
oSpaaoBaaiH, ito npaMua, coeAHHJiioinia cooTB'feTCTBeHHiJH toikh, 
npoxoAai'i> ^epes^L ojiHy npaMyro p. n0BepxH0CTL 9Ta MoaeTT. 
oSpaniaTLca bx Konyc^ wfl ThxT, npHMH^^L, KOTopuii bhhoji- 
HaroTi, ypaBHenie 

1 <^i{o-PPh-^(i?c{<xppk I =0, 

noaygaeMoe npHpaBBHBaa Hyjiro onpe^i^ijiBTejiL hs^l a.aeMeHTOB^L 

Gi{app)!i + 0,i,{ccpp)i. ECJH SaMtTHMI, ^TO (|lOpM'6 ai{axpp), BBOM 

BMicTo paMaJiLHHK^L Pi/i aKCiaJiLHHH KoopAaHaTEi TT^/i npaMoS, 
MoatHo iipHiiaT& BH^iii a^TT^^a, To upoAHAymee ycjiOBie nepe- 
nHineTCa TaKi: 

^n-nJTj . rr'prr'g , ^"i^"^ ■ ^"'trr''\ . {ahcd)=o; 
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BSaTI BX KaH0eHVeCKOMI BHA^, TO 



ecjis KOHHeKci f{xu) 

IIoMHHyTaB onpeA'ijiHTeJi& npHHHMaeT'& Tenepb bh/ii: 
^"i—y-Mi, (\~y-3)P42 (\—\)P23 

(x, — y-^^Psi (Xg — nji',! {\ — y-sjpis 

(X,— Kj)^,, (K,— X3)i9., (Jtg— Xji).3 

(X,— X j^,3 (\ — ^2)^?. s (y-3 —\ )Pi 2 

pasBepTHBaa ero, y54;iHMca, ^to ohi npe^icTaBJiaeT^ KBaipaT^L 
(j^opMH T ^). HTaKt; ec^w npnMa» p npuHadAeomumh KOMnACKcy 
T=o, mo coomerbmcmeyiouiaH e^ oz KouncKcn, ^i^iP)'^^ ^^' 
eepxHocmb 2-%o nopndKU eupo^daemca. es KeHycz; ji,3a ^topsia 
Xi{^P)' nojiyHHMX TOHHo TaKsce: coeoKynHocmb npaMruxz p ecmpm- 









— (4 CT.). Onpeflta:ttTeat 06- 



2-ro CTOJiGna h BntCTO TpeTtaro (3 eT.)4 
pamaeTCH bi onpe^luiBTeJiB S-rouopaaKa 11 ("1— -iij^pjj GOKpamacTCH. Bssbs b* 
peayjiETaTt bm. 3-to cTOJieita {3)^-^1, 5(1(3— Kj), paaOHBaeMi aa asa, npeoOpasoBaBt 
iipeiBapiiTejitno 3-ift 3JieJieHTX l-ofi CTpoKK noMOiHLB) P,iPs,-i-p,sPfi+p„p,3—o 
ET> BHiy T+p,j,p.ii{v.^—xJ,x^—v-2), (HHoatHTejEH K,— Ka H -^i—y^, BHHeceHH). 

OciaeTCH 

1 I fe ("1— "s)!"*!— «JiJisPi^ I 

— T 

■^"' I Pll ("1— M'-'*- ''■l)PiaI'i! I 
^ia (»1— KaJC^i- X4)Pirfu " 

PiS («1— ^(4) (Kj— »>iaPl4 Pl!!Pl3(«S— «4) 

DepBHi HJieHx=r', BTopofi 

=(«1— K<)'(X8— )ta)'j),s3Js. ■P,3Pt;+(v-i-y-,)\y-3~-^^'Pi:,Pii - PmP« 

+(x,— m^)2(5(,— x,)'p,,P3j.j),jJ>,j = — 42'*, H cyjiiita laKHM^E oOpasou* 
=52'',— ct HOiiomEHP BHpaKeHifi T cip. 231. 
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Haiomuxh npnMyw xx" oGpasyetm cneiiiajihHwA mHeuuu^ KOJun- 
MKC6 y^{x^)-=aJ)a(^xpp)=^o, a cosoKynmcmh mowsra x, dAH 
Komopu^i npRMaa xx" ecmpmaerm daHuyio npHMyio p, o6pa- 
3yemz no8epxHOcmh 2-io nopndKa, Komopan eupooKdaemcsi es ko- 
Hyci, ecm p npuHadAejicums KOMnjieKCy T^=o. H TOieo Tassce 
BOoSme wa X7t{x,p)=o. 

JI,BOSCTBeHEUMl oSpaSOMl ^{U,7T) = Uei.{aU7Ti:T) •= Kooicdoit 

nAOCKOcmu u npocmpancmea nodHUUHems cneuiaJibmiH Jiuueii- 
Hu^ KOMnJiBKCh, 6ctb npHMbia TT Koeio ecmptbHawmcn ca npnMOio 
nepecmeHiH u cs coomerbmcmeymuieio eU ea f'=o nJiocKocmhw u'. 
JCasKdoii npRMoH n npocmpaucmea |=o nodtuHnemii noeepx- 
Hocmb 2-10 KJiacca, KacameMHUH kz KomopoU njtocKocmu u ne- 
pectbKaKimcH cs coommmcmeywu(UMU umi es f= o njiocKocmHMU u' 
no npHMbiMi, ecmprbnatomuMi tt, u Komopan eupomdaemoH es 
njiocKym Kpmyjo emopoio nopadKa, ccau npHMan tt npunadjie- 
o/cum^ KOMnjicKcy T=o. ^^{u7t) = o no;t?HHaers u npjiuuH rr 
BCTp^i^aioniia mm'''*', h npauoa jr nOBepxHOCTb 2-ro KJracca, 
jja KacaTCJibHH^t u k^b KoiopoH mm''^*'' BCTp^^aeTi tt h ko- 
Topaa BHpOK^iaiOTca bl iiJiocKyio KpHByjo, ecjre ?r npHHajiJie- 
JKDTX KOMUJieKCy T=o. 

SaM^THMt OflHy ocoSeeHOCTb. TaKt KaKt 
ax{axpp) = axEa-{xpp)-, 

TO npH {xpp)i = o (« = 1,2,3,4) ypaBHOeie yflOBJteTBopHTca. 3th 
ate leTupe ypaBHeHia BupaataioTi, ito TO^Ka x jieiKHTi na npa- 
Mo3 p. TaKHMi oCpasoMi b^b KOHHeKci Xf^'^)^'' ^iaHHOH npa- 
MoS cooTBiTCTByeTi TaKaa nOBepSHOcrb 2-oS CTeneHH, KOTopaa 
npo^o^HT^ ^epea^B «paMyio p; 9T0 SyjieT^b CJiiflOBaTejiBHO ojiho- 
hojihS PHnepBojioHai hjih rHnepSoJiHiecKia napa6oJioHflx hjih 
2X1 BHpo»tAeHia Konyct h napa njioCKoCTea. Toiho laKate 

^{u,7t) ^ Ma{o«?r?r) =Mce.St(j-(MJrjr)j 

yjiOBJieTBOpaeTCa BcaKOio DJiocKOCTbio u, npoxo;iau],eio lepesi 
npaMyio jr, h6o TorAa {u7T7T)- = o («'=1,2,3,4), CJiijtOBaTeJiiHO 
noBepsHOCTE 2-ro KJiacca ecTb noBepxHOCTb jioHeaiaTaa. 

MoacHO Hea^e eme npejtCTaBHTb reoMeTpniecKoe sna^e- 
Hie x(^i2')- BosbueMi iiaKyio Hn6y,nb npaMyro p. Bi rJiaBHo3 
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KOEei];0aeen,ie EOiiEieKca f{xii) = o to^k^ x npocTpancTBa co- 
OTBiTCTEyeT^L ny^eKt njrocKOCieA «, HM^iomiS CBoeio octio cpa- 
Myio XX". Boo6ine roBopa bh o^ea h3i njiocKOCTeĔ 9Toro nyiKa 
ee co^ep;K0Ti. npaMoS it. ^toSu 9to 6hjio BoanojKeo, Heo6xo- 
,naMO, hto6m njiocKocTB u, co;iepiKamaH TOiuy x npAMyio rr, 
co;[epffiaJia h Togrcy x', t. e. ^noJiiKHO 5htl o^nHOBpeiaeeHO 

Mj, = 0, {u7T7T)^=0, {U7T7T)2 = B f{x,u) = 0. 

IlepBEia TpH ypaBHeHia ^iocTaBSTt Ui={xpp);, h no;iCTaBJiaa aia 
seaieeia u b-l f s noJiyiHMi a^{axpp) = o. 

CoBepmeHBO uo^ioShuu* oSpasost^ ti(u,7r)=o moikho ho- 
JiyiHTb, pascMaTpBBaa rJiaBeyio KOHHn,H;ieen,iio KOHHCKca /l^a:^,^) = 
H oTHCKHBaa TO^Ky HepectieHia ,naHHoa npauoĔ jt ci npaMOio 
Eepec'6ieHia njiocKocTeS u h u', KOTopaa aBJiaeTCa reoiieTpaie- 

CKBMl wiCTOMT. TOijeKl, COeaBHa[OQl,nXCH Ch U BT. 3JieMeHTH 
rjiaBHOH KOHHIlHjeBltiH KOBEeKCa. f{x,u) = o. 

EcjiH BOSiMeMi KaKia eB6y,!ii. TCJKy h naocKOCTb {x,u) h 
CyjeM^ HCKaTB TaKyio upaMyro p, ^to cjioCKoeTt v, cpoxoAfln(aa 
yepesi p a leppsi x, h TOiKa y BCTpiHa p 3 x oSpasyiOTT. 
sjieMeHTi, HpHea,iJie3Kamifi KoeeeKcy /^'{3:,tt) = o (ero rjiaBHoA kohc- 
u;BaeBi;iH), to KaKi m^cto TaKHSi iipaMiJXi. cojiyiBMt .ibech- 

HHH KOMHJieKCTi 

(j{x,p.u) = {aiirr:T){axpp) = o. 

^'iBcTBHTejii.Ho, CCJIH V cposojiHT^B ^epeai X H Tiepes^ p, to 
Vi={xpp)i\ ecJiH y JiejGBTT, na uepeci^eaia u b jt, to j/,.= (wjTjT)^, 
ito6h {y,v) 6EiaT. sjieMecTOMi f=o ,aoji»!eo 6hti. ayVa = o, t. e. 
{au7r7T){axpp) = o. TaKHMi. a:e o6pa30Mi nojiyiHMi h sHaieHie 

ilMpWh C3^{xpu), H T. A- BOOSuie G)fJ^Xpu). 

IIpaMOA p COOTB-iTCTByeTl KOHHeKCB (1,1), KOTOpHA 6y- 

,aeTi acojiapeHi KOHHeKcy f{xu) = o, ecjin upaMaa p BtiiiojiHaeTi 
yCJOBie, hto cyMjaa HpOBSBe^ieniH KoatjnjHiiieHTa npH x-m b-b 
/ H x^v- Bi cj oSpauiaeica bi uy.it, t. e. ecjiH 

Ibi{anrT)i iapp)ifi^ = {ab7T7T){aJ3pp) = 

T. e. ecjiH 8Ta upaMaa npHHa^tJieaiHTi KOMUJieKcy T^o. 

Hst ({lOpM^ KOTOpHa MH HOJiyiHJIH BHIue HaM't ocTacTca 
ocTaHOBHTbca ea reoMeTpHiecKoaii SHaieHiH iJiopMi. 

{abn7T){aByx)c3, h {abcu){a§pp)u-^ . 
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^to6h nojiyjHTi sto, saMiTBMi, ^to mh MorJiH 6u npn co- 
CTasJieHiH iJ^opMii « npejnojroatBTb, mto jr,j5 h ^/^ npaHawe- 
3:htx He ojHoa a toS a:e npsMoS, a ^sjtA-h pasJimHHMi; t. e. 

BSSTB npOHSBOJIBBO TO^Ky X, DJIOCKOCTb M, JlBt npaMHXX ^ H n"; 

TO^KaJ^HnpSMaa g onpe^ijiaiOTi njioCKocTb v: v^=(xqq)i; toibo 
TaK^e u nepec'iKa.eTca ct upaMom jt siTOiEt y :?/,■ = («^^tjt)/, 
^to5h 9j[eMeHT'L {y,v) npHeajtJie^aat KOOBeKcy /=0, t, e. v 
npoxo;iHJia lepesi TOHKy y', a y Jieatajia b^b mockocth u' 
;t0Jt3tH0 6htb 

{aif,:TfT){axqq)-~o. 

HpeaCTaBHMi cegi Tenepb, ito EmeMi ycjioBie anojuap- 
BOCTH 9Toro KOHHeKca (1,1) no oTHonieBiio Kt f=o: oho SyAOTi 

{au7r7T){a/3qq) = 0, 

TAi 7X -aq ;iB'B hpohsbojilbo 3aAa6Hbixx npaMuxt. B03bMeMX aa q 
npaMyio, coejiHHHiomyio TOiKy x ci to^kok) x': j,-i = Cj,(^j.a:^). 
IIpeAH;tyni,ee ycjiOBie npaMeT^b Torja bbj;* 

(ah7T:^){a^yx)Cx = 
BaoSopOTi ecjTH 3a rr EOSbMeMi npsMyio uu' h bm4cto q Ha- 

DHraeMTi ^, TO SyaeMT, HMtTb 

u-^X^bcu){afipp) = 0. 

§ 23. BupoHtAeHHun h oco6eHHbm KOJiJiHHeaiti». ToJibKO npn 
BemecTBeHHOCTH Bc4xt KOpneS ypaBHeHia (17) nepesoii kx 
EaHOHHqecKOMy BH.ay coRepuiaeTca noMonibio BemeCTBeHHUSi npe- 
ySpasoBaHia, Hey^oScTBO HMtTt Koop^tHHaTHHUT. reTpaejtpoMi. 
TaKoS, KOToparo sjieMeHTti hc bcS BemecTBeHHH , sacraBJia- 
eTt npHBo^iHTb ypaBHenie KOHHeKca (1,1) ks anosiy npoCTiH- 
incMy BH.^y — ne KaHOHHgecKOMy, TaKT. ccjih jiBa KOpna (17) 
KOMii.seKCHO conpaateHHu: \=a + bV—l, y,^=a — bY — 1, to 

OCHOBHOH TeTpaejip^B HM^SeTt !lBi BenieCTBeHBHKl BepiUHHH B 

jB-Ĕ EemecTBPHBH^^b rpaBH b jBa BemecTBeHHuxx peCpa — co- 
oaHHaiomee BemecTBeBBua EepraHBH h nepectyeBie BeniecTBeH- 
HHXl rpaBeEl. npOCTtBraiS SHA-b, K-b KOTopoMy MOaiHO BpUBe- 

CTH ypaBHeHie KOHHesca BemeCTBeBHHMi npeoSpasoBaHicMi, ecTt. 
y.^x^tt^ + y.^x^u^ + a^^x^u^ + {a^^x^ + a^^xju^= 0. 

16 
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EcJiH saKOHei;! bc4 EOpeH KOMnjieKCHH, to nemeeTBeHeHss 
9jieMeHT0Bi E^ ocHOBHoat TeTpaeapt ociaeTca TOJitKO jiBa pe- 
6pa, npHeHiiaa KOTOpua 3a npOTHBOnojioatHtia peOpa KOOpjiH- 
HaTHaro Teipaejipa MOiKeMi npHBecTH ypaBHeeie KOHHCKca k-l 
BHjiy 

a^^x^u^ + {a^^x^-i-a^^x,)u^+a^^x^% + {a^^x^ + a^^xJu^=o 
EcJiH xapaKTepHCTHqecKoe ypaBneeie (17) HwSeTi KpaTHtie 

KOpHH, TO COOTB^ĔTCTBeHHBia KOJIJIHBeai;iH aRJiaiOTCa OCoSeHHHMH. 

BosMOHEHM cJiijiyEoniie cjiy^an: 

1° [211] no Cerpe '). ^sa KOpna (17) paBen Me^^ty co- 
6oio: K^=Xj. /IJBi BepiHHeu oceoBeoro TeipaeApa cjiHBaipTca, h 
ocTaioTCa TpH BepniHBH B Tpn rpaHH. Cji'l5Aya MOTOAy KjieSma 
(Uet. biternare Formen etc. M. An. I), npHMeiit sa BCpniHnH 
Koop^HHaTearo TeTpae^pa Tpu BepiUHHH ocHOBiioro h TO^Ky npa- 
Mofl nepeciieeia ^iBy^t oceOBenKi nJioeKOCTeS; npH naaJie^a- 
meMt bhSop^ ea ypaBeenie KOHBeKca npHHHMaeTi bhh^: 

*^i(^i^i +^4^4) + ^-,^2% +K^,K +ax^u^=o; 

HesaBHCHMHKl Meat^iy HHBapiaHTaMH «,«',,«,,*, TOJIbKO TpH HXt 

eBfl3HBaeTT. cooTeouieiiie: jiHcKpaMHnaHTt (17) paBeBt nyjiro: 
[9m'*"— 27iT— 27^""— 2i"-i-72i'j"']'~4(12r— 3iV'-l-i'^)' = o 

(J)opMa 

f^ = y.^M~\ {u^x^ +u^xJ + y.J-+^ii^x^ + x,''^+hi^x^ + 

(A+l)«x/M^:r, 

noKasHBaeT^, ^to iiocjii ^. Taitnxi npeoSpasoBaHiiT TOHKa x iie- 
pe^o^lHTT, BT, T0qKy Y: 

^Y^ = y.Ax- (i= 1,2,3), ^y, =7.ay.^^~-^ x^ + \^x^, 
TaKi. 1T0 ypaBHeHia ipaaKTopiil npHHBwaiorT. bhjii: 

') Sulla teoria e snlla ckssifioazioiie delle omografie etc. n" 20. (Atti 
Ac. Liiicei (3) XIX, IS84). 
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EcJiH ate 0=0, to x^=C,x^, 



TO ECE TpaSKTOpin Cyit KpHIJHS n.lIOCKlH H JieWaTI Bl nJIOCKO- 

CTHxx, npoxo;iflmHxx nepes^ pe6po x, =o, o;^ =o oCHOBHoro 
TeTpae^pa. 

2*. [31] TpH KOpea (17) paBHH ueKj.y co6oio: x, =x, =x,. 
MoHteo eailTH tojibko s.si pasJiHiHH^i jEHeeiiHH^i KOMCHeai^iB, 
KOTopaa BOcnpoH3BO,!iaTCfl npH 9tomi KOJi.THeeapeOMt npeoSpa- 
aoBaeiH. ypaBHeaie KoeeeKCa npHBO^iHTCJi Kt BHjty 

/=x.X.U, + ^CS-.^J, -i-X.U, -i-X,UJ -i-6X,U, -i- cX^V^ 
.-. A = x/X.U,-Fx/{X,U^-i-X,U^-hX^U)+)v&x/-'X2U, + 

>.cx,J-iX,U,--'^'''"^'>' 

ypaBeeeiii TpaaKTopin epa 5 h c OTJiHieLixi oti eyjia 
^y^iyTt nosTOMy 

Bct a™ KpHBHa jieJKaTi Ba nOBepxHOeTjixi BToporo nopaiKa; 
;iBOacTBeHHn TpaBKTOpia - pasBepTHBaioiniaca KacaioTca noBeps- 
HOCTa BToporo Kaacca. 

Ecm 6-0, c>o, X -ax,, lf~!_ai- 
log §-C, 

BCi Tpa9KT0piH CyTb KOHBHa HJOCKia. ECJIH H C — 0, Tpa3KT0piH 

cyTB npaMHa: 

0, 0, c\ ■ 

16« 
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eTi MtcTO eme cooTHOineHie 

I 6 3i i' j 

= 3z Ai' 3i" 

I 2i' Gi" 3ii"~i'^\ 
9,= (x,— y.J'5VX,X/, 1/; = — (x,— xJ'5c'U.C/,— 

OCHOBHOS TeTpae;ipi HMicTi TpoSEyio BepraEHy lJ^=o h TpoS- 
Hyio rpanb X, = o. 

3". [22]. ypaBHeHie (17) o6painaeTca bi nojiHLiii KBa;i- 
paTi, — HTO Tpe(iyeTi cooTHOnieniS: 



npocT§Emifi BHjjx ypaBBenia KOHHeKca ecTt 

/•=x,(X,U^+X.U) + K^(X,U +X,U) + c5,U^+(^'X.U 

.-. /;,_! =y./(X,U +X.UJ + x/(X^U,+X,U) + Aot/-iX,U,+ 

>.(^X'--1X,U^ 

95=(h, — )<,)VeX/X/ H '/'^(^'^(k,— x,)'U °U/, 

OCHOBHOS leTpae^Ipl CBOJIHTCa Kt JtByMt ^lBOAHBlM-b DJIOCKOCTflMl 

X, = o, X, =0 H ;iByMi abo3bhm-i. BepniHHau^ ^,=o, U^ = o na 
npaMoS Hxx nepeci^eHis. ypaBHenia TpaeKiopiH HMtiOTi bhaj: 

,r^(C.-%|)=?iO.-|) = (C.-|)^, 

Ecjih (i' HJia c paBHO Hyjiio, Tpa3KTopia cyTB KpHBua njioc- 
Bia: d' = o: 

°=|^(c=^^ ^ 

EciH HaKoiieii;^ ojtnoBpeMeBEo (^ = c=o, TpasKTopin oSpamaioTCJ 
Bx HpaMEia: 
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4°. [4]. Bc^i Kopea (17) paBHu Meatay cofiOH), — TaKi ^to 

i 3i! 2i" W" 



Tpa HemBHCHMusi cooTHOineHia Mescjty t, ^,, «, «j. iat STOsn 
ciyiai (JiopMa / MoateTi npHBejieHa k^b BHjty 

2 BOo6ine 

/?.-! = ^'■Ux+V-/-'(«^.U,+*S.U,+cX,UJ + 

'a(«&X,U, +icX,UJ + ^fc^^^^=^fl&cx.>-3X,U,. 



9!} = ffl'6'cX', v=«&^c^U,', 

TaKi 1T0 oceOBHoH Teipaeipt cbojhtch k^ leTBepnoS rpann 
X, — Q ^eTBepHoH BepniHHi JJ^-^o bi, HeS .iea;am,eff. YpaBne- 
eia TpaaKTopiS nwhior^ B0jt'L: 

TaKHiwB oSpaaoMt TpaeKTopie cyTL ajrreĕpaniecKia Kpw- 
BHa — nepeciieeiH QOBepxeoCTH 2. CTenCHH ci nOBepxHOCTbio 3. 
CTeneeH. Bi lacTeocTH ecjiH o^CHa h3i. BejiHtHirt a, i, c o5pa- 
maeTCJi Bt. Hyjib, TpaaKTOpin cyTb KpnBHs BTOpoK cTeneen — ■ 
coGcTBeHHHA HJiH HC co^eiBenHHa. EcJiH jiB-h asi BeiBinet 
«, 6, c o6pan^aiOTCji b^ eyjib, TpaaKropiH cyTt epaMHH. Ecjih 
HaEOHei(i ([=S=c=o, To bcIi toikh ocTaioTca bi hokoI, epe- 
o6pa30BaHie SyjieTi, TOKcCTBeeHoe. 

BHpoiK/i;enHiifl cyii. it KOJiJiKeeac(iH, kotophxx xapaKTe- 
piiCTHiecKoe ypasHeeie HM^SeTi oflHH'& hjih ^ojite KopneS paB- 
euxt eyjiK). Ecjih, eanp., \=o, to OTHeeeeaaji kx ociiOBiioMy 
TeTpaeApy ijiopiaa f npHSHMaeT^ bHhI;* 

K,X.U,+>c,X,U,+x,X,U, =0, ia) 
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ZBMacb TaEHM^ oCpasoMi 6flTepHapnoro iJ)opwoio. KamaoA tohk^ 
npocTpaHcrBa nojiHHaeTCH onpejt^ieHHaa BOoBme TO^na njtoc- 
KOCTH T^=o; ncKJiioieHie cocTaBMeTi TOHKa, onpej^JiaeMaa ypa- 
BHeHiauH 

^-^0 (^-.1,2,3,4). 

COBMiCTHMMH Bl. CHJiy i"' = 0, — efi HC COOTB^ITCTByeTT. OHpC^lijieH- 

Hoii TOHKH. Bt. cJiyia^ KOHHeKca, npHBeAeHHaro k^ EaHOHH^e- 
cKOJiy BD^y, TOTOa — 7*fiH»!p2 KOjMHHeai^iH HMieTi Koop;iHHaTaMH: 

5^=0, X,=o, X,=o (U,=o). 

JI,BO0CTBeHHO, nJIOCKOCTb X^ = {TJj^U^^Uj^o) He HMieTt 
onpejiiJieHHoH coOTB^iTCTByromeS efl nJiocKOCTH. ConpaateHHHS 
KOHHeKCi npHBo;iHTC3 K^ KjX^K,X,U, =0 H H3o6paffiaeTi rjiaB- 
Hyio DJiocKOCTB H i^eHTpi KOJiJiHHeaiiiH, $opMa fx—l HMieTl- 
Tenepb bh;ii 

fx~i =K/X.U, + K,^X,U,=x,?-X,U„ 

H HOKaaHBaeTi, ^to TpaaKTOpiH cyTt kphblih njiocKia, JieJKantia 
Ei rjiaBHOĔ djiockocth; 

X,=o, X/.-toX,'^.-^iX^-.-^. =C. 

PasBepTWBaioHiia TpaBKTopin cyTL 

U, = o, \lJ-.-h\}^K-KV^K-\ =C 

EOHn^iecKia noBepsHOCTH cx Bepuinnoio bt. i^eHTp'! KOJiJiHBeai;iH. 
/tajiBHiBniie cjiy^aH BHpoatjieHHLixt KOJiJiHueai^iS npe^cTa: 
BJiaiOTTi ^acTHHe ciygaH pascMOTpiHnaro, cooTBiTCTByioniie oco- 
GeHHOCTaM-B K Bepom;iemaMT. KOJiJiHHeau;in , ycTaHaBJiHBacMoS 
KOHHeKCOMi f=o na h.iockocth X, = o h bt. CBaSK'fe U^ = o. 

ECJIH Xj = Xs JBi BepiHHHH OCHOBHOrO TpeyrOJIbHHKa 3T0fl 

KOJi.iaHeaiiiH CJiHBaroTca t^k^ ate, KaKi h jiBt ero cTOpoHH. 

ECIH )<i=X, =X, , OCHOBHOil TpeyrOJItHHKT. CBOSBTCa Kl TpoSHoS 

TOiK^S H npOKOaameH lepes-B nee TpoĔHoH npaMoE. 

OcTaeoBHMCs Bt oco6ennocTH Ha cjiy^ai, Korja CoJiie o;i- 
HOro KOpHJi (17) oApainaiOTCa bi nyjiL 2". Xj = k,=o, TaKi ito 
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i"'=e" = o. KanonD-iecKiB Boai ypaBoeHia KOHHCKca ecTb 

x,X,U, +y.^Xjt\+aX.Uj=o npe x,^Xj h 

x,(S,U, +X,UJ + dX,U, +cX,U, =0 npa x. -=x, 
T, e npa 4i' — «^=0. 

Bi nepBOMi cjryHai 

5D = ffly., ^x/(k, — xJX,X3X. % 1/1 = ax, 'x/(x^ — xJU,U^U/ 
A_i=)(.'-X,U, + x,'-X,U,, 

BO BTOpOMI 

fx-i =x,MX,U,+X,UJ + Arfx,'--iX,U, 
T, e. Bx nepBOMi ciy^a^ ochobeoA TCTpaejipi. npaeo^HTCH ki 

JB0fiH0fi oaBHOi HJIOCKOCTH X, = H JlByMX HpOCTHMT. TpaHaMt 
X, =0, X^=0, BO BTOpOM^ Kl. ^tBOHHOH rpaHH X, = H aBO0HOS 

rpaHH— rjiaBHOi! hjiockocth X, =o. Ecjih bi iiaCTHOCTH « = o (hjth 
c = o Bo 2-MT. cjiyHai), to oaBHOK JiBJuieTCa Ka^,iiafl hjiockoctb 
npoxoj[iiu],aa lepesi HpaMyio U, =o, U^— o, h neHTpoMi Kaat- 
;ia.a TOiKa npaMo@ X, = o, X, = o, 

S". EcjH i' = i" = i" = 0, TpH KopHa (17) cyTb Hyjin: 
x^=Xj=x^=o. KaHOHHHecKiil bh;i'& ypasHeHia KOHneKca ecTt 

x,X,U,+5X,U,+cX,U.=o .-. fi-i^y.^^,\J,Q.>^) 

ocHOBHofi TGTpaejipT. CJiaraeTCa hs^ TpoSHoS rpanH X^=o — oaB- 
Bo6 njiocKOCTH KOJTJiaBeatiiE, h h3t. rpaHH X, =o; i(eHTpOM'i. aB-* 
jiaeTCJi TOHKa Z7^ = o— TpoJlnas Bepuinna oCHOBiioro TeTpaeapa. 
Ecjn h BJiH c oCpamaiOTca ei nyjiB, rjiaBHHMH sBJiaiOTca oo^ 
HJiocKOCTeS nyiKa h loieKt Hpaiaut; ecjin 6= c = o, o^^HOBpeMeH- 
BO rjiaBHHMH dyjiyT^ Bci Tpn toieh hjiockocth Xj=o h Bci 
nJIOCHOCTH CBSSEE U^=o. 

4". EcJiH HaKOnerii Bct Kopnu (17) cyTi. ny:in, t. e. ecjiH 
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im^t =t' = l" = 0, TO KaHOHHieCKHMt B0SOMX ypaBHeHia KOHHeK- 

ca OyAeTi 

npoHSBOJibeaa T04Ka npocTpaHCTBa nepeHOCHTca bb To^Ky 
HJiocKocTH X, =0, Kaatjtaa hjiockocti. bt, cBHSKy \j^=o. Ochob- 
HoH TeTpaeipi npHBOaHTca s.i> leTBepnoa rpaHK X, =o h iot- 
BepHoS BepmaHi U, =o. rjTaBHanH aBJiaioTCH T04Ba X, =0, 
X^=o, X^=o H njiocKOCTb' Uj=o, U, =0, Uj=o ecJin o, 5, c 
HO paBBH Hyjiio; ecjis ojina am hb^S hs-l 9THxt BeJiaiHHi. 06- 
pauiaroTCa Bt Hyjib, HM4eM't co' hjih co'' rjraBaHXi nJiocKOCTeH 
H TOieKi. TpaaKTOpin bi STOiit cJiyqa'fe coBepuieHHOHeonpe;f&- 
JieHHH (f^^o). 

KjiaccHij|)HKaiii[0 BHpoatjieHHHSi KOJiJi0Hean;ifi aaeTi. K. Cer- 
pe Bi HHTHpoBaeHOMi BHHie MeMyap^S, onHpafle!> na anajinTH- 
■lecKia H3CJi'baOBaeiji BeiiepiiiTpacca. (Berl. Monatsber. 1868 r. 
S. 310 — 338). C. .le bi VorIesungen iib. continuirlche Grap- 
pen onpeA'iJiaeTi Bahneurven npoeKTHBHO^ oieo^JieeHoS rpyn- 
UH (Eap. 3 ) H onpeji'fej[aeT'L hxx, Kaitt caMoapoeKTHBHEia Kpn- 
BHfl, HeesMiHaioiHieca npH npeoCpa30naHiaxt rpynnH. AHaJio- 
rBHByio 3a;taiy jijiji upocTpaHCTBa paspieiaeTt Pittarelli (I ^rup- 
pi continui proiettiyi sempiiceinente infiniti nelio spazio ordi- 
nario Ann. di Mat. (2) XXII. 261-312, 1894 r.), paaJiiiHaio- 
miB 13 THnoB-B KOJiJiHHeapHust npeoSpaaonaHiri h ;iaiomi(i ms 
Kaajiaro cjiyiaa caMO-npoeKTnaHtia kp^hbhh. EaKi ob^l sawiia- 
CTT. caM^B, ;ieTaJii>Haa KJiaccH(|)HKania h npHBe,teHie k^ sanone- 
lecKOMy BHAy aaen Predella Le omografie in un spazio adun 
numero qualunque di dimensione Ann. di Mat. (2) t. XVII. 
113 — 15y, rjijk na 152 — 153 nasoiHMT. npeBeAeHHHa $opMH 
KOJiJiHHeapHHst apeoSpaaoBaHiH oSHKuoBeuHaro npocTpaHCTBa. 
Heo6xojHMO saM^iTHTb, iTO B^b nacToameit paSoT-S TepMnei „Tpa- 
9KT0pia" yeoTpeSjiaeToi b^b cmhcji& otjih^homi OTt npHjaBae- 
Maro C. JIh TepMany ^Bahncurye". S^tct sto reoMerpHiecKoe 
M^tcTo TOMeKT., B-E KOTopua ;iaHHy{o TOiKy uepeBOJiaTi CTeueHH 
KOJiJiHHeaniiH, ycTauaBJiHBaeMoS KOHneKCOM'& (1.1). Y C. lula Tpa- 
3KTopia ecTB KpHBaa, hc H3M'fcHfl!oe;a«cH upn Bci^^h epeoSpasOBaHi- 
asi oj;Ho?.ieHHoii rpynnH, onpea'feaaeMoS 6e3KOHeqH0-Ma.iiHMi, upe- 

oSpaaoBaBieMi, KOTOparo chmbojit. Sa,-^x--~- h CTajioOHTb yj^o- 
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BJieTBopatoiitaa ypaEHeBiio 2^aiiX.-~=o. 3to sapaKrepHCTHBa 

j;H$i|)epeHii;iaj[LBaro ypaBHeHia, CBaaaeHaro ct, K0HeeKCOMi(l,l). 
B-b nocjitflHeMi, eaup., CJiyHa^ 9T0 Sy^iera: 

3;|=a;, , w^^w^ +ax, t, x,=x^ +bx^ t h ^ — 



TpaaKTOpia ste bi npaeaTOMX ajitcb cmhcji1& couepinenHO 
Heonpejt^jieHHa wh 3tom^ CJiyia^t. Bs o5meMi ciyiai Tpa^RTO- 
pifl onpefl'ĔJifleTca ypaBHeeiasiH 

^.^.-s^K/^^.-^^il^^i-s. =C, X,^.-^ K^'^^-^. X/.-fc. =C' 

rjti X^ = cyrr. ypaBHesia rpaneS oceoBHoro TeTpaeapa h 
ki^logiii, y.^ KopeHb (17), a nBahTieurYe" C. Jls ma sapaK- 
TepHCTHKa — ypaBHCHiaMH 

X,^.-^bX^'^.-'-.X/i-«. =C, ^/.-''.^/.-'^.^^■^rt =C'. 

Momeo CKasaTt. eo^TOMy, hto pasCMaTpHBaeMna aa^ct Tpa- 
9KTopiH KOJiJiHHeaiiiH (l) cyTt xapaKrepHCTHKH KOJiJiHHeaiiiB, 
HMiiomeH TOTt ;Ke ocrobho0 TCTpaeapt, ho KopeamH xapaKTe- 
pHCTHiecKaro ypaBHeeia jiorapaoMH cooTBiTCTBeeeH^t KOpaeS 
sapaKTepHCTHiecKaro ypaBeeeia (17) nepBoft KOj[jiHHeau;iH. 

Pittarelli yKaawBaeT^ cBepxx Toro Ha CTaTtio G. Loria: 
Sulle corrispoiidenze proiettive tra due piani e tra due spazi 
(Giorii. Battaglini, voI. 22) va^ ^aeTca TaKJKe KJiaccHi|)HKai];ia 
Kox([HHeapHHxi npeoSpaaOBaHiS upocTpaHCTBa h cx KOTopoio a 
He HM^Jii BoaMoatHOCTK no3HaKOMHTE,Cfl. PaSoTa Pittarelli uon- 
BHJiacL, KOrj;a naCToamaa paSoTa Sujia ynte Ha"£aTa neHaTaHieMi; 
He HMia no9TOMy bosmojkhocth BocnoJiBSOBaTLCii ea pesyjrtTa- 
TaMH HJia ^iajrBHiamust pasBHTiA, a uo^iBeprt coKpauieHiK) aTOTt 
naparpa(|i^, cospauHBi ei, hcmi TOJibKO pesyjiLTaTH. 
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Bt 3aKJi!oqeHie jKaJKy b% KpaTKHs^ ^epiaii, KaKi npe- 
jHjymie peayJibTaTH pacnpocTpaeaiOTCa Ha npocTpaHCTBO k — 1 
HSMipeHia. Ecjib to^kok TaKoro npocTpaHCTBa HasuBaTt 
BOKynHOCTi. BHa^eeiĔ k BejiA^Hiii x^ . . a^^^ojiHopoaHHST. 
opaHeaT^ T01KH, TO onpeaijiHTeJiH (k — l)-ro iiopsAKa, cocTaB- 

JeHHHe H3t KOOp^lHHaTl (k — 1) TOIOKt, HBJIJIIOTCa KOOpjIHHaTa- 

MH «j- .anHeaHaro MHorooCpasia (k — 2) osMipeHiH, Koropoe bh- 
j^ijiaeTCA ojiHBMi ypaBHeHieMT. 

(a) Uj. "^Su.^T^ = 
BieHijiy To^e^HHMH KoopaoHaTaaH x. YpaBHeHie 

(/?) f{X, ..X}:; M, ..«i) = 0, 

o;(HOp03Hoe KaKt Bt OTHomemH x, TaK-B h wh OTHouieHiH te 
onpejiiJiHT^ KOHueKCz npocTpancTBa (k — l)-ro BsiitpeHis, Buxh 
jss H31 oSmaro incia co^*^— s gjieMeHTOBi, (x, 11) cocTaBJieH- 

HHX1 TOIKOK) Sjc—\ H KaKOIO BOSySh erO HJIOCKOIO CHCTeMOIO 

(a). oD^^— 3 gjiemeHTOB^, Bt coBOKynHOCTH oSpaayromnsi 9Ty 
KOHt()Hrypaniio. ^Ba TaKHxi KOHHeKca oGpaayiOTi bi. nepectqe- 
Bin KOunmdeHnm, KOiopyio HastiBaeMi. tAaemio, ecJin ypaB- 
Benie BTOporo KoeHeKca ecTb u^^o, — t. e. ecjia pascMaTpeBa- 
eMi coBOKynHOCT& ajieMeeTOBi (/?), bi KOTOpH^t TO^Ka x e ch- 
CTGMa u eaxoflaTca b^ coejieeeHiH. Ecjih ^iJia Kaatjioa toikh x 
npocTpaecTBa nocTpoHMi cooTBiTCTByiouiee eS Bt rJiaBHoS ko- 
EenHjieHLiiH MHorooSpaaie h oti Tomn x nepeiijieM-B k^ CesKO- 
HegHO-SJiesKoS TOiK'!b x + dx TaKi, ^toCh BtinojiHJiJiocL ypaBee- 
Bie IIifiat^^a ^u^dx^^o, to eesaBHCHMH^i EanpaBJieHiH nepe- 
Mtuieeia HM^eTCJi k — 2, TaKX ^ito x mojrho pa8CMaTpBBaT&, 
KaK^L c[)yHKniH k — 2 He3aBHCHMuxi HapaMeTpoBT.: f, . . iii--2 
ypaBHeHJe SvidXi = o pacea;iaeTca ea k-\ ypaBeenie, KOTopua 
;taiOTX i(j- epOUOpitiOHa.lEHHMH MUHOpaMl MaTpuiiH 



, Xk 
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J^iism TaKyio noji;cTaHOBKy bi ypaBHeaie KOHHenca, nojty^HMTi; 

' ^ ' ^ dl, d^i-2 I ' " ^ di, dii-, ' 

Ecjm 3a napaMcTpH |j . . :^x-3 BHSepeMi KoopAHHaTu: 
^,- = 3^i + .(*=l) ■ • ^ — 2) H nojiomQM'& 



To ypaBHeme npnBeaeTca ei oSuHeoMy BHjy, h6o Bce CBO^iHTca 

Kt HOSCTaHOBKi: 

«,:«,: . . :«A_,:Mi=l:— p,:— iJg: .. :i)i-,:(i!;t_,(ri_,+ .. +p,:r.^~x,) 

ncxofla 031 ABoHcTBeHHaro npejicTaBJieHia, — ct noMomLro ypaB- 
HeHia IXidu^^o npH^eMi k^ aHaieBiaM^L 

, du du \ 

pXf ^{U-r- - . ■ , 

" ^ ^ dl, drjk-i ' » 

H ypaEHeHie KOHneKca npHMeTii bhjiii: 

05a ypaBHeHia BBoSpasiaroT-B ojHy h Tyaie CHCTCMy mhopo- 
odpasiĔ, — ojtHO B-h ToqeqHHxi, apyroe Bt TaHreHniajiiiHHKi Koop- 
flHHaTaxi. TaK^B KaK^ BTopoe HM^SeTi cbohmh HHTerpaJiaMs mho- 
rooSpasis, onpejijraeMtiJi ypaBHeniaMH BHAa ^^(Mj ..«/•) =o MeK- 
jiy KoopOTHaTaMH u, to npa nepesojii ki To^jeiHUML Koopsa- 
HaTaMtj — KOr^ta HCKjrro^aeMi u^ . .u^ h3I ypaBHeHin 

co = o, -^=ox- (i^lJi, . . li) 

MOajeMi HOJiyiHTL ne ojiho ypaBHenie bi KOopjiHHaTaxx x^ . . ir^, 
HoSojite: ABa, Tpn, Boo8me lo h — 1 ypaBHeHia. Tbkomt. o6pa- 
30MTi uHmepiaMHUMs MHoiooSpaaieMi 6ydemz ne moMm moHeu- 
noe MHOiooSpaaie (k — 2)-xi usMtbpeuiUj no u ecnKan coeoKynmcmb 
co^-2 9JieMeHmoe& {x,u) npocmpaHCmda Sic—i, Kooicdue deano- 
CJitbdoeatnejthUbie SAeMeuma KomopoH ebtnoAHniomh ypaeHenin JJ^a- 
gS^a,—on^exhjieBie Erpaiouiyio laKyio Baatsyio poJit bi TeopiB 



yGoosle 



— 252 — 

Co(|t. JIh. Sajta^a HeTerpapoBaHia ^opMyjTHpyeTca coo6pa3Ho sto- 
My TaK^b: co"*^— * ajteMenmoes {x,u) pa.iCMampueaeMO^U %.ta6mU 
KOUHiiudeniiiu uyDiGHO eceeosMOMHbiMU cnocoSaMU pacnpedibmmh 
na co*~' uHmetpaAhnbiXh MHotooSpasiti {k—2)'X-b usMmpemii. 
AHaJiaTHiecKu sto cnojiarca TaKHM-B oSpaaoMt aa HaxoHc;ieHie 
BC'fexi cncTeMX Jc — 1 ypaBHeeiH: 

¥;-(x,w-, C£. ..ax._.) = o {i = l,2,..k) 

KOTopHa saMiHajiH 6iii Bno-ini ypaBHCHia paacMaTpHBaeMoS r^aB- 
Hoa KonHii;HfleHi;ia, t. e. BOTopHMi y.noBJieTBop3Ji^ 6h npn coot- 
BiTCTBceHH^T. SHagoeiaKt a^ . . ak—2 KaatjiHH ea ajreMeeTi, a 
KOTopaa npaBOjBJiH 6u wh snaHeoiaMi m, . . «« Bi i|)yHKn;iH x^ . . Xk, 
BHeoJiHaiomHMt ypaBeenie n$a((nj)a Su:dxi = o; TaKia ypaBneHia 
AOJimeii no npesHAymeMy EHnoJiHaTL ypaBHeHJe 

\ dxj duj duj dxj ' 

BTi CHJiy /'=0. TaKHMT. odpaaoMi Teopia KOBHeKcoBT. jiaeTX reo- 
MeTpB^ecKyio ocHosy TeopiaMi C. JIb. — Ecjih 6h oSpaTHJiHCS 
BT. ^acTHOCTH K^ ypaBHeeiaMi jiHHeHHUMi, to HaiiiJiH 6h ;iJia 
HiiK-B ceoBa chocoAt. HaxoafjieHia uojiHaro HHTerpaja no •jacT- 
HHMT. piuieHiaMi, KOToparo ocGOEania jiaJi^ G. Darboux {C. R. 
t. 86 p. 1012 — 1013). XoTa jiHHeSHHa ypaGaeHia npeaCTaBJia- 
lOT^ JiHinB BectMa lacTHHg cjiyiafi ypaBeeHJS nepBaro nopaj- 
Ka, HO ci jipyroS CTOpoHH CBasaHHna c^ hhmh coBOKyneua ch- 
CTeMH 3aK.i[oiaK)Ti Bx ceĕi, KaKi laCTEuS cjiyiaA, ypaBHeeia 
oSuKHOBeHiina buchih^t. nopaaKOBi, TaKt 'ito BOupocB o ua- 
xoatjieHiH ajtreSpaHiecKHs^B lacTHH^i p^iueHig .!iHeeHHHX^ ypaB- 
eeniĔ b^ iacTHHXt npOH3Boj[RHXit saBaioiaeTi bi ceSi, KaK^s 
BeCbMa laCTeHS cjiyiad, Boiipoci o eaxoaij;eeia TaKOBHS^ me 
pimeeiĔ o6uKnoBeHeHxi aH(|ni[)epeeHiajii.HUS^ ypaBHeeiS k-ro 
HopajiKa jueeSeHsi,— Bonpoci., TaK'L BaeHMaBUiiH Bt nocJi'6;iHee 
BpeMa pyccKHXX MaTeMaTHKOBi. Ho b% BHjiy BameocTu 9Toro 
Bonpoca CMy jiojiateo SuTb nocBameeo oco5oe nscjitjioBaHiei ko- 
TOpoe CBasajio 6u Boupoci o naxoHtseHiH HHTerpaJiOB^B jiHHea- 
BEJSi ypaBeeHiH ct, 6ojiie oSmHM^ a aeTepecHHMT, Bonpocoii'& 
HaxoxieHia ajire6pH^ecKHXi> HsTerpajiOB^ ;(H<{)(|»epeen,iaJ!i.euxt 
ypaBHeeiS bx laCTHHsi nponsBOjiHusi nepBaro nopaaKa hcjih- 
Hefieuxi. IIpH 9T0MT. MOTOAH H3CJi'fejioBaHia aBaTCa pacnpocTpa- 
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Benieai MeioaoBi Darboux, Autonne'a h Painlevĕ. IIocjii^iHiB 
upHMiHaeTi Bx CBO0S1 HscJii^oBaHias^ Teopiio ^^ysKiilĔ kom- 
DJieKCHaro nepeMtaearo; nosTOMj a He Gynj s^tict KacaibCa h^^b. 
'^TO KacaeTca Aiitonne'a, to MeToji ero 3aK.aiO'j8eTca bx ojiao- 
saaieoMT. a o^sHOsnagHo oGpaTHMOMt aaoOpaaieHiH ajieMenTOBi 
ToateCTBeHHaro KOHHeKca «^ = o to?k8Mh oGtiKHOBeBHaro npocT- 
paHCTBa, TaKT> mta rJiaBBaa KOHHiiHAeHuiH KaKoro jihSo kohhck- 
ca HsoCpasaeTca HOBepsHOCTLro. Bi Cjiyia'fe KoaaeKCOBt npocT- 
pancTBa (k — l)-ro HSMipeHii! mh jojiaiHH no STOMy MeToay hso- 
6paataTB aJieMeHTi ToatecTBeHHaro KOHneKca 9Toro npocTpaHCT- 
Ba TO^KOB) HJiocKaro npoCTpanCTBa (2A — Sj-ST. HSMipenia no- 
MouiLio npeoOpasoBaBiH ojtHOSHa^Haro h ojHOSHaiBO oOpHTHMaro. 
HaKOHeijt MeTOa^B Jlap6y oCHOBiJGaeTCjj na HsyiemH KpuTOiec- 
KHXi ToqeKX, Mti npBBejieuT. s^iici. juia npuMtpa TeopeMti, 
DpejiCTaBJiAioHiia HenoepescTBeHEoe pacnpocTpaEeHie yKaaaHHusi 
Bt KOHiti TpeTbeii rjiaBbi h yKasaHBusi OTiacTH caMHMi A^pGy 

BT. HHTHpOBaHHOi BHuie aaMiTKi. 

JlHHeSHoe YpaBHenie, HSodpaiKaeMoe bi ojHopoAHH^i ko- 
op^HHaTasT. ypaBHeHiaMH 

rjiaBHOi KOHHiiHieHniH KOUHeKca (niA), HaieTt — KpnTH^e- 

ni — 1 
CKHS^ TOieKt BfciHOJiHfl!omaxT, ypaBHeHie Li'^ A.Xi{i=l,2 . . k) 
IIjiocKaA cacreMa (k — 2) HaM^peHiS ne mohjcti cOAepataTL 6o- 

jie ~ — -7— KpHTHTiecKHXi TOHCKi; ecjiH OHa cojtepatHTT. Ta- 

Koe HSt iHcao, TO ABJiaeTca MacTHHMi pimeHieMi. CncTeMa 
(fc— 2)-XTi HSM^ipeHiS p-ro nopHAKa 

Syny^B ^acTHHMt p-EnienieuT., hc MO^Keii co^iepaiaTi. Menie 
«1^-1 — 1 , . m^~' — 1 

H 60JI'ie p ' 7- KpHTH^eCK0Xl TOHeK^B. 

m — 1 m — 1 

Snaa Uk+2= — __^ ^. 2 qacTBHXX ajireo- 

paiecKHs^B p^imeHiS, mohcm^b coCTasnTb HHTerpajii c% o;ieoK> 

npOHSBOJIbHOlO HOCTOaHHOH). ^T06h COCTaBHTb nO.IflHfl, HyatEO 
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8HaTt u^+k — 1 gacTHUSt p^iraeHiS. Ecjih BHaeMi /J^ + k — 2 
pimeniS, to HHTerpapoBaHJe aaKaa^BBaeTca KBaapaTypoio, iio- 
TOMy ^To nOMOniijio uk+l p^lineHiS cocTaBBiii MHOatHTeJib. — 
EcJiH Bci H3BicTHHa HacTHHH ptmcHia He Hpoxo;i3TX lepest 
S KpHTH^ecKHSi TO^eKi, To wa cocTaejieHia HHTerpajia ct oa- 

HOH) nOCTOaHHOiO SOCTaTOTOO 3HaTt /ii + 2 — S TOCTHHXX pt- 

raCHiĔ. 

KpHTHHecKia to^kh KJiacCHi|tHqHpyiOTCa coo6pa3HO cbohct- 
BaMi KopHefi xapaKTepHCTHiecKaro ypaBHenia npHHajiJieaiamaro 
TaKoH TO^Kt KacaTeJiBHaro KOHHeKca. 9to ypaBHenie HMieTt 

;iJIfl KpHTH^eCKOS T01KH O/^HHt HeOpeMiHHO BenieCTBeHHHH KO- 

peHL, paBHua 3HaieHiio cooTBiTCTByiomaro toik^ OTHOiiieaia 
Mh Moatemi ^aite pasMiaTb toikh hojih-h rHnepKpnTti- 

^eCKla H OIliHHBaTb MCJIO aKBHBaxeHTfl&IXt HM^ MOHOKpHTHgeC- 
KHXX TOieKX. 
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